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ON THE GENERATORS OF AN IDEAL, WITH AN APPLICATION 
TO THE GEOMETRY OF NUMBERS IN UNITARY SPACE U..* 


By K. RoGers. 


1. In the course of jomt work with H. P. F. Swinnerton-Dyer on the 
geometry of numbers in unitary space, U, denoting n-dimensional vector- 
space over the field of complex numbers, the author proved some results on 
algebraic numbers. These are given below and applied to the general 
theory of lattices in U., with special reference to the problem of two linear 
forms with complex coefficients and variables integers of an algebraic number 
field. 

Let & be the field of rationals, 6 a number algebraic over k, and k(6@) 
the field obtained by adjunction of 6. ‘Integer’ will mean ‘integer of (6) ’ 
unless otherwise specified. Every ideal a can be expressed as (p,q), where 
p,q are integers which we shall call a generating pair. Also, every ideal has 
a finite basis as module over the rational integers, and in particular there is 
a basis of two elements when @ is quadratic over k. We prove the following 


results : 

THEOREM 1. Jf (p,q) = (r,s) =a, then for any integer wu of k(@) 
there exists an integral 2X2 matrix A of determinant u, such that 
(p,q)A = (1,8). 


When &(@) is quadratic, we have in particular: 


CoroLuary. If (a,b) ts a basis of a, then all generating pairs of a are 
obtained from (a,b) by transformations with coefficients integral and deter- 


minant a unit. 
Calling this type of transformation ‘integral unimodular,’ we also prove: 


THroreM 2. If IM(e) is the set of all 22 matrices A with integral 
elements and Norm(det A) Se, then there exists a finite subset {U1,---,Un} 
of M(e) such that to any Ae M(e) there corresponds a Um and a uni- 
modular integral matrix T such that A=U,,T. 


The referee pointed out that the case w1 of Theorem 1 is Satz 53 
in Hilbert’s Zahlbericht and is due to Hurwitz [1]. Also, Swinnerton-Dyer 
* Received October 8, 1954; revised May 27, 1955. 
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and I have proved Theorem 2 for n Xn matrices by considering lattices in 
U,, but the proofs of both theorems given here are needed for the application 
to linear forms. 


2. Proof of Theorem 1. Since a= (p,q) = (r,s), there exist integers 
a,b,c,d such that r—ap-+ bq, s=cp+dq. Hence, 


r=(a+f)p+(b—g)q, s=—(ct+f)p+ (d—g’)a, 


where f,g,f’,g’ are integers such that 
(2.1) fp=9% 


Clearly, g and g’ are any integers such that gg/p and qg’/p are also integers, 
that is, are any elements of the ideal (p)/(q,p). It remains to choose solu- 
tions of (2.1) such that (a+ f)(d—g’) —(b—g)(c+f’) =u. Denoting 
this determinant by A, setting ad—bc—Ao, and noting that fg’ —f’g, we 
have 

A= A,—ag’ + df +eg—bf, 
and hence 

pd = p&o— apg’ + apf + cpg — bpf’ 

(2.2) = p&o— apg’ + dag + epg — bag’ 

= + 9s—g’r. 


Now gs—g’r takes any values in the ideal (p)(r,s)/(q,p) =(p), and in 
particular the value p(w—A,). With this value in (2.2), we have A—u, 
as required. 


3. Proof of Theorem 2. By the bound on Norm(detA), the number 
of different ideals (det A) for Ae %(e) is finite. We need therefore only 
prove the theorem for matrices of determinant HF, say, where Norm(F) Se, 
since unit factors can be absorbed into the unimodular matrices. Let A 
denote such a matrix, and write 


Since ad — bec = E, the ideal a= (a,b) must divide F and is therefore one 
of a finite number of ideals, finiteness depending on F and hence on e. For 
each of these ideals we can choose generating pairs, and then, by Theorem 1, 
we can multiply A on the right by a unimodular integral matrix such that 
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the new first row is one of a finite number. If it happens that the row-ideal 


is principal, then we can find a unimodular 7 such that 


av 0 
ar—(%, 


in which case a’c’ =H, and so apart from units a’ and c’ belong to a finite 
set of integers depending on e. Then we can reduce b’ modulo c’, this 
corresponding to multiplication on the right by a unimodular matrix, by 
substracting multiples of the second column from the first. In this way we 
should have found a unimodular integral matrix T such that AT is a matrix 
whose elements are integers out of a finite set depending only on e. Since 
T has an integral unimodular inverse, the theorem is proved in the particular 
case just considered. We now suppose that the ideal a is non-principal, 


so that if 
a 


where a’ and b’ belong to a finite set of integers, then a’b’ is not zero. We 
now consider what unimodular transformations can be applied so as to leave 
the first row invariant and to vary the element c’ modulo some integer which 
is bounded in terms of e. We have 


where we require that 


(3.1) 9). 
We wish also to satisfy Ith fe | = 1, or 

(3. 1 = Jo. 


We can certainly take f,—=g.—ua’b’, where u is any integer, and then 
f.=ub”, g,= ua’. In this case 


—d’g, =ua' (c'b’ —a’'d’) =— 


so that the element c’ can be varied modulo —a’H. In certain special cases, 
which are important in applications, we can vary c’ modulo #. These are 


the cases when a’ divides b’?, when we can take the set of values 


fi=g2—ud’, ua, fo = ub’/a’, 


which then give c’f,—d’g,—=u/(c’b’—d’a’) =—uE. An example of the 


4 
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second possibility is the ideal (2,1-+7\/5) in the ring of integers of k(tV/ 5). 
In any case, we have now found a unimodular integral matrix 7, such that 


, 
a 6b 
AT, = 
1 
where now a’, 5’ and c” are bounded in terms of e. But since a’ is not zero 


we can write d’ = (H+ D’c”’)/a’, and so d” also has only a finite number 
of possible values. This completes the proof of Theorem 2. 


4, Applications of these resulis. We require some definitions analo- 
gous to those of Mahler [3]. A function f(x) —f(%,--+,%n) is called a 
distance function in U,, if 


1) f(x) is continuous and real-valued for complex z. 
2) f(x) 0 for all xe U, and ~0 at at least one point. 
3) f(tx) =|t|f(x), for all xe U,, and all complex ¢. 


The set K of all points satisfying f(«) = 1, where f(x) is a distance function, 
is called a star-body. A lattice in k(6) is defined as the set A of all points 
x=—=Au, (detA>40) where w runs through all X1 column-vectors with 
elements integers of &(6). Since Tu, for unimodular integral T, runs 
through all such column-vectors, the matrix AT also defines the same lattice. 
Since | det(AT’)| =| det A |, this is a well-defined positive number which is 
ealled the determinant of the lattice, d(A). A lattice A is said to be 
admissible for a star-body K if K contains no point of A in its interior 
other than the origin. Since the origin is an inner point of K, it is not 
difficult to show that there exists a positive number c, depending only on K, 
such that all lattices with d(A) <c are inadmissible for K. We define the 
critical determinant A(K) as the lower bound of the determinants of ad- 
missible lattices, with the convention that A(K) = oo if there is no admissible 
lattice. The preceding remark implies that for star-bodies A(K)>0. A 
lattice of determinant A(K) which is admissible for K is called a critical 
lattice of K. The central problem of the geometry of numbers is to find 
A(K) for various types of star-bodies and to find all possible critical lattices. 
Our object will be to prove that for star-bodies in U. with finite critical 
determinant, and for k(@) an imaginary quadratic field over k, critical lattices 
always exist. For this we define a bounded sequence of lattices {A,} as a 
sequence for which there exist constants c,,c, such that d(A,) Sc, and 
|x|— Vx*x2=c, for all xeA,, x40, r—1,2,:--. 
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Lemma 1. Jf k(@) is complex quadratic, then every bounded infinite 
sequence of lattices in U, contains a convergent infinite subsequence. 


Proof. We begin by showing that A, has independent points P,, Q, 
bounded in terms of ¢, and c., and for this we use a theorem of H. Weyl [6]. 
If (x) is a distance-function in U,, let V denote the content of the star-body 
corresponding to that given by f(x) <1 obtained by taking the real and 
imaginary parts of each co-ordinate as a co-ordinate in Euclidean 2n-space. 
Let ./, be the smallest positive number such that the region f(x) = M, has 
on its boundary a point of a given lattice A, say x', and define M;, induc- 
tively as the least M such that f(x) = has on its boundary a point x* 
of A which is independent of x',---,x*". By applying a result of Minkowski, 
Weyl showed that 

M,?- - -M,?V (2d8)*{d(A) 


where —d is the discriminant of the quadratic field &(6). In the present 
case we take 
f(z) = Vatx == (| 2, |? + | |*), 


so that V is the content of the 4-dimensional sphere of unit radius. Since 
M, 2 C2, we have 


and so that points P?,—.,', Q,—«x,? are of non-zero determinant and are 
hounded independently of r. Taking a matrix A, which represents the 
lattice, we suppose that A,u,', = A,u,*, noting that if we take the 
matrix A,7* to represent the lattice, then the corresponding integer vectors 


are Tu,’ and Tu,*. Since 
det == det A, det (u,’, u,*), 


and since | det A,| has a lower bound independent of r, owing to the fact that 
A, is admissible for the sphere of radius c., we have an upper bound for 
det(u,",u,°)| which is independent of r. By Theorem 2 applied to trans- 
posed matrices, we conclude that there exists a finite set of integral matrices 
{U;,: + +,Um} such that for each r there exists a unimodular integral matrix 
T, with T,(u,,u,?) =U; for some i, 1 Thus we can choose a 
subsequence of {A,} such that for each lattice there is a basis for which the 
points P,@ have co-ordinates independent of r. We take this subsequence 
and rename it {A,} for convenience. Since the values of d(A,) are bounded, 
we can choose an infinite subsequence of {A,} such that d(A,) tends to some 
positive number, say A. Renaming this subsequence {A,}, for convenience of 
notation, we now have a sequence of lattices {A,} and point-pairs P,,Q,, such 
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that d(A,) >A, P, and Q, are bounded independently of r, and there is a 
matrix A, representing A, such that (P,,Q,) =A,U, where U is an integral 
matrix independent of r. Since P, and Q, are bounded independently of 1, 
we can choose a subsequence of {A,}, which we rename once more, such that 
all the above conditions are satisfied and also as 
Then, since U is fixed and non-singular, the fact that A,U tends to a limit 
as r—>co implies that there exists a matrix A of determinant of modulus 4A, 
such that A,—>A as r—>o. Hence this subsequence of the original {A,} 
converges to the lattice A corresponding to A in the sense that there exists 
a basis of A (represented by the columns of A) to which a basis of a lattice 
of the sequence converges as ro. The lemma is proved. 


THEOREM 3. With respect to the complex quadratic field k(0), every 
star-body in U, of “ finite type” (that 1s, with finite A(K)) possesses at 
least one critical lattice. 


Proof. By the definition of A(K), there exists a sequence {A,} of 
lattices admissible for K such that d(A,;) ~A(K) as ro. By discarding 
a finite number of these, we can suppose that d(A,) =2A(K). As we 
remarked earlier, there exists a sphere round the origin which lies entirely in 
K; hence this and the previous inequality imply that the sequence {A,} is 
bounded. By the lemma there is a subsequence, which we rename {A,}, 
which converges to a lattice A of determinant A(K). To prove that A is 
critical for K it remains only to prove that A is admissible for K. Taking 
bases (P,,P2) and (Prn,Pr2) such that (Pi,P2) as ro, 
suppose the point Q=u,P, + u2P,~0 of A lies in the interior of K. Then 
the point Q, = + U2Pr2 0 of A, tends to +u.P, as and 
hence, since the distance function of K is continuous, the point Q, lies in 
the interior of K for large enough r. This contradicts the fact that A, is 
K-admissible, and hence A must be a critical lattice of K. 


5. The above theorem has practical application, quite apart from its 
interest as a pure existence theorem. A lattice A is said to be extremal for 
K if in a sufficiently small.‘neighbourhood of A’ (defined in an obvious way) 
there are no K-admissible lattices A’ such that d(A’) <d(A); clearly a 
critical lattice is extremal. Thus, if we have necessary conditions for an 
extremal lattice, and if these are satisfied by only a finite number of lattices, 
then since critical lattices exist we know that a lattice of smallest deter- 
minant is a critical lattice. This has been applied by the author to the 
problem of maximising the function 


min {max(| aw + Bv |, | yu + Sv |} 
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of complex numbers 2, B, y, 8 such that a8 — By =A 0, the above minimum 
being taken over all integers u,v of &(@) which are not both zero. With 
the help of an important lemma of Swinnerton-Dyer, the author found 
simple proofs for the cases k(i) and k(p), first considered by Minkowski [4]. 
We have now found the best possible result for k(tV5), when new problems 
arise from the class-number being 2. One has two columns of integers, the 
rows representing lattice points and generating either (1) or (2,1++V5). 
The determinants are bounded, and we wish to reduce the array by unimodular 
right-multiplication to a finite number of possible cases. The proof of 
Theorem 2 shows this is trivial if a row-ideal is (1), and otherwise one 
row can be taken as (2,1-+-1V5), while the first element of the next row 
can be reduced modulo the determinant #. The details of this result will 
be published in a joint paper with Swinnerton-Dyer. This will develop 
general theory in U, and will include a complete analogue of results of 
Korkine and Zolotareff [2] and Swinnerton-Dyer [5]. 

In conclusion, I thank the referee for simplifying the proof of Theorem 1 
and for the reference to Hurwitz’ paper. 


THE GRADUATE COLLEGE, 
PRINCETON, N.J. 
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AN OUTLINE OF THE THEORY OF F, SERIES.* 


By S. VERBLUNSKY. 


1. Introduction. Let A(z), B(z) be relatively prime polynomials in z, 
with real coefficients, such that the equation 


(1) A sin rz — B cos 7z = 0 


has all its roots real and simple. Then any function f(x) which is L-integrable 
in an interval of length 27, say (#,%-+ 27), has an expansion of “ Fourier” 
type, in terms of cosines and sines of p,v. Here, pi<pe<:-:-: are the 
positive roots of (1), w1>pwe>--- are the negative roots, and, if 0 is a 
root, then p»>=0. ([3], Theorem 1.) To fix the ideas, we shall consider 
the case in which the roots are symmetrical with respect to the origin. It is 
known that this happens if and only if one of A, B is odd, and the other 
is even. ([{3], Section 5.) The “Fourier” expansion can then be written 


(2) 4a) + COS bz sin 
where a);,— 1b; = 2A; f(z)e™* dz, (k=1,2,- - -), and, if 0 is a root 
“a 
. 
of (1), do = 2Ao { f(x)dz, while, if 0 is not a root of (1), then ay>—0 
/7a 


The numbers A; are the residues, at z= px, of 
Q(z) =4(A cosazz+ Bsinxzz)/(A sinazz— B eos zz). 


The object of this paper is to investigate the series (2) when the even 
one of A, B is of degree 2, and the odd one is of degree 1. If A is the even 
one, we shall call (2) the FA series of f(z) in (a,a+2r). If B is the 
even one, we shall call (2) the F.B series of f(z) in (¢,¢+ 27). It is no 
loss of generality to suppose that the leading coefficient of the even one is 
unity. Thus, for series we can write A ~z?+a, B= bz, and for F.B 
series, A az, B =2z* + 6, and in both cases, ab 40, since A, B are relatively 
prime. 

The properties of an #,A series depend on whether b* + 4a is positive, 
zero, or negative. In this paper, we consider only the first case. Similarly 


* Received January 18, 1955. 
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for F,B series, we consider only the case in which a? + 40 is positive. On 
examining Theorems 3 and 4 of [3], we can make the following deductions. 
The points (a,b) such that, (i) 6?-++4a> 0 and (ii) such that the equation 


(27 + a) sin 7z — bz cos7z = 0 
has all its roots real and simple, are the points below the curve 


The points (a,6) such that, (i) a*-+ 4b >0 and (ii) such that the equation 
azsin nz — (z?-+ 6) cos7z 0 has all its roots real and simple, are not so 
easily described. However, they include all the points (a,0) with a<0, 
b> 0, 6? + 4a> 0. 

We now mention some of the results proved below, and, for brevity, we 
refer only to FA series. 

The coefficients of an FA series in (%,%-+ 27) are connected by two 
linear equations (Theorem 1). It is convenient to have a name for the series 


(3) a; cos pyx + b;, sin 


derived from the FA series (2) by omitting the initial terms. We call (3) 
a “restricted series” series) in (¢,¢-+27). Given an RFA 
series (3) in (a, «+ 22), the “missing” terms, viz. 4a) +- a, cos 4% + 6, sin wiz 
are, by Theorem 5, determined to within an arbitrary additive multiple of 


— (a/b) sin + ps 


An RF.A series in (@,4-+ 27) is an RFA series in (8,8-+ 27) for all B 
(Theorem 4). An RF,A series is summable (C,1) almost everywhere, and 
is the Fourier series of its Cesard sum (in the sense of the theory of almost 


periodic functions), by Theorem 7. Theorems of the Young-Hausdorff type 
hold for FA series (Theorem 8) 


In enunciating such theorems, we must 
take account of the fact that there are two linear equations connecting the 
coefficients of an FA series. As an example, we quote the following special 
case of Theorem 8(a): Let c,, v= 2,3,- + -, be a sequence of complex numbers 
such that S| c,|?<0, where 1<pX2. Let 1/p+1/q—1. Then there 
is precisely one real function fe L4(a,%-+ 27) which satisfies the conditions 
a eo a 
For this function, 


( | f (23 | c, where c, =A, f(t) e-*™ 
e a 1 e a 


220; 
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Finally, as an example of a uniqueness theorem, we have: If 


(4) (a, cos + sin pyr) 
1 


converges to zero for all z in the open interval (—7,7), then (4) is obtained 
by termwise differentiation of the F.A series of a constant in (—z,7) 
(Theorem 9). 


Sections 2-11. F.A Series. 


2. As mentioned in Section 1, we may suppose that 
(5) A=2?+4, B = bz, ab 0. 
Writing A, —A(px), ete., we have 


Ax COS B, sin TAK 


3 cos + By, sin + A,’ sin — B,’ cos 
But 
(6) A;, Sin mp), = By, cos 
Hence 
(7) 1/(2Ax) + (un? + 2)? + ], 


and, in particular, 
(8) 1/(2A,)) =2— b/a. 
Let f be a real function of class L(a,«%-+ 27). Write 


Cy = Ak f(t) (k=0, +1,- 


so that c_.—¢,. Then the F.A series of f(x) in (a,a«-+ 27) can be written 
> c.e*, The relation between this series and the function f in the interval 
(a,a-+ 2x), will be denoted by 


(9) f(x) (a, a+ 27). 
If 8 is a real number, then 


(10) f(z—8) ~ tare, (2+8,a+8-+4 27), 
and 
(11) f(—z2z) ~ (—a—2n,—2). 
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3. As regards convergence, F',A series behave like Fourier series. This 
is a special case of a known theorem ((3], Theorem 1), and will be enun- 


ciated as a lemma. 


Lemma 1. If s,(z) denotes the n-th partial sum of (9), viz., 


n 
= > 


and o,(x) denotes the n-th partial sum of the Fourier series of f(x), viz., 


n a+2r 
on(t) 


then —on(x) 0 uniformly in (a,%-+- 27) as n—>00. In particular, 


+ 27) —Sn(%) 30 as 
In virtue of the last clause of Lemma 1, 
(12) D’ — 1) 0, 


where here, and in what follows, the accent denotes that the term with k —0 
is absent. 

The equation (1) can be wirtten in the form e?™'* = (A +1B)/(A — 1B). 
We have A —iB = z?—ibz + a= To keep our argu- 
ments as simple as possible, we shall suppose that b?-+-4a>0. Thus, m,, mz 
are real and different. Then 
(13) — 21B,/(A,—iBy) = 2tbyx/[ — tmz) 
We can now prove that the numbers c, in (9), which we may call the FA 
constants of f in (a,a-+ 27), are connected by two linear relations, 
independent of f. 


THEOREM 1. For any F.A series (9), we have 
(14) D’ (x — (x — | = 0, 
and 
(15) Co/a + — im,) (uy — | =0, 
or, what is equivalent, the two equations 
(16) Dd —im,) = 0, Dd im.) = 0. 


Proof. Equation (14) follows from (12) on substituting the value of 
e*riuzk 1 from (13). To obtain (15), consider the FA series of the func- 
tion defined as equal to 1 in (#,%+ 27). If 
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(17) 1~ > etme, (a, a+ 2x), 
then 
(18) = = (Ax /— — 1), (k 0). 


On account of the uniform equiconvergence of an FA series and a Fourier 
series, we can multiply (17) by f(z) and integrate term by term. We thus 
obtain 

Co/Ap = Palo + — 1), 


By (8) and (13), this becomes 
2b/a* Cy + cy, 2b/[ (ax + (ux + im.) | =0. 


Divide by 2b, and take conjugates. We obtain (15). 
If we multiply (15) by —im, and add to (14), we obtain 


— + c;, = 0. 


But a=—m,m,. Hence the first term is ‘This proves 
the first equation (16). The second equation is proved similarly. By 
reversing the argument, we see that equations (16) imply (14) and (15). 


4. In order to decide when the trigonometric polynomial 
|kiSn 
is an FA series in (a,%-+ 27), we need to examine two special cases. 
We first observe that if (m,v) are positive integers, then by (6), 


(19) COS COS ppt = sin rpy/py * SIN pn, (vn), 
and 
. . . . 
(20) Sin sin dx = — 2/b- sin rp, Sin (vn). 


LeMMA 2. (i) Jf v ts a positive integer, then 
(21) — (a/b)> sin zp,/py + cos pyr 
is its own FA series in (—z,7). 

(ii) If v,>1, ts a positive integer, then 
(22) —— sin pyr + sin p,v/sin pyr 


is it own FA series in (—z,7). 
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Proof. (i) The F.A series of the even function (21) can be written 
bay + Dancospnt. If n1,v, then 
1 


T 
An = (— (a/b)* sin mpy/py + COS COS py dx = 0, 
-T 


by (19). Thus, the F,A series of (21) is $a. + a,cosp,x, and this converges 
to (21) in (—a,7). Put Then 4a,—— (a/b): sin mp,/py. 
Hence also a, —1. 


(ii) The proof is similar. 


We can now solve the problem mentioned at the beginning of this 
section. 


THEOREM 2. In order that 


(23) D Cx), 


|k|Sn 


shall be an FA series in (a,a-+ 2m), it is necessary and sufficient that 


(24) D’ == 0, 
|k|Sn 
and that 
(25) Co/a+- tue — 1) /(21bu,) = 05; 
jk|Sn 


or, what 1s equivalent, that 


(26) =0, = im.) == 0. 


|k|Sn |k|Sn 
Proof. That the conditions are necessary, follows from Theorem 1 on 
using (13). We further observe, on recalling the argument at the end of 
Section 3, that (24) and (25) are equivalent to (26). 
To prove that the conditions (24) and (25) are sufficient, we may 


suppose that a—-—7. By Lemma 2, we can express (23) as the sum of an 
F.A series in (—~7,7), plus an expression of the form 


Where the y’s satisfy the conditions of the theorem, viz. 


k=21 
and 


k=21 
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Now equation (28) is (y: —¥1)2¢sin zp, —0, and sinzp, 0 by (6). Thus 
y, is real, and (29) can be written 


(30) yo/a + 2y1 = 0. 
Hence (27) is 2y,:(— (a/b) sin + cosp,2), and, by Lemma 2, is an 


F,A series in (—z,z7). This completes the proof. 


5. The FA series of f(z) in (a,%-+ 27), being uniformly equicon- 
vergent with the Fourier series of f(x), is summable (C,1) almost every- 
where in the interval to f(z). The first step in the investigation of the 
sum (C,1) of the series outside the interval («,a-+ 2) is to determine the 
value of the sum (C,1) in the interval («+ 22,a-+ 47). 


THEOREM 3. If 


then __1) is uniformly convergent for 2x, and 


ats sum is 
(32) — [26/(m, —mz)] dt — f f(temt dt]. 


Proof. We multiply (31) by e™* and integrate term by term from « 
to z. This is permissible for an F,A series, since it is permissible for a 
Fourier series. We obtain 


dt = Ck e(tuntm;)t dt, 
a a 


the series being uniformly convergent. Hence 


=— —im,), 


in virtue of the first equation (16). Similarly, 
a 


Hence (32) equals 


[21b/(m, — me) ] [mi — — mo/(px 
= (wx — tm1) (ux — ime) ] 


= > 1), by (18). 
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In the interval («+ 27,%-++ 4), (31) is not necessarily an F,A series. 
For in order that this shall be the case, it is necessary that the conditions 
obtained from (16) on replacing « by «-+ 2m shall be satisfied. We shall 
presently see that by altering cy and c, in various ways, we can ensure that 
the new series is an FA series in (a+227,a-+ 47). It is the F,A series 
of its sum (C,1), which is known on account of Theorem 3 and the known 
changes in cy and ¢,. Then, by Theorem 3 (applied in the interval 
(a+ we know its sum (C,1) in (a+42,a+67). Hence, 
we know the sum (C,1) of the original series in (# + 42, a -+- 67) ; and so on. 


6. On account of the fact that the coefficients c, of an FA series in 
(a,%-+ 27) are connected by two equations, it is convenient to omit enough 
terms to ensure that the constants which remain are independent, and to 
direct our attention to the remaining series. It would be sufficient to omit 
terms with suffix k,—k for any assigned k~0. The simplest procedure 
however, seems to be to omit the three central terms with k—=—1,0,1. We 
are thus led to the following definition. 


DEFINITION. A series 
(33) Dd Cy, > 1, 
is said to be an RF,A series (reduced F.A series) in (a%,a-+ 2), if there 
is a function f(x) eL(a,a+2nr) such that at, > 1. 
a 
We shall use the notation >” to denote a sum in which the values 


k=0,1,—1 are omitted. We shall indicate the relation between the RF.A 
series in (a,a-+ 2a) and the function f(x) by the notation 


(34) f(z) =D” (a, + 2). 


THEOREM 4. If (33) is an RFA series in (a,a-+ 22), then it is an 
series in any interval (8, B+ 


Proof. It suffices to consider the case in which e< BSa+ 2. (See 
the similar argument in [4], Theorem 1.) Given (34), we define c, for 
r= 0,1,—1 by the equation 


Ch f(t) dt. 


Then, by Theorem 3, the series \ c,e*“** is summable (C,1) almost every- 
Where in (a+ to 
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(35) (xz) =f 2x) —2b/(m,— mz) -Q 


» 2-27 
where Q [ f (t)emst f(t) emt dt | 
a 


Hence, in the interval (8,8-+ 27), the series >) cye*#** is summable (('.1) 
almost everywhere to the function F(z) defined by F(x) =—f(zr) if 
and by F(x)—¢(x) if a4 We shall 


now show that there is a complex number d, such that, if 


(36) G(r) = F(x) + d,eim? + d_,e-tme, (d_.—d1), 
then 
(37) G(x) = >” cye***, (B, B + 27). 
We first evaluate J = F(a)e-*™? dx. We have 
B 
(38) I= | f(x)e-ime de + dr, 
B at2r 


By (35), the last integral equals 


*B B 
dx — (2bm,/(m, — mz)) J dz f(t)e™! dt 
a a 7a 


*B 
4. (2bm2/(m, —m2)) dy f(t)emt dé]. 


On changing the order of integration in the repeated integrals and using 
(13), the preceding expression becomes 


(39) dt + J, (k) — 
where 
(40) J,(k) = [2bm,/(m, — mz) + | f(t)em* dt. 


To prove (37), we must show that 


at+2r 
f(x)em* de, >, 
“8 


i.e., that 
» B+2rr 
(41) (d,eime 4. d_,e-ime) dy J,(k) —J.,(k) =0, | 
B 
Now 
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On subtracting the equation 
— [2b/(m,— mz) | (px — — tmz) | 


from the similar equation with & = 1, and substituting in (42), we find that 


f et iy == — ei 2h /(m, — mz) |P, 
B 


where P = m,/(u,; — im,)(px — — — tmz) (py —tm,). This equa- 
tion holds when we replace wy, by —y,. Substituting these results in (41), the 
condition to be satisfied takes the form 


(43) [2b/(m,— m,)] — — m2N2/(py — |] = 0, 
>1, 


where, for r—1, 2, 
N,=— (4, —im,) + / + im,) — dt. 
a 
The condition (43) will therefore be satisfied, if we can choose d, so that 
(44) N,=N,.=0. 


If f(é)e™t di =0, r—1,2, we can choose d,=0. In the contrary 


case, writing z,—= d,e*8/(py,—1im,), the equations (44) restrict z, (r=1, 2) 
to lie on lines parallel to the real axis. Since arg —1m,) #arg(pi— mz), 
(mod.z), (44) is equivalent to the condition that d, shall lie on two non- 
parallel lines. This condition can therefore be satisfied. 


7. In virtue of Theorem 4, we can use the expression “an PFA series ” 
without specifying a particular interval of length 2z. 

THEOREM 5. Given an RF.A series 
(45) cy 


and an interval (a,a-+- 2), the function f(x) of which (45) is the RF.A 
series in (a, a%-+ 2) is determined to within an arbitrary additive multiple of 


— (a/b)* sin mp,/p; + cos p, 


Proof. We may suppose that «=-—v,7. By definition, there is a func- 
tion such that 


(46) Ch f da, 
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Since, by Lemma 2, h(x) =— (a/b)> sin zpi/p,; + cosp,z is its own F.A 


series in (—z, z), it follows that c;—= A; i [fo(x) + th(a) ]e-*? da, | k| >1, 

for all ¢. 


Conversely, let f(z) be a function such that 
. 
(47) f(a) der, >1). 


T 

By (46), f [f(x) —fo(x) dz, (|k|>1). Hence, the 

series of f—f, in (—-2,7) can be written as 


As in the proof of Theorem 2, y, is real, say y, = 4, and yo, y, are connected 
by (30). Thus, (48) equals th(a). This completes the proof. 

Consider now a series >) c,e'“"*, (cx), given as the FA series of 
f(x) in (a,%-+ 27). What changes in ¢o,¢;,¢_, are necessary and sufficient 
in order to obtain an FA series in (a+ 227,a+ This problem was 
referred to at the end of Section 5. By definition, (45) is an RF.A series 
in (¢,%-+ 27). By Theorem 4, it is an series in 27,a-+ 47). 
Hence there are numbers 


(49) Yoo Vis Y-1> (y 
such that 


is an FA series in (a+ 22,%a+ 47). By Theorem 5, with « replaced by 
a%-+ 2x, there is a unique triad of numbers (49) with yo—0; say 0, y,.*, y-:* 
Write, for convenience, y,*—=c,, (|k|>1). Then y,* is uniquely deter- 
mined by the appropriate form of equations (16) ; viz. 


> / ( — im,) ( > / (4), — == (), 


~ 


It follows from Theorem 5, with « replaced by a+ 2z, that the formulae for 


Yos Y1s Y-1 are 
8. Another simple consequence of Theorem 5 is the following lemma, 


which will be used in the proof of the Young-Hausdorff inequalities for F.A 
series. 
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LemMa 3. If L, N, « are real numbers, and M is a complex number 
such that 
(51) — I. (a/b) sin + Re 0, 
then, given an RF.A series (45), there is precisely one triad Co, ¢,,¢-, with Co 


real, such that 
(52 ) Leo Me, M C_y N, 
and such that > is an F.A series in (a,%-+ 27). 


Proof. There are numbers (49) such that (50) is an F,A series in 
(a,z-+ 22). By Theorem 5, the general formulae for ¢o,¢,,c1, such that 
is an FA series in (a, a-+ 27), are 


On substituting these values in (52), we obtain a linear equation in ¢. It 
has a unique solution, since the coefficient of ¢ is the first member of (51). 


9. The results of this section are proved in the same way as the 
analogous results concerning F. A. series. 


THEOREM 6. If f(z) ~ DS 27), and feL*?(a,a+ 


dx | cy 


then 


CoroLtary. If F is a complex function, and Fe L?(a,a-+ 2), and 


a+27r 
dy=d, | F(t)e-‘stdt, then >| d, 


Proof. As for [4], Theorem 2, and Corollary. 


f F(t) |? de 


a 


Lemma 4. If (45) ts an RF.A series, then it 1s summable (C,1) almost 
everywhere to a function g(x); and, if v(x) ts a function of bounded varia- 
tion in an assigned interval (a,b), then 


lim f v(t) — f “»(t)g(t)dt, 


n>o 


as n—oo, uniformly 
Proof. As for [4], Lemma 6. 


THerorEM 7. If g(x) is the sum (C,1) of the RF.A series (45), then 
the series is the Fourier series of g(x); 7.¢., tf »20, then 
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lim 1/T if p— ps, 8 = 2, 3,- 


|T|-> 00 
= (0 otherwise. 


Proof. We need to know that if », =0, is assigned, then 


|ki>s 
is convergent, s being a positive integer greater than 1. By Theorems 1 
and 4, }” c,e*#**/(~,—1tm,) is convergent for all « In particular, 


(54) — tm, ) 


|k|>s 
is convergent. On subtracting (54) from (53), and using c,—o0(1), we see 
that (53) is convergent. The proof proceeds as in [4], Theorem III. 
Note that here, p,—k—1-+, while in [4], p.=—k—4-+m, with 
kn, == O(1). 


Lemma 5. If are any complex numbers and 
l< ps2, p*+q'=1, then 


[ > | d, |p] 3/2, 


Proof. As for [4], Lemma 9. 


10. We now consider the Young-Hausdorff inequalities for FA series. 
On account of the fact that the F,A constants are connected by two equa- 
tions, we cannot assign c, for all integer v subject to c,—¢,, | 
1< p=2, and expect the c, to be the F,A constants of a real function of class 
[4(a,a-+ 27). On the other hand, if we omit co,c,,c_,, then there is one 
degree of freedom in the set of possible functions of which the c, are the 
F.A constants. If, then, we require that the unspecified values of the three 
central constants shall satisfy an assigned linear equation, we may expect 
to find a unique function satisfying all the conditions. 


THEOREM 8. (a) Let c,, |v|>1 be complex numbers such that 
Y” | cy |?><0 and c,=é,. Let L, N, a be assigned real numbers, and let 
M be an assigned complex number such that (51) holds. Then there is 
precisely one (real) function fe L4(a,a+2r) which satisfies the following 
two conditions: 


(i) f(t) Iv | 
a 
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(ii) If ¢o,¢:,¢4 are defined by the preceding equation for v=0,1,—1, 
then Ley+ Mc,+ Mc,—N. For this function, 


a+27 
a 
(b) If g(x) ts a real function of class L®(a,a-+- 2), and 
yu =A g (x)e dz, (v=0, 
then 
(Sly (J |g 


Proof of (a). We define co(n), c,(m) and c_4.(n) by the equations 
(56) Ley(n) + Me,(n) + Me,(n) =N, 
(57) + ¢,(n) — + / (— pp, — 


=— 2” (4, 


|k|Sn 
(58) ¢o(n)/(—ime) + €,(n) e**/ — + c_,(n) p, 


=— >” — Ms). 


|k|Sn 


The determinant of this system of equations is 
(isin (m,—m.){— L(2a/b)> sin + 4. Uf 
0. 


The second members of (57), (58) are purely imaginary (or zero). Multiply 
(57) by im,, (58) by ime, and subtract. We obtain an equation of the form 
c,(n)A + c_,(n)A =B, where B is real and AA0. Hence c_,(n) —é(n). 
Hence, in (57), all terms except the first are purely imaginary. Hence c,(7) 
is real. Since the series 


converge with $” | c,|?, it follows that there are numbers yo (real), yi, y-1 
(=i), such that co(n) > yo, ¢:1(m) > y1, C1 as By (56), 


(59) + My, My N. 
Let =¢o(n) + ¢,(n) em? + c,(n)eime + By Lemma 5, 
|k|Sn 


{7,,(.c)} converges strongly with index q to a real function, f say. By 
Theorem 2, and (57), (58), T, (x) is its own FA series in (a,a-+ 27). 
> 1 and for n> |r|, 


Hence, for a given integer v with |v 


= 
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Cy/Ay = T, (x) = lim 


a n> a 


*a+2T 
= J f(x) 
a 
Further, for v=0,1,—1, 


yy =limc,(n) = lim A, T, (x) == = 


n> n> a a 


Thus, the conditions (i), (ii) are satisfied. Further, since, by Lemma 5, 


a+27 
| Tn (x) S [| co(m) + | (m) 
(55) follows on letting 


That there is only one function f(x) which satisfies the conditions (i), 
(ii), follows from Lemma 3. For if f is such a function, then, by Lemma 3, 
fo has the same FA constants as f. The FA series of f,—f is thus iden- 
tically zero. But fo—f is, almost everywhere in (a,a-+ 27), the sum (C,1) 
of its F,A series. Hence fy, —f—0. 


Proof of (b). As for [4], Theorem IV(b). 


11. We now consider the simplest theorem of uniqueness for convergent 
series of the form > c,e“* with c;,—é,. It is no loss of generality to 
suppose that the interval of convergence, given as of length 22, is (—-7.7). 

Consider the FA series of the function f(x) defined as equal to 1 for 
Then 1~ > where yo = yx SiN (k 0). 
By (1), = B,?/sin? ry, = A;,? + B,?. Hence 


(60) px” = (mx? + a)? + B?, 
as |k|—>0o. It follows that 
(61) yo— 1 + ype 


is a series whose coefficients are O(/-*), and which converges to zero in the 
closed interval (—-z,z). We thus see that in order to obtain a significant 
uniqueness theorem, we must introduce some explicit restriction on the coefti- 
cients. It will be seen that the condition c,—0 is such a restriction. 


LemMA 6. If >’ c,e#**, where key =o( 


1), converges to zero 
almost everywhere in then ¢,=0 
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Proof. By hypothesis, $Y’ c,e'“*” converges almost everywhere in (—7, 7) 
to In Theorem 8, let p=2, M=—=N=0, 
L=1. By the first part of that theorem, there are numbers ¢,*,c_.* (= ¢,*) 
such that 
(62) c,*etme + ¢_,*e-tme +. 
is an F,A series in (—-z,7r). But this series converges almost everywhere 
in (—7, 7) to 
(63) (c,* —c,)e*™? + ime, 

Hence (62) is the FA series of (63) in (—z,7). Write 
(64) —c, = 


Then (63) is ecosp,e-+ Bsinp,yx. Since the constant term in (62) is zero, 


f cos + Bsin dz. 


Hence, «0. For |k|> 1, we have 


Cr / AK —{ B sin pyx dx = 218/b sin wp, Sin tpg, 


by (20). By (7) and (60), | | Bsinzp, |. By hypothesis, 0. 
Further, by (6), », is not an integer. Hence B=0. Thus, all che coeffi- 
cients in (62) are zero. By (64), c,—c,*. Hence all the c, are zero. 


The series obtained by differentiating (61) term by term, viz. 
(65) b WKY 


has its coeflicients O(k-'). As in the proof of Lemma 6, if we alter the two 
central terms suitably, we obtain an F’,A series, say 


(66) h(x) ~ — + (—7, 7). 


This series can be integrated term by term from 0 to x. Since (61) con- 
verges to zero, it follows that 


J du— (yi* — yi) — (y1* 
0 


Y-1 )e-tme 


is constant in |2|<=-7. Hence we may take ¢(zx) to be 


ims y1) — tm, (y-1* —y 1 


for |x!=-7. On account of the equiconvergence of an F,A series in (—z, 7) 
with a Fourier series in (—z,7). the second member of (66) converges to 
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this function, and so (65) converges to zero for |a|z. That it is essen- 
tially the only series without a constant term which has this property, is 
shown by the following theorem. 

THeoreM 9. If >’ where converges to zero for |x| 
then there is a real constant c such that cy = Cipxyr. 


Proof. The hypothesis of convergence implies that c,—o0(1). Let 
(67) F(a) =—)>D etme, 


By the classical argument of Riemann, D?F(2) =0 for |x| <2, where 
(x) denotes the generalised second derivative. Hence, =lx+m, 
where /,m are real numbers. 


With y; defined as above, write d;=yx/(1—yo), (kK #0). Then 


(68) d;et#e? — 1, (| | = 


and | | = | sin mpx/(1—yo)|—> | b/r(1—yo)|, as |b The 
series (68) is uniformly convergent. Hence, >’ dy/ip;, (|x| Sz), 
and 

(69) di (U/ + m) == + m. 


The difference between the series in (69) and (67) converges to zero for 
|2|<-, and has coefficients which are O(k?). By Lemma 6, they are all 
zero. Thus — = + Multiply by and let k-—>oo. Then 
Thus, m=0, and = ildjpy =1/(1 — yo) 
as required. 

Sections 12-16. F.B Series. 

12. The theory of FB series can be developed on lines similar to the 
preceding theory of F.A series. The details of the analysis, however, are 
sufficiently different to justify the short sketch which follows. The notation 
will be almost the same as for F',A series, but the meanings of the symbols 
will be different. 

The FB series (see Section 1) is a series of cosines and sines of p,t 
where the »; are the roots, supposed all real and simple, of the equation 


0) A sin rz — B cos rz = 0, 


where A B=2z*?+ 6, ab}40. Then z—0 is not a root of (70). 
If f(z) is a real function of class L(a,«-+ 227), then the FB series of 
f(x) in (a,%-+ 27) can be written as 


(71) f(t) ~ cxetaes, (a, % 2m), 
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©at+2r 


where =Ax (k==+1,+2,---), and are 
a 


the positive roots of the equation (70), psz——~ypx, C+», and dx is the 
residue at of 


Q(z) =4(Acoszz+ Bsinzz)/(A sinzz— Bcoszz). 
We find that 
(72) = — 3 + kn, = O(1). 
Writing A;—A (px), ete., we have 
1/(2A,) = 2+ sin — By’ cos / (Ax C08 + By 8in 
But A;/cos ry; B;,/sin rp; = Ax COS + sin rp, Hence 
(73) 1/(2A,) = 27+ (asin — 2% COS COS /Opx. 


If »,n are positive integers, we have 


(74) COS pyL COS pint dX = (2/a) COS zp, COS (n¥v), 


(75) J Sin SiN dx = (— 2b/a)+ (cos rp,/p,)*(COS tun/pn), (nv). 

13. The F.B series (71) is uniformly equiconvergent in the closed 
interval (#,a-+ 27) with a Fourier series, though not with the Fourier 
series of a function of period 27. We have the following special case of a 
known theorem ([3], Theorem 1). 

Lemma 7. If 8,(x) is the n-th partial sum of (71), 


k\Sn 
and if to»(x) is the 2n-th partial sum of the Fourier series of the function 
d(x), of period 4, defined by if and dy 
formly in (#,a-+2r) as n—>0. In particular, s,(a-+ 27) + 8,(a)—->0 as 


00. 
According to the last clause of Lemma 7, 

(76) D’ ime + 1) == 0. 

Equation (70) can be written e277 = (A +-iB)/(A4—iB). Hence 

(77) time + tape + = (ux + 11) (ux + 


We shall suppose that a?-+ 4b >0, so that m,,mz, are real and different. 
We shall now prove the analogue of Theorem 1. 
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THEOREM 10. For any F.B series (71), we have 


(78) / + + tmz) | = 0, 
and 
(79) D’ (ux + + ime) | = 0, 


or, what is equivalent, 
(80) (py, + im,) = 0, D’ (py, + im.) = 0. 


Proof. Equation (78) follows from (76) on substituting the value of 
e’rivx | 1 from (77). To prove (79), or, what is equivalent, 


it suffices to show that 
(82) * COS == (), 


uniformly in (%,%#-+ 27). For then, on taking conjugates, multiplying by 
f(x) and integrating over (%,a-+ 27), we obtain (81). 
Changing the variable to c—-a—v7, we have to prove that 


(83) > An/ Pn COS sin = 0, 
1 


uniformly in (—z,7). 
Consider the FB series, in the interval (—~7,7), of the function sin p,2; 


say 
1 
For k > 1, we have by (75), 
(85) = — COS * COS / pK. 
Further, 
b, = 2A, (4 — 1/p, sin zp, COS rp), 

(86) —1 = 2A, (4 — 1/(2A,) sin zp, COs zp; ) 

= 2A, (— 2 cos (sin — * COS mp, ) 

= — 4bd,/a(cos 


by (73) and (70). By Lemma 7, the series (84) converges uniformly to 
sin 4,2. Substituting the values (85), (86), we obtain (83). Clearly, (78), 
(79), are equivalent to (80). 
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14. Lemma 8. If v is a positive integer >1, then 
= — COs ,2/COS pyr + COS pyr, 
is its own FB series in (—-a, 7) ; and 
Gv (L) = — py SID py L/COS pyr + py SID pyL/COS pyr, 


is its own FB series in (—z, 7). 
o 
Proof. The F.B series of f,(x) can be written Sia, If n~1,v, 
1 


then = f cos by (74). Hence the FB series of 


fy(z) is a, a,cosp,e. This converges to f,(x) for |r| <-. Giving 
the value 7/2y,, we find a;——secyir. Hence a,—secpyr. The proof 
of the second part is similar. 


THEOREM 11. In order that 
(87) = Cp, 
|k|Sn 
shall be an FB series in (a,a-+ 2a), tt ts necessary and sufficient that 


(88) D’ + 1) —0, 


|k|Sn 


and that 


|k|S=n 
Proof. By Theorem 10 and (77), the conditions (88), (89) are 
necessary. To prove that they are sufficient, we may suppose that «= —z. 
Then the conditions become, on using the notation c,—=4(a,—1b;), 


n n 
COS = VY, z by / px COS rp, = 0. 
1 1 


n 
Hence > a; cos + sin becomes 
1 


n 
Dd (COs — COS (COS * COS 2) 


n 
+ (sin — COS (py COS par) * SiN 


By Lemma 8, each term is an FB series in (—z,7). So then is the first 
member, i.e. (87). 
Enough has now been said to make it clear that FB series may be 


investigated in the same way as FA series. Some results are simpler, since, 
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in an F',B series, c,, c_, are determined by the remaining coefficients, and 
there is no constant term. We shall not enunciate the analogues of Theorems 
3-8. We shall merely enunciate a special case of the analogue of Theorem 
8(a), which will be used below. 


Lemma 9. Let c,,|v|> 1, be complex numbers such that | c, |? <0, 
c_y—=,. Given the interval (a,a%-- 2), there is precisely one real function f 


of class L?(a,a-+ 27), such that cy—d, f(t)e-*tdt, (|v| >1). 
a 


15. We now turn to the problem of the uniqueness of convergent series 
of the form 3’ c,‘#? with c;,—¢,. We shall prove (Theorem 12) that any 
series of this form which converges to zero in the open interval (—z,7), 
is a linear combination of two particular series with this property. The 
particular series are (83), and the series obtained from it by termwise differen- 
tiation. We shall use the fact that, since tan rp; (y,7 + 0D) /ap,, we have, 
by (72), 

tan = — (px? + b) =—a/p, + O(k*), 


= — a/rpx + O(k*), 


COS = (— 1 sin = (—1)*a/p, 4 O(k-*), 


and 

(90) | ux COs | >| a], as k—>o. 
16. Lemma 10. If 

(91) D’ C_~ = Cy, ke, = 0(1), 


converges uniformly to zero in (—~-,7), then there is a real number 1 such 
that 


(92) Cy, = 1 COS 
i.e., (91) 18 a constant multiple of (83). 


Proof. The series >” c,e‘“** converges uniformly to — c,e#? — ¢_,e-*m?, 
By Lemma 9, there are numbers c,*, c_,.* (= 2,*) such that 


C,* etme + c_,*e-tme + 
is an F',B series in (—z,7). It is the F.B series of its sum, viz., 


(c,* —c,)e*? + (c_.* —c_,) etme, 


= 
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Write Then, for >1, 
(93) = (a cos + B sin pyr) dx 
-T 


== J COS py Z COS dx — is | Sin dx 


== 24/a * COS COS + 21bB/a COS * COS pyr /py 
p / pat / 


by (74), (75). By hypothesis, kc, —>0. By (70), cosap,740. Multiply 
(93) by wx, and let k->0. By (90), «0. Hence we have (92) for 
|k|>1, with Since c,—4(a,—1%b,), (91) is 


a, cos & + sin — 21 SAn/pn * COS pyr SiN 
2 


and converges to + 0b, sin pie + 21(Ai/m1)* Cos wim sin by (83). 
By hypothesis, this is zero. Hence a,;—0, coSpiz, as 
required. 


LemMMA 11. The serwes 
(94) D’ Ax COS 
converges boundedly to zero in the open interval (——7z,7). 

Proof. By Lemma 9, there are numbers ),*, A.* (—A.*) such that 
(95) Ai *etme + + cos 


is an FB series in (—z,7). Hence it is summable (C,1) almost every- 
where in that interval, and can be integrated term by term. The same is 
therefore true of (94). Denote the sum (C,1) of (94) by f(z). Then 


3y (83) the first member is zero. Hence f—0O almost everywhere. Then 
(95) is the F.B series of 


(96) —A,) + —A,) 


sy Lemma 7, (95) converges boundedly in the open interval (—-z,7) to 
(96). Hence (94) converges boundedly in this interval to zero. 
We finally have, 


THEOREM 12. J ’c,etHe?, where c.—=C,, converges to zero in the 
? 
open interval (—-,7), then it is a linear combination of the two series 
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of which the first converges boundedly, and the second converges uniformly 
to zero in the open interval. 


Proof. As for Theorem 9, — = lx + m with real constant 
1 and m. On integrating (83), we infer that cos con- 
verges uniformly to a constant p. By Lemma 10, this constant is not zero. 
Then >’ cos converges uniformly to px. Hence 
converges uniformly to zero. The coefficients are o(k-*). By Lemma 10, 
there is a real number ¢ such that 
Cy/px? + m/p Ax/py? COS + Ax/ (tx) COS mx = COS 


Since c,—o0(1), it follows from (90) that £0. This proves the theorem. 


Appendix. 


17. The simple arguments of this paper, depend on the fact that the 
integrals 


f COS pypT COS dr, f SIN pyL SIN pyr dz, 


where v,n are different positive integers, can be expressed as a product of a 
function of », and a function of », by means of the equation (1) which p, 
and yp, satisfy. The question arises: For what relatively prime polynomials 
A,B with real coefficients, one of which is even and the other odd, have the 
above integrals the form described ? 

For v+«n we have 


f COS pyL COS pnt AT = SIN pyr COS pnw (Zpy/py? — pin”) 
SiD pint COS — 
2 C08 pym COS / (py? — pn) (py) /A —pnB(pn)/A (un) |, 


by (1). We therefore require that the value of the symmetric polynomial 
(97) P(a,.y) = (yB(y) A(x) 


shall be of the form },b, when z—p,, y=pn, nv. We shall prove (see 
Lemma 11 below), that this can only happen if P(z,y) =f(zx)f(y), where 
f(x) is a polynomial. 


650 


AN OUTLINE OF THE THEORY OF Fy, SERIES. 


Again, 


2 C08 pyr (py? — Hn”) [pn B /A (Hy) — /A (un) ]. 


We therefore require that the value of the symmetric polynomial 
(98) Q (x,y) = (x) B(y) —yA (y) B(z) — 


shall be of the form c¢,¢, for © py, ¥=pn, vn. According to Lemma 11, 
this can only happen if Q(z,y) =g(x)g(y), where g(x) is a polynomial. 

There are two possibilities. (i) A even, B odd. Putz=—0Oin P. Then 
A(0)B(y)/y=—f(0)f(y). Now A(0)¥0, since (A,B)=—1. Then 
f(0) 40. Hence 


(99) = B(y)/y-> A(0). 


Hence B(y)/y divides A({y). Since (A,B) =1, B(y) = by with a constant b. 
By (99), A is a quadratic. Suppose that its leading coefficient is 1. Then 
there are two cases, A(y) = y?+a, A(y) =1. 

Consider next, the possibility (ii), A odd, B even. We put x0 in Q 
and find that A(y) =ay with a constant a, and that B is a quadratic. If 
its leading coefficient is 1, then there are two cases, B(y) = y? +b, B(y) =1. 

Thus, the only cases in which the integrals are of the required form, 
are the two cases considered in this paper, and the two cases for which (1) 


becomes 


(a) sin rz — bz cos rz = 0, (B) az sin rz — cos rz = 0, 


respectively. The case (a) has been the subject of recent investigations 
(see the remarks in [4], 8324). The case (8) can be treated on similar lines. 

We now turn to the lemma mentioned above. We note first, that when 
A is even and B is odd, P(a,y) and Q(z, y)/(xy) are symmetric polynomials 
in (= 2°) and » (=y’); and that when A is odd and B is even, the same 
is true of P(x, y)/(xy) and Q(z,y). It therefore suffices to prove 


LemMA 11. If p(&7) is a symmetric polynomial, not identically zero, 
and 


(100) p (Ar, As) = b,Ds, (rs), 


where +, then =c(E)c(n), where c(é) is a poly- 


nomial in &. 
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Proof. If, for some 7, b,=0, then p(dr,a,)=0, (sr). Hence, 
p(a,,n) =0. Let (€—a,)" be the highest power of (—a,) which divides 


p(é,y). We consider p(é,»)[(é—a,)(y—a,)]-, and omit a, from the 


sequence *. Thus, we may suppose that (r=—1,2,-- 
Then, if r+4s, p(d,,a,)/b, = p(d,ds)/b, for t54r, tAs. Hence 

(101) dr) /br = p(E, ds) /be 

for all €. Write 

(102) c(€) = p(é,a)/b:. 


Then by (101), on putting s—1, 
(103) P(E, ar) = 


for r= 2,3,:--, and also for r—1, by (102). 
For a given s, choose an rs in (103). Put =a, By (100), 
c(a,) =b, for s=1,2,---. Thus, by (103), 


(104) p(é, ar) =c(ar)c(é), (r= 1,2,° 


and so p(é,) =c(€)c(m). 


18. Historical note. The investigations of this paper are based on [3], 
Theorem 1. There are points of similarity between the proof of that theorem 
and the investigations of Dini [1], who, writing before the era of the 
Lebesgue integral, could not easily attain to general and precise results. 
In a subsequent paper [2], Dini considered the problem of deciding when 
the equation (1) has all its roots real and simple. He examined the equations 
which form the subject of [3], Theorems 2, 3, 4; but his results are 


fragmentary. 


19. (Added 1 May, 1955). 


The series we have considered in this paper, can be written in the form 


where ¢(u) is constant in each open interval (pz, +1, 
and A theory of integrals (105) has been 
developed ([5], [7]) partly with the object of enabling one to deduce 
analogues of theorems concerning ordinary trigonometric series 


(106) ¥ Cn = Cn, 
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without having to write out analogous proofs. As pointed out by the 
referee, this theory has a direct bearing on some of our results, in particular, 
Theorems 9 and 12. 

Consider for example, the following proposition which generalizes 
Theorem 9: If 


(107) C_~= Cy 


converges lo f(x) for |a| <<, where f(x) is finite and eL(—za,7), then 


there is a real constant ce such that 


Ce = + Joyx/ (1 — yo) + +1,+2,---), 
where Gk = Ax f(t) df, (k= | 


‘T'o prove this, we observe that the hypothesis implies that c,—o0(1). 
Let « be a small positive number. By [7], Theorem 4, there is a series 


(108 ) O_n = On, On =O ( 1), 


such that (107), (108) are uniformly equiconvergent in (—7z-+.¢,7r—e), 
1.€., 


|k|Sn k|Sn 
converges uniformly to zero. Since (108) converges to f(z) in (—ar+e, 
«—e), the theory of trigonometric series ([6], 286(i)) tells us that (108) 
is uniformly equiconvergent with the Fourier series S of a function of 
period 2x which equals f(x) in (—a-+ 2%e,7—2ce). Let 


(109) f(z) ~ DS gre, 7). 


By Lemma 1, the series (109) is uniformly equiconvergent with the Fourier 
series of f(x) in (—7,7). Hence the series (109) is uniformly equi- 
convergent with S in (—az-+ 3e,7—3e), and hence with (108) and with 
(107). Since « is arbitrary, it follows that 

|k|Sn 
converges to zero for <7. 

Using the notation and results of Section 11, }’ goy,e‘**/(1—-y.) con- 

verges uniformly to g, in (—72,7). Hence 


[ex — Ju — Joyr /(1 Yo) | 


converges to zero in (—7z,7). By Theorem 9, tne desired result follows. 
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ISOMORPHISM BETWEEN H? AND L?.* 


By R. P. Boas, JR. 


Let p be finite and greater than 1. By ZL? we understand the Banach 
space of complex-valued measurable functions f (those differing only on a set 


27 
of measure zero being identified) of period 27, such that f, | f(z) |? daz is 


finite, with norm 
2r 
| f(x) |? 


An element f of Z? has a formal Fourier series, 


227 
oT 0 


M. Riesz’s theorem on conjugate functions may be stated in the following 
form (cf., in particular, [1], p. 791): 


If fe L® has the Fourier series (1), then (1) with cy, replaced by 0 for 
n<0 is the Fourier series of a function f, of L® and || f, ||} SAp|f ||, with 


A, independent of f. 


By H” we understand the Banach space, with the LZ? norm, whose elements 
are the functions f, obtained from L?-functions according to this theorem. 
It is known ([3]; [2], p. 293) that H? can alternatively be defined as the 
Banach space (with the natural norm) of boundary values of functions F 
which are analytic in |z| <1 and satisfy 


2r 
0 


with M independent of r. 


Our object is to give a simple proof of the fact, which may be useful in 
investigations involving the spaces H?, that the topological vector-spaces H? 
and L? are isomorphic. The question of whether there is an isomorphism 


* Received March 7, 1955. 
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between them which preserves the metric is left open, as well as the question 
of the relationships of H* and H® to L* and L”. 

Let f be a given element of Z? with Fourier series (1). Let f, be defined 
as in Riesz’s theorem and let f_—f—f,; both these functions have period 2z, 
Map f into the function g defined by 


g(x) =f, + e*f_(— 2x) ; 


then the Fourier series of g(x) is ¢o + > (¢ne?*"* + c_,e@" Vit), so that ge He 
n=1 


and ||g || 2A,||f ||. Thus the mapping is bounded; and it is clearly dis- 
tributive. It is also one-to-one and onto. For, let g be a given element of 


H? with Fourier series > b,e*"*. The series 


n-0 
(2) > Don 
n=0 n=1 


are Fourier series of functions in H?; indeed, the first is the Fourier series of 
gi(x) =4{9(z) +9(x+-7)}, and the second is then the Fourier series of 


ao 
g2(z)e-**, where ~ We can map g into the element f 
n=1 


of L? given by f(z) —g,(«/2) +92(—2/2). Applied to the element g 
obtained from f by the original mapping, this leads back to f; so the inverse 
mapping from H? to L? is one-to-one. Finally, this inverse mapping is 
bounded, either by another application of Riesz’s theorem or because it is 
the inverse of a one-to-one bounded mapping. 


NORTHWESTERN UNIVERSITY. 
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ON FINITE GROUPS WITH CYCLIC SYLOW SUBGROUPS 
FOR ALL ODD PRIMES.* 


By Micuio Suzuki. 


The piitpose of this paper is to determine the structure of some finite 
groups in which all Sylow subgroups of odd order are cyclic. This assump- 
tion on Sylow subgroups simplifies the structure of groups considerably, but 
the structure of 2-Sylow subgroups might be too complicated to make any 
definite statement on the structure of the groups. In this paper, therefore, 
we shall make another assumption on 2-Sylow subgroups, and our main result 
may be stated as follows. 

Let G be a non-solvable group of finite order. We assume that all 
Sylow subgroups of odd order are cyclic, and moreover that a 2-Sylow sub- 
group is either (a) a dihedral group, or (b) a generalized quaternion group. 
Then G contains a normal subgroup G, such that [4:G,] S2andG,—Z X L, 
where Z is a solvable group whose Sylow subgroups are all cyclic, and L is 
isomorphic with the linear fractional group LF(2,p) over the prime field 
of characteristic p in the case (a), and with the special linear group SL (2, p) 
in the case (b). 

It has been proved by Frobenius and Burnside (see Burnside [7]) that 
if all Sylow subgroups of a finite group G are cyclic, then G is solvable. 
In fact, such a group must be meta-cyclic. Zassenhaus [13] has studied 
the structure of such groups completely (see Zassenhaus [13], or [14], § 4). 
In the same paper, Zassenhaus studied the solvable groups in which all Sylow 
subgroups of odd order are cyclic and a 2-Sylow subgroup contains a cyclic 
subgroup of index 2, and he classified all possible types of such groups. 
His results are used frequently in the course of the proof of our main result. 
We refer for these results to the paper [13] of Zassenhaus. 

In the first section we shall give a short summary of known properties 
of linear groups, which are necessary for our purpose, referring mostly to 
the work by Schur [10]. Some general lemmas on group characters are 
proved in the next section 2. Our Lemmas 4 and 5 may be regarded as slight 
generalizations of a result by Brauer and they are main tools for the proof. 
Section 3 contains several characterizations of linear groups by their group 


* Received November 11, 1954. 
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theoretical properties, obtained by Brauer, Suzuki, and Wall. Sections 4 and 5 


are devoted to the proof of our main theorem in case of dihedral 2-Sylow sub- 
groups. The case when 2-Sylow subgroups are generalized quaternion groups 
is treated in Section 6, where we consider a slightly more general situation 
(see Theorem D). In the proof of Theorem D we shall use very delicate 
properties of group characters, namely the block theory of Brauer. The final 
section contains remarks on the applications and the converse of our main 
theorem. 

We use the standard notations. The linear fractional group LF (2, p) is 
the totality of linear fractional transformations x’ = (aa + £)/(yz + 8) with 
elements «, 8, y, 8 in the prime field F of characteristic p, and with deter- 
minant «3—By=1. The special linear group SL(2,p) is the totality of 
non-singular 22 matrices over F with determinant 1. <A generalized 
quaternion group is a non-cyclic 2-group which contains only one subgroup 
of order 2. It is generated by two elements o and p with the relations 


o"" 1, 


The central factor group of a generalized quaternion group is a dihedral group. 
A finite group is called a Z-group if all Sylow subgroups are cyclic. For 
the properties of Z-groups see Zassenhaus [13]. Group elements are denoted 
by Greek letters o, p and +; 7 stands usually, not exclusively, for elements 
of order 2. An element a is called p-regular if the order of o is prime to p. 


Otherwise o is p-singular. 


1. We shall make preliminary remarks on the special linear group 
SL(2,p) and the linear fractional group LF'(2,p) over the prime field of 
characteristic p. 

The group SL(2, p) contains only one element of order 2, which generates 
the center, and the central factor group is isomorphic with LF(2,). It has 
been proved by Schur, [10], p. 120, that if a finite group G contains a normal 
subgroup Z of order 2, and if the factor group G/Z is isomorphic with 
LF(2,p), then G@ is either isomorphic with SL(2,p), or is a direct product 
of Z and LF(2,p). In particular we have 


Lemma 1. If a finite group G contains only one subgroup Z of order 2, 
and if the factor group G/Z is tsomorphic with LF (2, p), then G is isomorphic 
with SL(2,p). 


We shall consider the group of all automorphisms of LF(2,p). The 
following lemma is proved. 


$ 
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Lemma 2. The index of the group of inner automorphisms im the 


group of all automorphisms of LF(2,p) ws two. 


Proof. Let L be the totality of linear fractional transformations over 
the GF(p). The transformations with determinant 1 form a normal sub- 
group of index 2, isomorphic with LF(2,p). Now let A be the group of all 
automorphisms of LF'(2,p). Then A contains a subgroup isomorphic with L. 
LF(2,p) may be regarded as a subgroup J of A, consisting of all inner 
automorphisms. J contains p-++1 subgroups of order p, and A may be 
regarded as a substitution group on these subgroups. Since A - J, A is at 
least triply transitive. Suppose that an element o leaves invariant three 
subgroups P,, P, and P;. Consider the normalizer N; of P; in [. Since o 
leaves invariant P;, every N; is also fixed by o, and so are N,N, and 
N,QN,. Now N, may be generated by two elements 7 and p such that 


fri =—P,, {p} = {rp} = NNN; 


and 


Since « maps {r}, {p} and {rp} into themselves, we have 


m 


oto =p" and a(tp)o* = (r0)*, 


where m, n and & are positive integers. These equations imply that 
"== or mr==mr"(modp). Since we have 
n==1 (mod (p—1)/2). Moreover since k=n (mod(p—1)/2), we may 
assume that m—=k—=1, and hence m1. Thus o induces the identical 
automorphism on NV, and similarly on N;. Hence o transforms all elements 
of I into themselves, and so is in the centralizer of J in A. On the other 
hand, the centralizer of J in A contains only the identity, since the center 
of I is trivial. This proves e—1. Hence A is representable as a triply 
transitive permutation group on p-+-1 letters such that no element except 
the identity leaves invariant three letters. By a theorem of Zassenhaus [12], 
A is isomorphic with a linear fractional group, and so A coincides with L. 
This proves Lemma 2. 

We shall now consider the irreducible characters of SZ(2,p). The 
irreducible characters of SL(2,p) have been determined by Schur [10] (see 
in particular the table on p. 128) and independently by Jordan [9]. 

Let @ be the special linear group SL(2,p) over the prime field of 
characteristic p. We are interested in the structure of 2-blocks of characters 
of G. For the theory of blocks see [1], [2] and [3]. Let « be 1 or —1, 
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so that p=« (mod4), and let 2¢ be the highest power of 2 which divides 


IIV 


p—e= 2th, (h,2) =1 (a= 2). 


If we set (p+e)/2—=2a-+1, G@ has exactly a 2-blocks of defect 1. This 
may be proved either directly from the table of characters, or by using a 
result of Brauer [3], $8, since the factor group G/Z modulo the center Z 
of G is isomorphic with LF(2,p), and LF(2,p) has exactly a 2-blocks of 
defect 0. From the general theory of Brauer [1], each 2-block of defect 1 
consists of two characters, and they take the same value on every 2-regular 
element. The degree of characters in a block of defect 1 is p—e. Some 
characters of degree p-++« may belong to blocks of defect a. In fact, if 
we put h —1—= 2b, G has exactly b 2-blocks of defect «. From the table of 
characters we see that each block of defect a contains 2° characters which 
take the same values on every 2-regular element. 

The first 2-block B, of G is the only block of defect a+ 1. It consists 
of the principal character 1, one character ¢, of degree p, two p-conjugate 
characters ¢. and ¢, of degree (p+ e)/2, which belong to the represen- 
tations of the central factor group, two conjugate characters ¢, and @; of 
degree (p—e)/2, and 1 characters ¢$; (i=—6,7,: - -,2°%?-+4) of 
degree 

There are several linear combinations of these characters which vanish 
on all 2-regular elements. The following table may be obtained from the 


table of characters (using suitable notations). 


on elements of 


Relations primeto2 p-+te 2 

— — 0 0 4 0 
1 — ede + Edy 0 2 2 1—ep 
1 — + ed; 2 2 1—ep 

0 0 Bebe, —8(p4-e) 
TABLE 
In the last line of Table I, 0; (c=6,%,- - -,2%1+ 4) are the values of 


non-linear characters of a generalized quaternion group of order 2°%*', taken 
in a suitable arrangement; and, in the lower right hand corner, the value 
0 is for those ¢; which belong to representations of the central factor group 


and the value —2(p-+e) is for those which do not. 


3 
33 
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2. In this section we shall prove some lemmas on group characters. 


Some of these lemmas have been obtained by Brauer and Fowler [5]. 


Let C,,C2,- +, be conjugate classes of a finite group of order g, 
and s;,° ° °,S8; the totality of distinct irreducible characters. The product 


k 
(,C; may be written as a sum of conjugate classes: CC; = Dd apCi, where aij 
are non-negative integers. The following formula is a consequence of ortho- 
gonality relations (see [5]): 
* -le \e Nie 
= 91959 * DX (Cr) Su (Cz) Su (Cr). 
In this formula, g; is the number of elements in C;, z, is the degree of s, 


and §, indicates the conjugate complex of s,. In the application to our 
case, classes C; and C; contain elements of order 2. We have 


Lemma 3. Let G be a finite group of even order. Assume that G has 

k 

only one class T which contains an element of order 2, and that T? => a,C,. 

Then we have 

ay= 
where n is the order of the normalizer of an element of order 2. Moreover 
if the class C; is not self-reciprocal, then a,=0. 


Proof. Let o and + be two elements of order 2. Then the inverse of or 
is zo, which is obviously conjugate to or. This proves the last assertion. 
The first assertion is a consequence of (*). 

By a (generalized) character, we shall mean a linear combination of 
irreducible characters with rational integral coefficients. Let be a character 
of G. Then ¢6= >, 4,8,, and all a, are rational integers, uniquely deter- 
mined by ¢; namely (The symbol means the average on 

G G 
G, i.e. the summation over all elements of G divided by the order of G.) 
The sum of the square of these coefficients is denoted by w(@), and may be 
calculated as w(¢) = Sy a,” —{ | |*, where | ¢| is the absolute value of ¢. 
G 

We consider a subgroup H of G and a character y of H. The induced 

character ¥* of G may be defined by 


where h is the order of H, and we have put ¥(c) =0 if of H. Clearly, y* 


4 
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is a character of G (in our sense). If y= Dai, then we have y* = > ay*. 
A conjugate class C of a subgroup H is called special (with respect to 
G), if C contains an element o such that the centralizer of o in @ is 


contained in H. We shall prove the following lemma. 


LemMMA 4. Let (C,,C.,- be special classes of H, and ojeC; 
(t=1,2,---,7r). Assume that o; is not conjugate to a; even in G if 1}. 
If pis a character of H which vanishes outside of these C;, then y* (oi) =y (oi) 
(t=1,2,---,7r), and y*(c) =0 tf o is not conjugate to any o;. Moreover 


we have w(y*) =w(yp). 
Proof. By the definition of induced character, 


=h* (spr). 


Hence if y*(p) 40, at least one term of the right hand side does not vanish. 
But y is zero outside of C;, and so y*(p) 0 implies that p is conjugate to 
some oz. This proves the second assertion. 

If then 40 only when for some k. By our 
assumption o; is conjugate to o, only when k=v7. Hence y(rpr-') 40 
implies that rpr* is conjugate to o; in H, i.e. rpr-4?=—vow? (veH). Then 
v'r is in the normalizer of o;. Since C; is special, the normalizer of o; is 
contained in //. Hence we conclude that re H. We see now that 


Let N; be the normalizer of o; in G. By our assumption, we may take 
suitable o; so that N; is a subgroup of 7. The number of elements which 
are conjugate to o; in @ is denoted by gi, and similarly h; is the number of 
elements in C;. Then gx=[G:N;] and h,=[H:N,]. Hence we have 
gi = [G:H]h; (t=1,2,---,r). We shall now compute w(¥*). We have 


since y= 0 outside of C;, which proves the statement. 
As an application we shall prove the following lemma, due essentially to 
Brauer (see [4]). 


LemMaA 5. Let C,,:--,C, be special classes of H satisfying the same 
assumption as in Lemma 4. If H has s irreducible characters ¢,,- - -,¢s 
such that $;= $; outside of C;, and ¢:(0) =0 for any element o of H which 
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is conjugate to o, in G but not in H, and if s=2, then G has exactly s 


irreducible characlers s,,° such that 
8 . 
tads, +A, (1 =1,2,- +58), 
k=1 


where e= +1, a20, a+e€=0 and A is a character of G which is inde- 
pendent of 1 and does not contain any s; All characters of G other than 
these s; contain each dy with the same multiplicity (as characters of H). 


Definition. These characters s,,- - -,8, are called the exceptional charac- 
ters associated with ds. 


Proof. Since s=2, we may consider s—1 characters ¥;—¢i—¢z 
(i= 1,2,- - -,s—1) of H which satisfy the assumption of Lemma 4. Hence 
= w(yi) =2, and so each induced character y;* contains exactly 2 


different irreducible characters of G with multiplicity +1 or —1. Since 


w(Yi* —yj*) = w(Yi— Py) = 2 (tj), 
and since y;* 0 for the identity of G, we may write —«(s;—s,), ((=1, 
2,--+,s—1), with e—-+1 or —1. Hence we have ¢;* —«s;=— ¢,* —e«s,. 


This implies that ¢;* may be decomposed in the following manner: 


8 
pi* = + Days; + A, 
j=1 


where A is either identically 0 or a sum of irreducible characters of G other 
than Consider now the difference w(¢;*)—w(d¢,*). This is 
equal to 


If o is not conjugate to any o, (k=—1,2,---,7r), then ¢;*(c) =¢,*(s). 
If o is conjugate to ox, then from our~-assumption on ¢; we see that 
‘i*(o)) =i (o;,). Hence as in the proof of Lemma 4, we conclude that 


—w(os*) = w(di) —w(ds) = 0. 
Hence we have (a,+c)*, or Hence we 
8 
obtain ¢;* «s; + a >) s, + A, as claimed. 


3. In the proof of our main theorems, we shall need some group theo- 
retical characterization of LF (2,p). We shall state them in the following. 


& 
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Lemma 6. Let G be a finite simple group of even order, satisfying the 
following property: If two cyclic subgroups U and V have a non-trivial tnter- 
section, t.e., UN Ve, and if at least one of these subgroups has an even 
order, then UU V is cyclic. Then G is isomorphic with LF(2,q) for some 
prime power q. 


This result is due to Brauer. See [6]. From this lemma, we conclude 
the following 


Lemma 7. Let G be a simple group of finite even order. We assume 
that all Sylow subgroups of odd order are cyclic, and that the normalizer of 
an element of order 2 is of dihedral type. Then G is tsomorphic with LF (2, p) 


for some prime p. 


Proof. Let + be an element of order 2, of which the normalizer N is 
of dihedral type. Put T= {7}. Consider a 2-Sylow subgroup S of 1. 
S is contained in a 2-Sylow subgroup S* of G. If S~S*, T is not a 
characteristic subgroup of S, and this implies that S is of order 4. Since 
S is the normalizer of T in S*, S* is generated by two elements o and + 
such that =o", where r=—1 or —1+ (See Lemma 4 
of [11]). Hence r is not conjugate to the central element of S* in G. 
By a theorem of Griin [8], G is not perfect. This contradicts our assump- 
tion. Hence S—<S* is a 2-Sylow subgroup of G. We see now that the 
totality of elements of order 2 forms a single conjugate class of G. This 
follows also from the theorem of Griin (loc. cit.). 

Now J contains a normal subgroup Z such that ZS = N and ZN S=—e. 
If Ze, then G satisfies the assumption of Lemma 6. Hence our assertion 
follows immediately. 

Assume that Ze. Consider any subgroup U of Z. The centralizer 
V of U in G has a cyclic 2-Sylow subgroup. Hence V is a Z-group. We 
shall prove that VC WN using induction on the index [Z:U]. First of all 
assume that U=Z. Suppose VQ. N. Denoting by M the maximal cyclic 
subgroup of NV with index 2, V contains a normal subgroup W such that 
WM=V and WO M=dZ. In the factor group V/Z, the normalizer of 
TZ/Z is M/Z. Wence the element 7 of 7 induces an automorphism f in 
W/Z which maps every element onto its inverse. Now W is a normal sub- 
group of the normalizer of Z in G, which contains an element o of order 2, 


of#T. This element o induces an automorphism of each Sylow subgroup of 
W/Z, which is either the identical mapping or the same one as f. This 
implies that every prime divisor of [W:Z] also divides the order of Z, since 
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any element of order 2 is conjugate to 7. On the other hand the order of 
the commutator subgroup of a Z-group is prime to the index of commutator 
vroup, which is a multiple of the order of its center. Hence the commutator 
subgroup of V must be e, and so V is cyclic. Since VT, and we get a 
contradiction. Hence the centralizer of Z is contained in N. 

Now we consider any subgroup U of Z. Consider all subgroups U; of 
Z such that U; D U and U;/U are Sylow subgroups of Z/U. By the inductive 
hypothesis, each U; commutes only with elements of V, since the centralizer 
of U; is M, and so the normalizer of U; is contained in the normalizer N 
of 7. Suppose that the centralizer V of U is not contained in VY. In V/U, 
each U;/U is a Sylow subgroup and is contained in the center of its normalizer. 
Hence by a theorem of Burnside (see e.g. [14], p. 183), V contains a normal 
subgroup W such that WM@=—V and WN M=—U. We may apply the same 
argument as before to get a similar contradiction. 

We have thus proved that the centralizer of any subgroup of Z coincides 
with Mf. Hence our group G satisfies the property of Lemma 6, and is 
isomorphic with LF'(2,p) for some prime number p. This proves Lemma 7. 

Finally we shall state the following result (see [6]). 


Lemma 8. Let G be a non-solvable group of finite even order. If G 
contains an abelian subgroup A of even order such that Ae and the 
centralizer of any element ~1 of A is contained in A, then G is isomorphic 
with LF (2, 2#). 


4. This section is devoted to the proof of the following theorem: 


THEOREM A. Let G be a non-solvable group of even order. We assume 
that all l-Sylow subgroups for odd 1 are cyclic, and that 2-Sylow subgroups 
are of order 4. Then G is a direct product of LF(2,p) and a Z-group. 


Proof. We shall use an induction on the order g of G. 


First of all, suppose that the commutator subgroup G’ of G is a proper 


subgroup of G. Then G’ satisfies all assumptions of this Theorem A, and has 
a smaller order than G. We may, therefore, apply our inductive hypothesis 
to G’. G’ is a direct product of a Z-group U and a subgroup ZL, isomorphic 
with LF(2,p) for some p. Since U is solvable, Z is a characteristic sub- 
group of G’, and hence Z is a normal subgroup of G. Consider now the 
centralizer V of L in G. V is a normal subgroup of G, and the factor group 
(r/V is isomorphic with a subgroup of the group Ly of all automorphisms 
of L. By Lemma 2, the index [Z,:LZ] is 2. On the other hand, by assump- 
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tion the order of G is not divisible by 8, and hence [G: VU L] is odd. This 
implies that G=VUJZ, or G=V XL. 

We may therefore assume that G=G’, i.e. that G is perfect. Suppose 
that G contains a proper normal subgroup H. If [G:H] were not divisible 
by 4, then the factor group G/H would be a Z-group, and so solvable. This 
is not the case. If [G:H]=0 (4), then by assumption H would be of 
odd order, and so a Z-group. Hence H would contain a characteristic sub- 
group of odd prime order g. This is however impossible, because no perfect 
group with cyclic g-Sylow subgroups can contain a normal subgroup of order q 
by Theorem 15 of Zassenhaus [13]. Hence G must be a simple group. 

Let S. be a 2-Sylow subgroup of G, and let Z, be the centralizer and NV, 
the normalizer of S, in G. Since G@ is simple, N2Z,. Hence 8, is not 
eyclic, and [N.,:Z.]—=3. Z. is a direct product of S, and a Z-group 
U: Z.=U X &:. 

Assume that Ue. Take a subgroup T of order 2 in S,. Consider 
the normalizer N of T in G. The factor group N/T is a Z-group, and 
hence NV contains a normal subgroup Z such that N=ZS,. and ZN S.=e. 
An element of S:, which is not in 7, induces an automorphism of Z, and 
this automorphism leaves only the identity invariant. Hence by a lemma of 
Zassenhaus ({12], Lemma 1) Z is a cyclic group and N is a dihedral group. 
Theorem A now follows from Lemma 7. 

Suppose finally that Ue. This case will be proved impossible at 
the end of this section. Again denote by T a subgroup of order 2 in 8:. 
We consider the structure of the normalizer N of T in G. 

Consider the normalizer N(U) of U in G. Suppose N(U)~N.. If 
the factor group N(U)/U is solvable, then by Theorem 6 of Zassenhaus 
[13]. V(U) contains a normal subgroup V such that VN.—=N(U) and 
VOAN.=U. Since V is of odd order, V/U is a Z-group, and hence V 
contains a subgroup P such that P is a normal subgroup of N(U) and 
[P?:U|=1 is a prime number. Then the centralizer C/U of P/U contains 
Z./U, since N(U)/C is cyclic. This implies that P is a part of the cen- 
trailzer of S,. This gives a contradiction. Hence N(U)/U is not solvable. 
We may apply the inductive hypothesis to N(U) since GAN(U). It 
follows that N(U) is a direct product of U and a subgroup L, which is 
isomorphic with some LF'(2,p). Let q be the smallest prime divisor of the 
order of U7. Q the g-Sylow subgroup of UV. The normalizer N(Q) of Q in 
G@ contains L, and so it is not solvable. By the inductive hypothesis 
N(Q)=L’X U’ where L’ LT and U’CU. Since gq is the smallest prime 
divisor of the order of U, N(Q) coincides with the centralizer of Q. This 
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implies that a g-Sylow subgroup of @ is in the center of its normalizer. 
By a theorem of Burnside (loc. cit.), G is not simple. This contradiction 
comes from the assumption that V(U) ~N2, and hence N(U) = Nz. 

Consider next a maximal subgroup M of G, which contains V.. If V 
is not solvable, N(U) would be larger than N, by the inductive hypothesis. 
M is, therefore, solvable. Hence by Theorem 6 of Zassenhaus [13], 1 con- 
tains a normal subgroup K such that M—KWN, and KN N.=U. Since K 
is a Z-group, the commutator subgroup K’ of K is cyclic. Take a Sylow 
subgroup P of K’. P is normal in M, so that the centralizer Z(P) is also 
normal, and M/Z(P) is cyclic. Hence Z(P)K contains 82, and this shows 
that Z(P) DS8., or PCZ.. Since P was any Sylow subgroup of K’, we 
conclude that K’ CU. This implies that U is a normal subgroup of M, 
or CN(U)=N,. In other words, is a maximal subgroup of G. 

We shall show that U is cyclic. N. contains a subgroup W such that 
WS.—WN, and WNZ,—U. Suppose that the commutator subgroup W’ 


of W is a proper part of U. We consider any prime divisor of [U: W’], say 
y. and the g-Sylow subgroup Q of U. The normalizer N(Q) of Q in G is 
solvable, since otherwise G would be non-simple by Burnside’s theorem. 
Since NV, =U(N2AN(Q)), N(Q) has no normal subgroup of index 2. 
Hence again by Theorem 6 of Zassenhaus [13], N(Q) contains a normal 
subgroup Y such that N(@Q)/X is isomorphic with the tetrahedral group. 
Let Y be any Sylow subgroup of XY. Then the order of the centralizer of Y 
in N(Q) is divisible by 4, and hence some conjugate subgroup Y, of Y in 
N(Q) is contained in Z., or YX CU. Hence N(Q) coincides with the cen- 
tralizer of Q, which is impossible by virtue of Burnside’s theorem. Hence 
we have W’ =U, or U is cyclic. 

Consider again the normalizer NV of the subgroup T of order 2. Suppose 
that NC N,. Then Z, is abelian, and the centralizer of any element ~1 
of Z, coincides with Z.. By Lemma 8 this is impossible, since we must have 
U=e in LF(2, 

Hence we consider the case NG. N.. We then have NN N.—Z:, so 
that we see from Burnside’s theorem (loc. cit.) that N contains a normal 
subgroup H such that HS. =N and HN S,—e. If H’ is the commutator 
subgroup of H, the subgroup H’ U is a normal subgroup of both N and N.z. 
Since NV, is maximal, we must have H’1 Ue. H contains a cyclic sub- 
group X such that Y DU, YN H’ =e and XH’=dH. Since the normalizer 
of U is N.,. X CN, or ¥ =U. In particular, we have UH’ =H. The above 
consideration is applied to any maximal subgroup M of G which contains N. 
Corresponding to H, M contains a normal subgroup K such that KD 4H, 
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KOS.=e and KS.— VM. We want to show that If is the 
normalizer of H in G, N(H) =H UX, where Y is the normalizer of some 
Sylow subgroup Q of U in N(H). But N(/) PN., so that X —Z., or 
N(H)=HZ,.=N. Hence if MN, the commutator subgroup K’ of K 
is not a part of H. The element of order 2 in T induces an automorphism 
of K’/K’ ™ H, which sends every element into its inverse. This implies that 
[K’: Kk’ H] is prime to [K’M H:e] since every Sylow subgroup of K’ is 
cyclic. On the other hand, if g is any prime divisor of [K’: K’ 1 H], M con- 
tains an element of order 2q, since the centralizer of a g-Sylow subgroup of K’ 
is of even order. Hence [K’: K’M H] divides the order of H, and therefore 
[K’:K’O H] divides [H: K’Q H| =[HK’:K’]. This is a contradiction, 
since the order and index of K’ in K must be relatively prime. We must 
have M WN; in other words, N is a maximal subgroup of G. 

Let [U:e]—wu and [H’:e]—v. Then we have g=[G:e] =4urm, 
and u,v,m are relatively prime. By assumption U ~e, or u>1. 

By a well-known argument of Burnside we see that two elements in H’ 
are conjugate in G if and only if they are conjugate in NV. Since N is a 
maximal subgroup of G and since G@ is simple, every conjugate class of 
N containing elements 1 of H’ is special with respect to G. WN _ has 
n = (v—1)/u non-linear irreducible characters of degree 2u, which vanish 
on elements outside of TH’. Denote them by ¢:,¢0,- - +,¢,. For these 
characters the assumptions of Lemma 5 are satisfied. Hence we conclude 
that G has n “exceptional” characters #,,- - -,H#, such that = 6H; +A, 
where §= + 1 and A is independent of 1. 


Similarly every conjugate class of N. containing elements of Z, with 


order greater than 2 is special. has f= (u—1)/3 characters 6,,6.,- - 4; 
of degree 3, which are the characters of N./S., and wu characters €,,- - -,& 


of degree 3, which belong to representations which have kernels contained 
in U. All characters 6; and é; vanish outside of Z.. Hence by Lemma 5, 
G has exceptional characters ©; and =; associated with 6; and é; respectively. 
(Note that t= 2, since wu is odd.) As a character of N, =; contains each 6; 
with the same multiplicity, but ©, does not. Hence =; @,. 

Let 6; be the linear character of N whose restriction 6; on Z. induces 6; 
in N.. Then we have 6,* = 6,* = 06;* + S’ ¢;*, where >” denotes the summa- 
tion over all subscripts & for which ¢;, belongs to a representation of N/T. 
Hence for 1+4j we have 
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or = €,0; +A;, where «,—-+1 and A, is independent 
of i. Similarly for the anime characters 6 of N and @ of Z., we have 
§* —6* + We apply Lemma 4 to the character y=1+ +0’ 
of N., where 1,,’ are linear characters of N./Z,. Then w(y*) =w(p) =4. 
Since y* contains the principal character of G, y* must be a sum of four 
irreducible characters. Hence we have 


One of these characters X; must be @;, and we have say X, = @; and 8; = —e. 
We shall consider the linear character é; of N such that é;(+) =—1 for 


the generator 7 of 7, and the restriction é; of € on Z, induces &; of Nz». 
By the same argument as above, we conclude that 


é;* = é* = , and = As, (e at 


where }” extends over all characters ¢; for which ¢;,(r) =—2u, and A, is 
independent of 7. Similarly if &/ is the linear character of N such that 
&/(7) =1 and its restriction on Z, induces &; of Nz, we have 


E;* = &/* + D ‘and A, (e,== +1). 
Let » and ¢ be characters of H’T/T, and assume that 7 is the principal 
character. Then we have 
3, 2;+u(dA,+ As), 
The character »—¢ of H’T induces a character y of N. Since > vanishes 


outside of H’T, we may apply Lemma 4. Since yo* —7*—¢*, we get 
w(n* —*) =w(v) =4u. Using Lemma 4 we see that 


(6* —6,*) (Z;— =.) =+ 


Hence XY, and X, are different from =;, and hence the contributions to 
— *) by the characters 1, X2, @;, are at least 1,1, 1,9(u—1) /3, 
u respectively. Since 1+ 1 44 + 3(u—1)+u=4u=—w(n* — ¢*), these 
Values are exact contributions. Hence we conclude that e.—e, and 
2A, A,-+ A;. Comparing the degrees of »* and $*, we get 


4 


= 
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Each =; has the same degree, and YD ,@; is also independent of i. Hence 
using the facts that we have 
D Oi, or =e, and D,O;—D,z;. If is any character of Z,, 
is either 6%, i*, or Hence the degrees of 1, ©;, Ej are not 
divisible by wu, but degrees of all other characters of G are multiples of uv. 
Since @;— 9; on every element of H’T, ©; is not an exceptional character 
associated with ¢,. Similarly each =; is not. If X, is one of the exceptional 
characters associated with the ¢, of N, then only 1, and Y. are exceptional 
with respect to these ¢;. Hence (v—1)/u=2, orv=2u+1. Since 
(mod 3), v must be divisible by 3. This is impossible, because any prime 
divisor of v is larger than wu. Hence X, and X,2 are non-exceptional for ¢,. 
Since =&* + D” = &/* + we have now 


+A. +8 >” + 4nd + Ind, 


or F,. Hence A, =A,—8>’ +83” and 
since A, + A; = 2As, 


— 8D" Bh. 


Now 
= +8 By, —8 By + bo, 
= A2, 
=; —8 >’ By + 
= 5 +A, 


where we put =e. 
Let + be the generator of 7, and p the generator of UT. We can con- 
pute the values of characters for + and p. This is shown in table IT. 
Denote by <7> and <p> the conjugate classes of G containing r and p 


p 
j—e 
= 
others 


TABLE IT. 


=> 


Dw 


is 
Cc 
is 

| 
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ce J) respectively. Then if a and 6 are the coefficients of <r> and <p> resp. in 
ve | the expansion of <r>*, we have a=2v and b=0. By Lemma 3, 
2v = (4uv)-2{1 +. 8,(D,X1) + + (8eu — (D,9;) *} 
ot 
and 
0 = g(4uv)-*{1 + 8:(DjX1)* + 82(DyX2)* 
al + (9B }. 
al 
y We used the equality D,O@,;—D,=;. But by the orthogonality relations we 
re have 
3+ =0, or > 9:(p) =— 1, 
and 
3 -+ = D +X Doky Ei(p) =0, or =O. 
d Hence 


0 = g(4uv)-*{1 + 8,(D,X,)-2 + 8.(D,X2)-* — 9e(DO,)-7}. 


Together with the first relation, we obtain g =4uv?«D,0;. Since g = 4uvm 
and (m,uv) 1, we conclude that v1, which is clearly impossible. Hence 
U must be the unit group and our theorem is thus proved. 

As a corollary we have 


THEOREM. Let G be a finite simple group. If the order of G 1s 
* Dn (pi are primes and pi pn) then G=LF(2, pn). 


5. In this section we shall prove the following Theorem B. 


THEOREM B. Let G be a non-solvable group of even order. If we 
assume that all l-Sylow subgroups are cyclic when 1>2, and the 2-Sylow 
subgroups are of dihedral type, then G contains a normal subgroup G, such 
that [@:G,] and XL, where Z is a Z-group and L is tsomorphic 
with some LF (2, p). 


Proof. We use an induction on the order of G. Throughout the proof 
we may assume that the order of @ is divisible by 8, since the other case 
is covered by Theorem A. If G contains a proper non-solvable normal sub- 
group U, U contains a characteristic subgroup LZ isomorphic with some 
LF(2,p). Z is a normal subgroup of G, so that the centralizer Z of L in G 
is also normal, and by Lemma 2 ZU L has index 1 or 2. The assertion of 
Theorem B is then proved by putting ZU L = G,. 

We assume that all proper normal subgroups of G are solvable. From 
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this assumption we conclude in particular that G is perfect. By Theorems 5 
and 6 of Zassenhaus [13], a solvable normal subgroup of @ contains a normal 
subgroup P of G such that the order of P is either an odd prime or a power 
of 2. Since J-Sylow subgroups of G@ are cyclic and G is perfect, G does not 
contain any normal subgroup of order 7 by Theorem 15 of Zassenhaus [13]. 
Suppose now that G contains a normal subgroup P of order 24. We may 
assume that P is a minimal one. Since 2-Sylow subgroups of G are of dihedral 
type, the order of P is either 2 or 4. If [P:e] —2, then P is in the center 
of G. By a theorem of Griin (see [8], or [14], p. 1384), @ is not perfect. 
(Note that S, is a direct factor of its normalizer, since we have assumed 
[S.:e]=8.) If [P:e] —4, we consider the centralizer V of Pin G. VG, 
and G/V is isomorphic with a subgroup of the octahedral group, and so is 
solvable. In either cases we get a contradiction to our assumption of the 
perfectness of G. Hence G is a simple group. 

Since G@ is perfect, elements of order 2 in G form a single conjugate 
class, as is seen from Griin’s theorem (loc. cit.). Let + be an element of 
order 2, and put 7 —{7r}. Then the normalizer N of T in G contains a 
2-Sylow subgroup S, of G and a normal subgroup H such that HS,=—WN 
and HM S,.—e. This is proved by using Griin’s theorem as before. 

Consider the normalizer NV, of 8S, in G. By our assumption [S.:e] = 8, 
and so N,—S, xX W. By way of contradiction, we assume that We. Let 
q be the smallest prime divisor of [W:e], and W, a qg-Sylow subgroup 
of W. Consider the normalizer U and the centralizer V of W, in G. 
Assume that UAV. Then V is a normal subgroup of U and the factor group 
U/V is a cyclic group of order less than g. Since VD S., we have U = VN,, 
where WN, is the normalizer of S, in U, i.e. No=N.2NU. By the second 
isomorphism theorem, [U: V] = [N.:N.M V], and hence [U:V] is a divisor 
of the order of N.. This contradicts with the choice of g. Hence U=V; 
in other words, W, is in the center of its normalizer. Hence by a theorem 
of Burnside, G is not simple. We have thus proved that We, or NV, =—S,. 

S, contains a cyclic subgroup Z of index 2. Since V.— S., the normalizer 
D of Z in G is a dihedral group. Hence if ND, our assertion follows 
from Lemma 7. 

By way of contradiction we assume that ND. The subgroup H is a 
2-Sylow complement of V. Put K—=HNOD; K is cyclic. Take an element 
o of order 2 in S., which is not contained in Z. Then K is contained in 
the commutator subgroup of {H,c}. This implies that K is a normal 
subgroup of H. 

The subgroup HZ is a Z-group and hence its commutator subgroup I is 


O! 
Se 
Sl 
I, 
W 
01 
W 
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h 
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tl 
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cvelic. Since KZ is a maximal abelian subgroup of HZ, we have [UKZ = HZ, 
or [UK=H. Since we have assumed that ND, some Sylow subgroup, 
say the g-Sylow subgroup Jy, of J is not contained in K. J, is a normal 
subgroup of N, and Z is not contained in the centralizer of I,, since 
I,£K=HNOD. But the centralizer of IJ; is a normal subgroup of N 
with cyclic factor group, and hence it contains at least three elements of 
order 2. On the other hand, J, is the totality of elements of N with orders 
which are powers of g. Hence the normalizer of I, is larger than N. Let 
M be a maximal subgroup of G@ containing the normalizer of J, in G. 
N must be a proper subgroup of M. 

Suppose first that M is not solvable. Then we may apply our inductive 
hypothesis on 1. M contains a normal subgroup I, such that [M:M,] =2 
and M,Z, L,, where Z, is a Z-group and L,=LF(2,p’) for some 
prime number p’. J, is a subgroup of Z,, since Iz commutes with at least 
three elements of order 2. Now if M=M,, then J, is in the centralizer of 
S. in G. This is impossible. Hence [M:M,]—2. Since M/Z, is a linear 
group by Lemma 2, we have [NV:Z,] —2(p’—e), where e= (—1)@-»/, 
By the inductive hypothesis, the order of Z, is relatively prime to p’*—1, 
a divisor of the order of Z,, and hence the order of N can not be divisible 
by (p’+«)/2. This gives a contradiction, since M contains an element z 
of order 2 such that w¢Z, and + commutes with an element of order 
(p’+.«)/2. Hence M must be solvable. 

Now by Theorem 6 of Zassenhaus [13], M contains a normal subgroup 
M, with the properties that M, is a Z-group and M/M, either has order 2 
or is isomorphic with the tetrahedral or octahedral group. 

If M/M, is of order 2, then M contains a 2-Sylow complement J. J is 
a normal subgroup of M and contains H as a proper subgroup. As before, 
K is a normal subgroup of J, since K is in the commutator subgroup of a 
Z-group {J,o}. Similarly, J is normal in J, since J is in the commutator 
subgroup of JZ. Hence H=IUK is normal in J. Since J is a Z-group, 
every normal subgroup of J is characteristic. Hence H is a normal sub- 
group of MZ. Consider the factor group M/H and the image 7 of the 
generator + of the subgroup 7’ of order 2 under the natural homomorphism. 
The normalizer of 7 in M/H is N/H, and since H =J(N, 7 induces the 
automorphism of J/H which maps every element into its inverse (see Lemma 
1 of Zassenhaus [12]). Now N/H is isomorphic with S, and is generated 
’ of order 2. If we take a Sylow subgroup P of 
J/H, p (or pv) commutes with all elements of P. Similarly p’ (or p’7) 
commutes with all elements of P. Hence PUN/H=PXWN/H, and this 
is a contradiction. 


by two elements p and p 
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The 2-Sylow subgroup S2 coincides with its own normalizer. Hence Uf 
can not contain any proper normal subgroup with odd index. In particular 
M/M, can not be isomorphic with the tetrahedral group. 

Suppose finally that M/M, is isomorphic with the octahedral group, 
Then M contains a maximal subgroup M, such that [M:M,] 2 and M./M, 
is isomorphic with the tetrahedral group. A 2-Sylow subgroup of M; is a 
dihedral group and its three maximal subgroups are conjugate in J, to each 
other. Hence the order of M, is not divisible by 8, or M, is of odd order. 
Consider a Sylow subgroup S of M!,, and denote by X and Y the normalizer 
and the centralizer of S in M, respectively. Y is a normal subgroup of X 
and the factor group X/Y is cyclic, since 8 is cyclic. Put Q=M2NS:. 
Then Q is a non-cyclic group of order 4. Now M,—WM,X, and so X¥/X N M, 
=M./M,. Hence YUM, is a normal subgroup of M, with cyclic factor 
group M./Y UM,. Since M./M, is isomorphic with the tetrahedral group, 
the order of Y UM, is divisible by 4, and so YUM, .Q=M.N 8:2. This 
means that Q is contained in the centralizer of some conjugate subgroup of S. 
Since S was any Sylow subgroup of M;, Q is in the centralizer of M,, or 
QUM,—QXM,, and Q is a normal subgroup of M. The factor group 
M/Q is of dihedral type, because 8, is its own normalizer in G. This implies 
in particular that M./Q is cyclic. Mz, contains a subgroup FR such that 
RQ=M, and RNQ=e. Then F# is isomorphic with M./Q, and RD M,. 
We want to prove that the normalizer, in G, of any subgroup of PF is con- 
tained in M. Consider a subgroup X of R. If XN M,>~e, the normalizer 
of X is contained in the normalizer of XN M,. Since WM is a maximal 
subgroup of G and G is simple, the normalizer of XMM, is M, and so 
the normalizer of X is contained in M. If XM M,—~e, then the centralizer 
of X is of odd order. Hence the normalizer Y of X is a Z-group. Since P 
is contained in the commutator subgroup of Y, R is a normal subgroup 
of Y, or Y is contained in the normalizer of M,, i.e. YCM. Hence all 
conjugate classes of M containing elements 1 are special with respect to G. 

Consider the irreducible characters of M and M,Q. Set [M,:e] =v. 
Let @ be the principal character of 1/,Q, » a non-principal character of 
M,Q/M,, and 6;,- - -,@q non-principal characters of M,Q/Q, one taken from 
each associated class of characters, where g = (v—1)/2. 

If y is any character of 1/,Q, we denote by % that character of M which 
is induced by y. The following relations are obtained: 


= 1+ 9+ 20, o= &, 


6; = dsi-2 + Psi 1 dais 06; = 


an 


wl 


$a. 


W 
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where 1 is the principal character of ./, » the non-principal linear character, 


characters of degree 2, é, and characters of M/M, of degree 3, 
and the @; are of degree 6. All these characters of J/ are irreducible. 

We apply Lemma 5. @G@ has exceptional characters ®o,- - -,®3q asso- 
ciated with If is the principal character of then 
jo=1+y. Hence | n0* — |? = 3. Since = eb; + Ai, wo* =1+°°° 

G 
and = 3, 
+A, («= = 1), 
and 
== | a (a 4. e)X -+- 
where A, does not contain X or ®;. (The multiplicity of Y in ¢;* is the 
same as that of ©; in yo*, since w(¢i*) = w(mo*) —1.) Hence 
6,% =1+ 26) + + 3a Dd, + 3aX + 3A,, 
6;* —e€ D3; 1 ®;;) 3a = -+- 
Applying Lemma 4, we have 
w ((w;)* — = w(@;— = 7, 
w ( (w6;) * __ 6;*) = w(0;— 6;) am 


Moreover, by making computations similar to those used in the proof of 


Lemma 4, we obtain 


“G4 


(whi) — J — dr) 


Suppose (w6;)* contains ©, and XY with the multiplicities 6 and ¢ respectively. 
Then 

=1-+ (8a—b)*3q + (8a + 2%—bd)?+ (8a+e—c)*+ y, 

4 = (8a— b)*(8qg —2) 3(38a + «—b)? + (8a—c)*+ y, 
Where y is a non-negative integer. Hence 

6 =2(3a—b)?+ 2e—b)? + (34+ e—c)? +7, 
4—3(3a+<«—b)?+ 

Where 7’ == y + (3a—b)*(3qg—2). We have two cases: 


Case I. 3a—b=0. In this case, the above equation can be read as 


(8a +e—c)*+y and 1= (3a—c)*+ 
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Hence 3a—c=—0 and =1—y. 
Case Il. 3a—b+«e=0. In this case, 
Hence 
3=—= (8a—c)*+ %(3a—c) +1+ y =-5 + %(3a—c), 


or 3a—c——e and y’=3. Since y’ —y+3q—2, we conclude that v=3 
and y= 2. 
We shall treat these cases separately. 


Case 1. If v>38, G has exceptional characters - -, Hg associated 
with @,,- - -,@, (see Lemma 5). If v3 we cannot apply Lemma 5; but 
there exists only one character H, of G whose multiplicity in (w6,)* is not 
divisible by 3, since y=1. We take H, as the exceptional character asso- 
ciated with @,. In any case we have decompositions of induced characters 
in the following form: 


=1+4 26+ + + 3aX + 3b + 3Asz, 

6;* = + Oy, + + 8a O,+ 30X¥ + 3b F,4+ 3A, (121), 
(w;)* = cH; + 3a> +303 7,434, (721). 

Consider then w*; we have from Lemma 4 


w (w* — == §, w(w* — 6;*) =5 and w(o* — (w6;)*) == 3. 
Since w* = + f o(¢:—¢;) =0 and since 
G M 


f — £;) —+f o(0,—®;) =0, 
G M 
we have the decomposition of w* as follows: 

=a’ +0"X +0 S Ay, 


where A, does not contain ®,, X and £;. 
We now get three equations for a’, a”, and b’, namely 


3 = (a’— 3a)*(3q¢ +1) + (a” —3a)? 
+ (b’—3b)*(q—1) + (b’— 3b — + T, 
3a)*(3qg—2) + 3(a’—3a—e)? 
+ (a” —3a)? + (b’ +1, 
=1-+ (a’—3a)*3q + (a’ —3a— 
+ (a” —3a—e)?+ (b’—3b)?+4T, 


5 = 


676 
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where T[=w(A,—3A;) 20. The first two equations may be written as 

3 = 3(a’ —3a)?+ (b’—3b—e)*+T, 

5 = 3(a’ —3a—e)*+ (b’—3b)?+1T (Y= 0). 
Hence a’ = 3a or a’ =3a+ec. But if a’ then the first equation 
shows that 6b’ =3b-+.« and IY=0. This solution does not satisfy the second 


one. Hence we have a’ = 3a and b’=—3b. If we use these values for a’ and 
b’, then the first and the last equations become 


3 = (a” —3a)*+1-+T, 8=1+4-+4 (a”’—3a—e)*+ 
Hence 2 = (a” —3a)*— 2(a” —3a) + T=2 — (a”— 3), or a” =3a, 
and hence T=. Now we can write 

w* 3a = 3b E, A, 3.7 -f- §.Z 3As, 
where 6;== +1 and Y and Z are irreducible characters of G, which are not 
&,, X, B, (k=0,- -,3q; -,q). 

We can now compute the values of the characters. Let + be an element 

of order 2, and p a generator of the subgroup R. 


1 
1 1 1 1 
E; Ge + 12b0 — 2 0 
+ 12av 26 ey 
xX e+ 12av ‘ 
Y 38; + 1l2yv — 0 
38, + 1220 0 


TABLE III. 


All other irreducible characters of G, not listed in Table III, vanish on p. 
We compute <7>* in the group ring; then <p> has multiplicity 3v in <7>?, 
since the normalizer of R contains exactly 3v elements of order 2. Hence by 
Lemma 3 we have 


= g(8v)-*{1 + * + 4e(D > $i(e)}- 


If we put z= D,X, then D,O;—x-+<c. An orthogonality relation yields 
4i(p) =—1. Hence 
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= g(8v)-*{1 + ex! — + €) = (@ + €) 
or g = 3° + €) (12av + 2) (12av)-*, that is, 


g = 24v- (12av + (6av + €) /37a". 
This is impossible, since the last fraction should be an integer. 


Case II. In this case we have v3, and the induced characters are 


decomposed as follows: 
(wO,)* = + ®, ®, ) eX + §,Y + §.Z 


where 6; + 1 and Y, Z are irreducible characters of G, not equal to X, 9,, 
or the principal character. In the same way as in Case I, the induced 
character »* is decomposed into a sum of irreducible characters as follows: 
o* =a > o,+a”X + A;, where A; does not contain , or X. If we write 
A, =—a>%,+aX + A, as before, we get three equations for a’ and a”. The 
equation w(w#* — (w6,)*) implies that 


3 = 4(a’ —3a—e)*+ a” 
Hence a’ must be equal to 3a+.. Similarly w(w*—6,*) =8 shows that 
8=1+4-+ (a”—3a—ec)*?+ w(A;—3A,.), 
or (a” —3a—e) + w(A;—3A,) =3. Finally w(w* —6,*) =5 implies that 
(a”’—3a)*+ w(A;—3A.,), 
or (a” —3a)*+ w(A;— 3A.) =4. Hence a” = 3a + ¢ and w(A;—3A,) =3. 


Let 6, b’ be the multiplicities of Y in A, and A; respectively, and simi- 
larly let c¢ and c’ be those of Z. Then w(A;—3A,) =8 implies that 


(3b — b’)* + (8c —c’)? + T=3 or, since w(w* — (w6,)*) = 3, 


we get (3b + 6, —b’)*+ Hence or 3c—c’. 
Without loss of generality we may assume that b’ 3b. Then c’ = 3c-+ 8, 
and Hence 


of =e +X +3,W + 


where §,.5;—= +1 and V, W are irreducible characters of G. We have the 
following table. (7 and p have the same meanings as in Table III.) 


* 
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36a + 
36y + 68, 
36a + 
36z + 98. 
+ 38, 
36w + 38, 


TABLE LV. 


All characters of G which do not appear in this table have degrees divisible 
by 36, and hence vanish on + and p. From this table we get, by Lemma 3, 


the following equation: 


Hence 9 =4g(24)-*{1 + 4€(36a + 10c)-*— «(36a + 1le)*}, since 
=—1; so that | 
g =9-8- (36a + (18a + 5e) (3a + 


It can be seen easily that 3a-+ is relatively prime to 36¢+1le and 
18a+ 5e. Hence must be 1, i.e. 8a+e—+1, or a=0. Hence 
e=+1 and g=8-9-5-11—3960. 

We shall complete the first column of the table IV. Since 6,* and 
(w6,)* have the same degree, we get 


eD + + 8,D,Y 
or + 8.2——1. Similarly, since Dy(w6,)* = Dwo*, 
8:D,¥ =8,D,V +3,D,W, 


or 8,y—8,v-+5,w. If one of y, z, v, w is greater than 1, then G has a 
representation of degree at least equal to 72—9—63. Since (63)? 3969 
> 3960 —g, this can not happen. Hence each of the integers y, z, v, w 
is either 0 or 1. If z=1, then y must be 0 and 6,——1. Hence 
D ,Z = 27 — 3°, which is impossible. (For the order of G is not divisible 
by 27.) Hence So we conclude that y—1, and §,——1, 
i.e, =30 and D,Z=9. Since 8,v 8,w ——1, we may assume with- 


679 
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out loss of gnerality that v = 0, 8; = 1, w=1, and 8,——1. Hence DV =3 
and D,W—33. The sum of the squares of the degrees of all the irreducible 
characters is equal to the order of G, and the degrees of the missing charac- 


ters are multiples of 36. Hence 
g = 14 4(11)? + (10)? + (30)? + (9)? (3)? + (33)? + #(36)?, 


or k=1. Hence there is only one character missing and the degree of the 
missing character is exactly 36. This is however impossible, since characters 
of degree 36 belong to a 2-block of defect 1, which contains exactly two 
characters of degree 36 (see [1]). 

In both cases we have derived a contradiction, and hence the normalizer 


of elements of order 2 must be of dihedral type. This proves Theorem B. 


6. We shall now prove the following theorem: 


THeoreM C. Let G be a non-solvable group of finite even order. We 
assume that all Sylow subgroups of odd order are cyclic and that a 2-Sylow 
subgroup is a generalized quaternion group. Then G contains a normal sub- 
group G, with the properties that [G@:G,] S2 and G;, ts a direct product of a 
Z-group and a subgroup isomorphic with SL(2,p) for some prime number p. 


Proof. We shall again use the inductive argument. Assume that @ is 
not perfect. Then the commutator subgroup G’ of G is a proper subgroup 
satisfying the assumptions made on G. Hence we may apply the inductive 
hypothesis to G’. G’ has the structure described in Theorem C; in particular, 
G’ contains a characteristic subgroup T of order 2. T is clearly a normal 
subgroup of G. Now the factor group G/T satisfies all the assumptions of 
Theorem B. Hence G/T contains a normal subgroup G,/7 such that 
[G:G,] =2 and G,/T =Z L, where Z is a Z-group of odd order and i 
is isomorphic with LF(2,p). Hence G, contains two normal subgroups L 
and Z such that G, =1Z, LNZ=T, L=L/T, and Z=Z/T. Since T is 
normal and the 2-Sylow subgroups are of quaternion type, Z contains only 
one subgroup of order 2. Hence by Lemma 1, L is isomorphic with SZ (2, p). 
Since Z is of odd order, Z contains a subgroup Z, such that Z=Z, x T. 
Z, is a normal subgroup of G, and G,=Z, X L. This proves our theorem 
in this case. 

We may, therefore, assume that G is perfect. Take a 2-Sylow subgroup 
S, of G. The center T of S, is of order 2. We denote by + the generator 
of 7 and consider the normalizer N of + in G. Since G@ is 2-normal in the 
sense of Griin [8], we have an isomorphism G/G’(2) =N/N’(2), where 
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G’(2) and N’(2) are the 2-commutator subgroups of G and WN respectively. 
Since we have assumed that G is perfect, N does not contain any normal 
subgroup of index 2. 

Suppose that WV is solvable. Using a theorem of Zassenhaus, we know 
that NV contains a normal subgroup H such that N/H is isomorphic with the 
tetrahedral group. Hence HON S:=—T. Now H is a Z-group, so that H 
contains a subgroup J such that H=I XT. Let J be the union of J and 8). 
Consider a Sylow subgroup X of J, the normalizer Y of X in N, and the 
centralizer Z of X. Then we have N=—TIY and Z is a normal subgroup of 
Y with cyclic factor group Y/Z. Hence ZI is a normal subgroup of NV with 
a cyclic factor group. This implies that the index |N:ZI] is odd, and hence 
S. is in the centralizer of some conjugate subgroup of X. Since XY was 
any Sylow subgroup of I, we conclude that /=IUS,=—I X82. Hence J 
must be the centralizer of S, in G. Now N contains a subgroup K such that 
KS8S,.=N, KN J=I, and [K:I]=—8. If the order of I were divisible by 
3, then the normalizer and the centralizer of a 3-Sylow subgroup would 
coincide with each other, and so G would not be perfect. Hence the order 
of J is not a multiple of 3. Consider then a subgroup P of K with order 3. 
P is contained in a 3-Sylow subgroup S, of G. Let N, and Z, be the 
normalizer and the centralizer of 8; in G respectively. Since G is perfect, 
Z; is a normal subgroup of WN, with index 2. If [Z,:e] were odd, there 
would be an element o of order 2 such that o induces an automorphism of 
8S, which maps every element into its inverse. Hence the normalizer of P 
in G would contain two elements of order 2, o and +r, such that one of them 
commutes with every element in P but the other does not. This is impossible, 
since o and +r are conjugate in the normalizer of P. Hence the order of Z; 
is even. This implies that G contains an element v of order 4 such that 
vrv'==a' for every re P. The normalizer of P in G contains v, and y” is 
conjugate to 7 in this normalizer. This is clearly not the case, because of 
the structure of VN. Hence WN is not solvable. 

The factor group N/T satisfies all the assumptions of Theorem B, but 
does not contain any normal subgroup of index 2. Hence as before N is a 
direct product of a Z-group Z and a linear group. If Ze, we consider a 
Sylow subgroup XY of Z which belongs to the smallest prime divisor of the 
order of Z. The normalizer Y of X in G is a non-solvable proper subgroup 
of G. Hence we may apply the inductive hypothesis and conclude that 7 is 
in the center of Y; in other words, Y is contained in N. From the choice 
of XY, we see that Y coincides with the centralizer of Y. Hence by a theorem 


of Burnside, G is not perfect. Hence we have Z ~e, or N is isomorphic with 
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SL(2,p) for some p. Now our Theorem C is a consequence of the following 


general proposition. 


TuEroreM D. Let G be a group of finite even order. If G contains an 
element +r of order 2 such that the normalizer of + in G ts isomorphic with 
the special linear group SL(2,p) for some p> 2, then G contains an abelian 
normal subgroup G, such that G/G)=SL(2,p), and if Go~e, then every 
primary component of Go is not cyclic. 


Proof. Denote by N the normalizer of the element + of order 2. By 
assumption NV is isomorphic with SZ(2,p). In the following we consider 
only the case p==1(mod4). The other case will be treated in exactly the 
same way, with a slight modification on signs. 

Put p—1—2%h, (h,2) Then and (p+1)/2—2a+1 is 
odd. We shall consider the structure of 2-blocks of G with positive defect. 
By Theorem 4 of Brauer [2], G has exactly a 2-blocks of defect 1, (hk —1)/2 
blocks of defect a, and one block of defect «+1. We have a one-to-one 
correspondence between blocks of positive defect of G and those of YN. Namely 
if we take a block B of positive defect d (d >0) of G, then B determines a 
block B of defect d in the normalizer N(D) of the defect group D of B. 
Since d > 0, D is not the unit group, and we may take D as a subgroup of 
N. Then T, the subgroup generated by 7, is a characteristic subgroup of D. 
Hence the normalizer N(D) is also a subgroup of N. Hence B determines 
a block B* of N. In this manner we get a one-to-one correspondence B <> B*. 
We want to show that B and B* consist of exactly the same number of 
irreducible characters. Consider any subgroup X of NV, whose order is a power 
of 2, and a block B of the normalizer Y of X in G. Then B determines a 
block B of G and a block B’ of N. Let @ be the linear character of the center 
of the modular group ring of Y, corresponding to the block B. Then the 
corresponding linear character w for B satisfies 


(mod p) 


where » is a prime divisor of 2 in a suitable algebraic number field and C, 
ranges over all classes of Y which lie in C and whose elements belong to the 
centralizer of Y. Similarly the linear character w’ of B’ is defined by 


w (C’) => 5(C’,) (mod p); hence (modp), 


where C’, ranges over all classes of N which belong to C. This implies that 
B’ = B* in the previous notation. Hence if a block B of X determines a 
block B of G, then B determines a block B* of N. We apply Theorems 2 
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and 3 of Brauer [3] to G and N, and conclude that the number of characters 
in B is equal to that in B*. 

Let B, be the first 2-block of NV. Then B, consists of the principal 
character 1, one character ¢, of degree p, two conjugate characters ¢2 and 
of degree (p+ 1)/2, two characters ¢, and ¢; of degree (p—1)/2, and 
ge-1__] characters (t—=6,7,- - -,2%-+ 4) of degree p-+1 (see Section 1 
of this paper). Let ¢@ be a linear combination of these characters which 
yanishes on all 2-regular elements, say ¢=1-+¢:—¢2—¢3. Since all 
2-singular classes of N are special with respect to G, we may apply Lemma 4. 
It follows that w(¢*) —=w(¢d) =4. On the other hand, ¢* contains the 
principal character of G with multiplicity 1. Hence 


=1+4X,+ + 6X; (j—=+1). 
Similarly we get 
(1—¢o+ 822 (8; = +1). 
But + 6X43) —(1+8:¥14 = (¢1—¢s + a 


sum of three irreducible characters. Hence 


(l—do+ (e,—= +1). 
Similarly 
(1—¢3+ $5)*=1+4+ 643 + 6X; (ee== +1), 
and 
$2 — 3) * =e Xi + + +1). 


These characters X; are all different. Any one of the above relations between 
the Y; vanishes on all 2-regular classes. Hence by Theorem 6 of Brauer- 
Nesbitt [4], these relations remain true if we omit all characters which are 
not in the fixed 2-block B of G. Hence if some X; is not in the first 2-block 
B, of G, then X; must vanish on al! 2-regular classes. This is clearly 
impossible. Hence all the XY; are in B, and B, contains no other characters. 
Using Lemma 4, we obtain the following table (for notations see Table I): 


2-regular order 2 order2® p+1 
eA; +X; 0 9 +1) 2+ 6; 0 


TABLE V. 


| 
§ 
| 
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These relations are linear equations of the values of X;, for elements of order 
2, etc. We want to solve these equations. Before doing so, we shall derive 
other relations. 

If By is a block of defect a of N, Bx consists of 2* characters 6,,° - -, Aq 
of degree p+ 1. They take the same value on every 2-regular class. We 
apply Lemma 5. The exceptional characters @,,- - -,@,_ associated with 
these @;,° - -,0, belong to the same block Bx of G, since they are identical 
on 2-regular classes. This block has defect greater than 2, since «= 2. 
In the first 2-block B,, we have several degree relations, for instance 
1+6€,D,X,—«D,X:—0. Hence at least one of X, and X; is not excep- 
tional. Hence 6, contains at least 4 characters which are not exceptional 
for 6;. Hence Bx is a block of defect a Since each block of defect « 
contains exactly 2* characters, Bx contains only exceptional characters 


By definition of exceptional characters, ©; is decomposed as 
6, +A (1 —1,2,- -,2%) on N. Hence if o is any 2-singular element 


of G, we have @;(0) —«6;(o) +c, where c is independent of i. The ortho- 
gonality relation yields 


=0, or =0. 


Similarly =0. Hence we have c2*—0, c=0. Hence we conclude 
i 


that 0;(0) =«6;(c) for any 2-singular element. If we take another block 
B) of defect a, then the exceptional characters of G associated with characters 
in B, form a block By of defect «, and By, ~ By. Hence every block of defect 
z of G is obtained in the above process of taking exceptional characters. 

If B is a block of defect 1 of G, B consists of two characters , and ¥. 
which take the same value on every 2-regular element. Hence we have 


N 


or ¥, —W¥. —y, —y, on N, where y, and yz are irreducible characters of N. 
y;, is not in any block of defect «. For if y, belongs to a block B of defect z, 
then will belong to B. Since (¥, —y2)* must be exceptional 
characters associated with y;. But y; belongs to B, and so ¥; belongs to a 
block B of defect « This is not the case. Hence y; does not belong to any 
block of defect a. Since 


—W,)(1 +64, + (wi (1— + = 9. 


N 
yi is not ¢., and similarly y; is not equal to any ¢jeB,. Hence y, and y 
are in a block of defect 1. Hence for any 2-singular element of G, we have 
Vi(o) ((=—1,2). 
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Let o be any 2-singular element of G. The orthogonality relation yields 
| where xX, ranges over all irreducible characters of G and 


n(o) is the order of the normalizer of o. Since the normalizer of o is con- 
tained in N, we have the same relation for N, namely, >| ¢,(c)|?=n(o), 
v 


where ¢, ranges over all irreducible charatcers of N. Now any character of 
defect 0 vanishes on o. If B is not the first 2-block of G, then the con- 


tribution of the characters in B to > is equal to that of the corresponding 


block of N to &. Hence we conclude that 


where the summation is extended over 1=1.2,- - -,2%1-+ 5. We apply this 
relation for ¢—7,p,v, where +r is an element of order 2, p an element of 
order 2* and v of order p+1. 

Put x; —«X;(r). Then we have from table V 


1+a,.+2,—1—p 

or —2(p+1). 
Put 2,=s and x,t. Then s and ¢ are real. The relation (*) is now 
written as 
(pts)? + (pt (s+ 

+ 


=1+ p?+43(p—1)?+43(p +1)? + (p+ —1), 


or (2¢'+ 1)(p+1+s+1#)?+ (s—t)*?*=0. Since s and ¢ are real, we 
have s=¢——}(p+1). Now we obtain the first column of the following 
table VI. 


- 


TaBie VI. 


T p Vv 

a {seth 
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Similarly the relation (*) for op is written as 
1+ (3—u—v)(8 + 274+ (1—u)(1i—a@) + — v)(1— 2) 
+3 (6+ 2—u—v)(6, + =44+ 6:4; 
i i 


where u~e.X2(p), v==e€3X3(p) and the bar indicates the conjugate complex 
numbers. Using the relation >} 6;—0, we get 


(247 4 1)(u + v—2)(4 + 2) + (u— v)(i — FT) = 0, 


or u=—=v=—1. Hence we obtain the second column of table VI. 
For the last column, we get 


+ (1—2)(1 + — 1)(w + + 2) = 4, 
setting w—e«X.(v) and z—e,X;(v). Hence 
29-1 (w+ 2) (+ 2) + 2wH + 227 —0, 
or w=2z=0. This completes the last column of table VI. 

Since NV is isomorphic with SL(2,p), N contains only one element of 
order 2. Hence there is no element of order 2 which transforms p or v into 
its inverse. This means that neither p nor v appears in the expansion <r)’. 
Hence by Lemma 3 we obtain two relations: 

1+ + (4(p + + (A(p +: = 0. 
and 

] — + (3(p— 1))*es(D + (4(p— ‘== (). 
Note that characters belonging to a block B of defect 1 or « do not contribute 


to these sums, since for all 2-singular elements o. We obtain 
seB 


moreover the following degree relations from Table V. 
1+6D 

1+ 


We can solve these equations for ¢,D,N;. Put (i=1,2,- -, 5). 
Then the first two relations are 


+ pboés + [3(p + + &) = 0, 


— pEs€s + [4(p—1) ]*é,(E, és) = 0. 
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We use the relations —é,—1-+é, —é,—1-+é, and make these substitu- 
tions in the second equation. Then we get 


+ + + — [Pp —1) PR + & + = 0. 


Now put Y=—é, and Y ~é£,; then We have then 


two equations for XY and Y, i.e. 

XY + — + DEXA +X) —0, 

V(Y —X)— —X) — [4(p—1) ? — X)X = 0. 
Add these two equations and then divide by X. We get 

2¥ 
Substituting this value in the first equation, we obtain 
(X + + + DPA 

or ¥?— 2p + p?=0, and hence p. 


Since = é,=—«,D,X,, we must have and D,X¥,—p. From 
table VI, we see that X,(r) =p. This means that 7 is contained in the 
kernel K of the representation corresponding to X,. K is a normal subgroup 
of @, and hence KM WN is a normal subgroup of N, which contains 7 but 
not p. Since N = SL(2,p), the only normal subgroup of NV which contains 
z but not p is the center T— {7}. Hence KNN=T. By assumption NV 
is the normalizer of ; in G. Hence the normalizer of + in K coincides with T. 
By a theorem of Burnside, K contains a normal subgroup G, such that 
=K andG,NT =e. Ifoisany element 41 of does not commute 
with 7, so G, admits an automorphism of order 2 which leaves only the 
identity invariant. By a lemma of Zassenhaus G, must be abelian. 

We have to prove that the factor group G/G, is isomorphic with S7-:(2, p). 
K=G,T is a normal subgroup of G, and T is a 2-Sylow subgroup of K, 
since G, is of odd order. Hence G is a join of K and the normalizer of T 
in G. But N is the normalizer of T, so that G—=KN, or G=G,N. Hence 
= N/GNN—=N. 

Let P be any Sylow subgroup of G. If P is cyclic and ~e, then the 
centralizer Q of P in @ is a normal subgroup with cyclic factor group. 
(2 N is then a normal subgroup of NV, but it does not contain T. Hence 
01N=e; but this is impossible because N is not cyclic. Hence every 
Sylow subgroup of G, is not cyclic. This completes the proof of Theorem D 
for the case where p=1 (mod 4). 
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If p=8 (mod4), we can use the same method by changing the signs 


suitably. Hence our Theorem D, and therefore Theorem C also, is proved, 

It can be proved that Theorem D is still true if we assume that the 
normalizer of an element of order 2 is isomorphic with SL(2,q) over any 
finite field with prime power g =p“ elements (p>2). The proof is quite 
similar to the proof given here, and depends upon those properties of 
irreducible characters of SLZ(2,q) which are given by Jordan [9] and 
Schur [10]. 


7. We shall add a few remarks. It is well-known that if every abelian 
subgroup of a finite group G is cyclic, then Sylow subgroups of G@ are either 
cyclic or a generalized quaternion group. If moreover @ is non-solvable, then 
a 2-Sylow subgroup must be a generalized quaternion group. Thus our 
Theorem C gives the structure of such groups. The complete characterization 
may be found in Theorem E below. 

There are many occasions that we have a finite group G in which every 
abelian subgroup is ¢yclic. We shall mention here two cases: (a) @ is a 
multiplicative group contained in some non-commutative field, and (b) the 
cohomology groups of G over the rational integers are periodic. In both 
cases every abelian subgroup of G is cyclic. (For the latter case (b) cf. 
the recent work by Artin and Tate.) 

Finally we shall consider the converse to our main theorem. Let G@ be 
a finite non-solvable group, all of whose abelian subgroups are cyclic. Then 
by Theorem C, G contains a normal subgroup G, such that [@:G,] =2 and 
G,=—Z XL, where Z is a Z-group and L=SL(2,p). But a group having 
this structure may contain an abelian subgroup which is not cyclic. For 
instance, the group consisting of all 2 X 2 matrices over the prime field with 
determinant + 1 or —1 has the above structure, i.e. it contains SL (2, p) 
as a subgroup of index 2, but it contains non-cyclic subgroups of order 4. 
If G, coincides with G, then a necessary and sufficient condition is simply 
that the order of Z is relatively prime to that of Z. However if G, is a 
proper subgroup of G, the condition is not so simple. To state the condition 
explicitly we define an automorphism @ of SL(2,p) by 


1 0 0 0 w 


where » is a primitive element, i.e. a generator of the multiplicative group 
of the underlying field. In fact, 6 is induced in SL(2,p) by the matrix 
—1 
w 0 


transformation by 


). It is easy to see that 6? 1 and @ is not an 


T 


fe 
tI 
W 
a 
a 
h 
W 
g 
0 
a 
a 
0 
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inner automorphism of SL(2,p). Moreover if f is any automorphism of 
SL(2, p) which is not inner, then f induces an automorphism f of the central 
factor group LF (2,p). If f were inner, then SL(2,p) would admit a non- 
trivial automorphism of the form A—>Ar(A) where 7(A) is a central element. 
Since +(A) would be a homomorphism of SL(2,p) into its center, 7(A) 
would be trivial. Hence f is not inner. By Lemma 2, 6-"f induces an inner 
automorphism of the central factor group. Using the same argument as 
above, we conclude that @"*f is an inner automorphism of SZ(2,p). This 6 
has the following property. 


LemMMA 9. Jf AB(A) ts in the center of L for some rAeL, then 
NO(A) = 1, where L=SL (2, p}. 


Proof. We may use the matrix notation. Let — By = 1. 


Then O(A) is in the center if and only if 


where «—=-+1. A little computation shows that «—1. 
Using this 6, we now state the final theorem. 


THEOREM E. Livery abelian subgroup of a non-solvable group G of 
finite order is cyclic if and only if either (a) G ts a direct product of a Z- 
group Z and a group tsomorphic with SL(2,p) for some p>3 and having 
order relatively prime to the order of Z, or (b) G ts generated by L = SL (2, p) 


and three elements, o, p and + such that 


pop =o, Tot Tp = 
pA = Ap, oA = Xo, 
for any Ae L, and +* is in the center of L. Here m, n, and r are integers 
such that 
(m,n) =1, (mn, p(p?—1)) =1 and r*=1 (modm). 
Proof. Suppose that every abelian subgroup of G is cyclic. Then G 
contains a subgroup G, such that [@:G,] =2 and G,—Z XL where Z is 


a Z-group and L=SL(2,p). Since all abelian subgroups are cyclic, the 
order of Z must be prime to p(p?—1). If G,—G, then we are finished. 


o” == p" = = 1, 
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Assume GAG,. Then G contains a subgroup L, such that L is a subgroup 
of L, with index 2. Since the 2-Sylow subgroups of ZL, are generalized 
quaternion groups, Z, contains an element w such that r¢Z and x? is in 
the center of L. 2 induces an automorphism of Z, which is not inner, 
Hence there exists an element Aye L such that zAm*—A.G(A)Ao* for every 


Ae L. Since x? is in the center of Z, we must have 
Xr — (Ao) A (AoA (Ao) 


or A, (A,) is an element of the center of L. By Lemma 9, we get AoG(Ay) = 


Let Then 


Since G/L is a Z-group, we can take a set of generators {o,p} of Z which 
satisfies all the requirements of Theorem E. 

Conversely we assume that G has the structure in this theorem. Then 
it is easy to see that any /-Sylow subgroup of G is cyclic if 1 > 2. It remains 
to show that a 2-Sylow subgroup is a generalized quaternion group. It su‘fices 
now to show that a subgroup {Z,7} contains only one element of order 2. 
Suppose (Ar)*=1 for some Ae L. Then 1—ArAr 
It follows therefore that A9(A) is in the center. By Lemma 9, this implies 
that = 1, or This is clearly impossible. Hence the 2-Sylow 


subgroups of G are generalized quaternion groups and our assertion is proved. 
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ASYMPTOTIC INTEGRATIONS OF ORDINARY NON-LINEAR 
DIFFERENTIAL EQUATIONS.* 


By Puinie Hartman and AUREL WINTNER. 


Introduction. It is well-known that Poincaré’s classical results on systems 
of differential equations dy'/di=f‘(y',- --,y’), where the 
functions f‘ are power series convergent near, and vanishing at, the origin 
and have a non-vanishing Jacobian there, can be extended so as to dispose 
of the conditions of analyticity ; in fact, this matter has an extensive literature. 
In what follows, the problem will be taken up in its full generality, by methods 
previously applied by us in particular cases (for the non-conservative linear 
cases, cf. [6]; for binary non-linear cases, cf., e. g., [3], [4]). The generality 
of the methods will have two different aspects. On the one hand, nothing 
like a Lipschitz condition will be needed (so that no local uniqueness is 
assumed) and, on the other hand, the matrix of the linear approximation is 
allowed to have characteristic numbers and elementary divisors of arbitrary 
multiplicities. The continuous functions f* will be allowed to depend on ¢ also. 

As in [6], the problem of the asymptotic integration of the system near 
= (0,- - -,0) will be treated at two different stages of refine- 
ment; first, on a “logarithmic scale” (Part 1) and, second, on the basis of 
the resulting rough asymptotic formulae, without this logarithmic reduction 
(Part II). The results of the available literature on the first stage are more 
complete than those on the second stage. 

In order to describe the problems in a more detailed form, consider the 
system of differential equations 


(1) y =Jy+F(t,y) 


(with y’—dy/dt), where J is a constant d by d matrix, y and F are 
d-dimensional (column) vectors, and F(t,y) is defined and “small” for 
large ¢ and small |y|. The method to be employed is a combination of the 
procedure involving Riccati differential equations as majorants (in the same 
way as in the linear cases treated in [2], [6]) and of the procedure involving 
“zero velocity curves” (as in the binary cases of (1) treated in [3]). The 
variant of the “zero velocity curve” argument (cf. Sections 7, 13 below) 


* Received January 19, 1955. 
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replaces that involving the superposition principle in Sections 7 and 16 of [6]. 

For the sake of simplicity, only the case where the elements of J, F and 
y are complex-valued will be treated. Hence there is no loss of generality 
in supposing that J is in its Jordan normal form, say, that the linear system 


(2) 

has the form 

(3j:) 


where A=A(j); hR=h(j)3 j=—1,: - ACA) +: - -+A(g) =d; and 
(3), for k > 1, is missing if h(7) =1. Corresponding to the notation y*, 
where j=1,:--,g and k—1,---,h(7), for the d components of y, let 
Fit = Fi*(t,y) denote the corresponding d components of F(t,y). Thus (1) 
has the form 


(4;:) yi’ = + F(t, y), 


It will be clear from the proofs that the methods to be used supply 
analogous theorems for the case in which the elements of J, F and y are 
real-valued; so that the normal form of J involves binary blocks of the type 


Part I of the paper deals with the asymptotic integration of (1) on a 
logarithmic scale. Theorems (*), (**) below are analogues of Theorem (*) 
of [6] in the linear cases of (1) and of Satz 11 of Perron [11], pp. 148-149 
(cf. [12]), dealing with non-linear systems. In Theorems (*) and (**) 
below, the condition on F(t, y) is that | F(t,y)|/|y|—-0 as (t,y) (0,0) 
(or even relaxed forms of this condition; cf. Section 10). Perron [11], p. 149, 
requires a Lipschitz condition of the type 


| F(t, y:) — F(t, y2)|/| | 0 as (4,41, Y2) > (0, 0,0), 


and his assertion is less sharp than the assertions (11), (12) of (*), (**) 
below. On the other hand, Perron’s theorem contains an assertion of unique- 
ness. Such an assertion in (*) is impossible, since the conditions on F(t, y) 
do not even imply the local uniqueness of solutions of (1). (See Section 2, 
for references to known cases of (*), (**), with d=2.) 


Part II deals with asymptotic formulae for solutions y=y(t) of (1), 
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rather than with asymptotic formulae for the logarithms of their magnitudes, 
The theorems (t), (tt) below are analogues of the refinement (**) in [6] 
of Dunkel’s theorem [1] dealing with linear systems. The theorems (7), 


(tt) are known in cases of conservative binary (d=2) systems. For 
references to the literature, see Section 12 below. 


Part I. Solutions tending to the origin. 


1. Notation. Let A(1),---,A(g) denote the eigenvalues of / belonging 
to its g elementary divisors; cf. (3). It is not assumed that the numbers 
A(1),° - -,A(g) are distinct. Let »(j)—ReA(j) and let 


denote the distinct numbers among the g numbers p(1),°--,p(g). Fora 
fixed m, where 1= mf, an integer 7 in the set 1,2,- - -,g will be denoted 


by p, gorr according as p(j) or p(j) > p™: 


(5) Sp™ according as q or 
Put 
(6) 
q k=1 


so that |y |? =L,+---+ LZ, is the square of the length of the vector y. 


From time to time, it will be convenient to use the conventional notation 
y=(y',- --,y") for the components of y and to consider the set, say 
Ai," * *,Aa, of the d eigenvalues of J. In such eases, it will be assumed 
that the numeration is chosen so that the k-th component y* corresponds to 
the k-th eigenvalue d;, in the sense that the differential equation for y* in 
(1) or (2) is of the form y” =A,y*+-- - 


2. Theorems (*) and (**). In terms of the above notations, the 
following theorem will first be proved: 


(*) Let the linear system of differential equations (2) with (complea- 
valued) constant coefficients have the form (8). Let F(t.y) be a vector 
(with complex-valued components) defined and continuous for 0St<o, 
| Sconst. and let 


(7) as (t,y) (0,0). 
Let the number p»—p™ be negative, 


(8) 


oO 


( 
t 
€ 
t 
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Then, if » is any number on the range 0<y <1, there exist positive numbers 
§=8(y) and T=T(y) with the property that if tt =T and tf the set of 
Yh(p) + 3h(q) numbers yor and y™ satisfies 


S33] yo™|?, (92) yo™|? <8, 
ak qk 


yom 
pk 


the system (1) has a solution y = y(t) which exists on the half-line tp; St <<, 
satisfies the (partial set of) initial conditions 


(10,) = yor? (102) (to) = yo™, 
and, as t—>c, the limit relations 
(11) Ly=o(Lm) if (12) log | y(t) | = (w™ + 0(1) )é. 


It is understood that if so that p™—min(p(1),- - -,n(g)) and 
the set of integers p is vacuous, then (9,) and (10,) are missing. If m—f, 
so that p™—max(pu(1),---,(g)) and the set of integers r is vacuous, 
then (10,)-(10.2) constitutes a complete set of initial conditions. 

The cases of (*) in which it is assumed that h(q) =1 (that is, that the 
elementary divisors belonging to the A(x) satisfying ReA(k) =p” are simple) 
are contained in [15], pp. 293-294, and [13], pp. 25-26, under the additional 
assumption of local uniqueness. 

A partial converse of (*) is as follows: 


(**) If F(t, y) ts a continuous vector (with complex-valued components) 
for 0St<o, |y| const. satisfying (7) and if y=y(t) (#0) is a solu- 
tion of (1) for large t such that 


(13) y(t) as t>0, 


then there is an integer m, 1m Sf, with the properties that p= p"™ satisfies 
pS 0 and that (11) and (12) hold. 


In order to illustrate the meaning of the assertion (11), suppose that 
y = (y’, y’) is a binary vector, that Aye, where = Re and that p, < 0. 
Then, by (*), the system (1) has solutions y(t) = (y'(t), y?(¢)) satisfying 
(13) and 
(14) y’(t)/y*(t) 30 as too. 


According to (**), if ,>0, then all solutions y=y(t) (#0) of (1) 
satisfying (13) also satisfy (14). But if (ui) we0, then all solutions 
y(t) ($40) satisfying (13) satisfy either (14) or 


(15) /y?(t) 30 as 
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No positive assertion of the type (14) or (15) is possible when p; = p2 (<0), 


without further restrictions on F'; cf. [5], p. 499. The conservative binary 
cases of (*) and. (**) are contained in [7], [8], [3], [4]. 


3. A lemma. Lemmas 1 bis and 2bis of Section 3 in [6], dealing with 
Riccati differential inequalities, will be needed below. In addition, there 
will be needed the following O-variant of Lemma 1 bis: 


Lemma. Let c>0,0<c¢, <4 and let c° denote a number satisfying 
(16) 0<c°<c, and co <mincv(1—v) for 


Let f=f(t) be a real-valued, continuous function on TSt<o satisfying 


(17) f(t) Se, (T<t<o), 
or, more generally, 

U+V 
(17 bis) f f(t)dtSc(1+V) for TSU <U+YV. 


Finally, let v= v(t) be a real-valued, continuously differentiable function on 
some interval (TS) tp StSht, satisfying 


(18) v’ = cv(1—v) — f(t) 
and 
(19) = 2. 


Then, for 


(20) v(t) > eo. 


In the case (17), the inequality (20) can trivially be improved to 
v(t) =2c, since v’(t) >0 whenever v(t) = 2¢y. 

In order to prove the assertion under the assumption (17 bis), suppose 
that (20) fails to hold for some ¢, where ¢St,. Then [é,¢,] con- 
tains an interval (U,U+V) such that =2c, v(U+V) =c, and 
CoS v(t) S2e, on (U,U+ TV). A quadrature of (18) and the second part 
of (16) give 


U+V 


v(U + V) —v(U) >ov— f(t) dt. 
U 


T 
b 
( 
( 
( 
a 
( 
( 
Nn 
0 
( 
a 
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The left side of this inequality is c, —2co——c,<—c®. Hence 
U+V 


eat). 
Since this contradicts (17 bis), the Lemma follows. 


4. Proof of (*). Preliminaries. Let the number a, where 0 <a< 1, 
be chosen so small that 


(21 ) C= Cm = 2 (p™ — pr 2a) > 0 for m= 2, 
Put 
(22) L= Lina => a* | 
q k=1 
so that 


For 1m Sf, put 
m-1 f 
(24) M = Mm = > Lia and N= Nu == > Lijq. 
j=1 j=m 
Then, for a solution y= y(t) of (1) on some interval, the expressions 
(22), (24) become functions of ¢. The function (22) then satisfies 


(25m) | Lina — Lina | = 24D ma + d | F(t, y)| | |, 
and so 

(26) MWS + a)M + | F(t, y) | : | y |, 
(27m) N’ = 2(u" —a)N —d?| F(t,y)|-|y|; 


cf. Section 4 in [6]. 

Although the conditions of (*) on (1) do not imply the unique deter- 
mination of solutions of (1) by their initial conditions, any solution y = y(t) 
vanishing at some large value of t, say {= To, is identically 0. This is clear 
from condition (7) of (*). Hence, if y=y(t) 0 is a solution of (1) 
on some interval U=t=U+V, where U=Ty,, then y(t) +0. Hence 
M+N2a*4|y\|?>0. Consequently, it is possible to define an auxiliary 
function v = vU»(t) by 
(28 ) af (Nm + Mun ) 


and this function satisfies 


(29) 


‘ 697 
| | 


698 PHILIP HARTMAN AND AUREL WINTNER. 


and 
(30) v’ = Cyv(1—v) —d’a-*4| F(t, y)|/| y |; 
cf. Section 4 in [6]. 
If m < f, then it is possible to define the function w= wy(t) (= Umi (1) ) 
by 
(31) w= + Mn), 


and this function satisfies 


(32) 


and has a continuous derivative satisfying 


(33) w’ = Cmw(1—w) —d’a-*4| F(t, y)|/| y |. 


5. The casem=f. As in the linear case treated in [6], the case 
m==f is quite simple. If m=f, the real parts p/ of all characteristic 
numbers of J satisfy pi p< 0. This will be shown to imply that if a> 0 
is fixed so that » + 2a <0, then there exist positive numbers T= 7 (a) and 
e==e(a) with the property that if 


(34) » | yo™ |? + » | Yor" is 
pk ak 


and if ¢;= 7, then a solution satisfying the (complete set of) initial con- 


extensions satisfy 
(35) ly| <e for by. 

In order to see this, let 7 —T(a) and «(a) be chosen so that (35) and 
(36) 


imply 
(37) d’a-*4| F(t,y)| S2aly|. 


The existence of such 7 and « is clear from (7). 

Since m=—f, it follows from (24) that lyP?Sa-4Mnss. Thus if 
y=y(t) satisfies (35) on some f-interval where {,=T, then 
(26m.:) and (37) show that 


(38) Monae’ S + 24) Mina. 
Hence, Mini (t) S Mings (to) = Mis (to) on this interval, and so 


(39) | y(t) |? | y (ty) 


ditions (10,)-(10.) has extensions over the half-line tj <¢ <0 and all such 
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Let (34) hold. Consider a solution y= y(t) of (1) determined by the 
initial conditions (10,)-(10.). Then, by continuity, (35) holds for ¢ near 
t.(=T). By (34) and (39), 


(40) | y(t) = fe 


for such ¢ (2 Consequently, any extension of y(t), with increasing ¢, 
continues to satisfy (85) (in fact, (40)). Hence y—y(t) has extensions 
over ty) St<oo and all extensions satisfy (40). This proves the assertion 
concerning (34) and (35). 

Let § in (92) be so small that 28 < dea4, where «= «(a) is the number 
defined in connection with (35), (36). Since »<1, the inequality (34) 
follows from (9,) and (92). Hence any solution y= y(t) of (1) satisfying 
(10,)-(10.) has extensions over t) = ¢<o and any extension satisfies (40). 
Consequently, 

(41) | F(t,y(t))|/| y(t)| 30 as too. 


Since 7 <1, condition (9,) implies that 
(42) V(to) = 2c, where co == 1/2(1+ 7) <4. 
Let T= T(a,y) be so large that (35) and (36) imply 
(43) @a*4| F(t,y)| 
if c° is a constant satisfying (16), where ¢ is c, and ¢, is given in (42). 
Hence, by (30), (42) and the Lemma of Section 3, (20) holds for f;St<o. 
By (29), (41) and Lemma 1 bis in Section 3 of [6], 
(44) u(t) as t> 00. 


The definition (28) of v(t) and the limit relation (44) imply that, as 


(45) Lija(t) =o0(Lmat) if jm. 
sy virtue of (23), this proves assertion (11) of (*). 
Since, by (45), | y |? a-*4(1 + 0(1))Lma, the limit relation (41) shows 
that the differential inequality (25,) can be written as 


| (log La)’ | S 2a+ 0(1). 
Hence, 


lim sup | log — | S 2a, and so lim sup | log Ly | 2a, 


t> 0 t> 


by (23). Since a>0 can be chosen arbitrarily small, (12) follows. This 
completes the proof of (*) if m=f. 
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6. The case m < f. If a solution y—vy(t) of (1) on some f-interval 
has an auxiliary function v= v(t) satisfying (20) and an auxiliary function 
w=—=w(t) satisfying 


(46) w(t) < 


for some constant c, > 0, then the definitions (28), (31) of v, w show that 


(47) Lina > + Lima + Nmsr) 5 
and since | y |? a-*4(Mm + Lina + Nit); 
(48) | y |? S Dina. 


Thus, when (20) and (46) hold, the differential inequality (25,,) shows that 
(49) | La’ — 2pLina | S {2a + | F(t, y)|/| y |} Lma- 

Let a>0 be so small that »+2a<0 and let T—T(a,n) and 
«=e(a,7) >0 be chosen so that (35) and (36) imply the inequalities 
(50) 2da-*4¢,1 | F(t,y)| S2al y| 


and (43), where, in the latter, c° is a constant satisfying (16) in which ¢ is 
Cm OT Cms, and Cy is 1/2(1+7). 
Thus, if (20), (46) and 


(51) 
hold, then 
(52) | 2 (p 2a) (p 2a 0 ) 


On any interval, 4; = ¢=?°, on which (52) holds, 
(53) Lma(t) Lma(to) < Lng (ty). 


Consider a solution y= y(t) 0 on some f-interval, bounded by 
(=T) on the left, satisfying (42), (46) and (51) at t=—¢,. For an 
extension of y(t), with increasing ¢, there are two possibilities: either y(t) 
exists on fp) =¢t<oo and satisfies (20), (46) and (51) throughout or there 
exists a least value of t= ?9(>¢,) such that y(t) satisfies (20) and (51) 
on and (46) on tp St < 0°, finally 


(54) w(t) 
at ¢ = 

In order to see this, note that if (20), (46) and (51) hold on t, St < ?°, 
so that (35) holds by (48), then y(t) has extensions over an interval con- 
taining ¢)=¢< ?° in its interior. Thus, the assertion above is merely to 
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the effect that if (20), (46) and (51) hold on ¢, St < ?°, then (20), (51) 
also hold at = #°. In fact, (20), (46) and (51) imply (53) for f,S¢< 0, 
so that (51) holds at ¢° since it holds at ¢). In view of (30), (36) and (43), 
the Lemma of Section 3 implies that (20) also holds on tf) Sé¢S 0°. 

Note that the differential inequality (33) and the inequalities (20) 
(hence (48)) and (51) imply 
( 


55) w’(t) > 0 when w(t) and t=T; 


ef. (33) and (48). 


7. Smooth F(t,y). The proof of (*) will now be completed for the 
case that the solutions of (1) are uniquely determined (locally) by initial 
conditions (say, that F(t,y) has continuous first derivatives with respect to 
y',- + +,y%). The proof will depend on a generalization of the “zero velocity 
curve” argument used for binary cases in [3]; this generalization can be 
considered as a particular case of the topological argument formulated in [14]. 

It will be shown that to the partial set of conditions (10,)-(102), where 
8>0 ws sufficiently small in (92), there belongs at least one set of %h(r) 
numbers yo"™ such that the solution determined by (10,), (10.) and 


(56) (to) = yor 
exists for th = t< and satisfies (46), that is, 


In other words, it will be shown that, among the set of Sh(r) numbers y,%* 
satisfying 


(58) 33 | |? | atyor™ |* + | |*), 
rk Dk qk 


there is at least one set such that the solution of (1) determined by (10,)- 
(10,) and (56) exists for ts = ¢<oo and satisfies (57) on this half-line. 

For any choice of (56), condition (9,) implies (36), hence (20). If 
(58) holds, then w(t) = 4c, and so (48) holds at tt. Let 8 in (92) be 
so small that (9.) implies (51) at t= fp. 

Consider the (unique) solution determined by (10,)-(10.) and (56), 
when (58) holds. Corresponding to each choice of (56), define a number 
(Se) as follows: If equality holds in (58), let #?—t); if inequality 
holds in (58), let #° (> ty) be the least ¢-value (Soo) at which (54) holds. 


According to Section 6, y(t) has an extension on such an interval tf, St < ¢° 


n 

6 
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(So) and (20), (46) and (51) hold ont, [¢<@. Furthermore, if t° <0, 
then (20), (51) and (54) are satisfied and (55) is applicable at t= 7°. 

If ¢2 oo for some choice of (56) satisfying (58), then the italicized state- 
ment concerning (56) is proved. Suppose, if possible, that (tf) = ) t° <oo for 
every choice of (56). Clearly, y(t°)540. The mapping (to, y(to)) > (t°, y(t 
is one-to-one, by the local uniqueness of solutions of (1), and is continuous, 
by the continuous dependence of solutions of (1) on initial conditions, and 
by the fact that (55) is applicable at t= #° (so that y= y(t) intersects, and 
conical ” surface $Co(Nm-+ + Nii) = 9 


is not tangent to, the 
at 

The domain of definition, say D, of the mapping (fo, y(to) ) > (7°, y(t’) ) 
is the set of points with the d + 1 coordinates (to ; yo?*, yo, yo"), where to, yo, 
yo are fixed and (58) holds. Since this is a closed set, and since #? << and 
y(t°) there exist positive constants such that const. and 
| y(t°) | = Const. > 0. Hence, the range, say R, of the mapping is aise 
in the product set of the f-interval = ¢ = const. and the “lateral surface 
of the frustrum of a cone”: 


(59) const.} 
xX {(1— fc, (Min +- Lima), 0<¢, S Mn+ S ¢ 2} 


where c, and cz are constants. Topologically, (59) can be considered as a 
product set 7; & Is KX C(d,) K C(d2), where J, and J, are closed (real, linear) 
intervals, C(j) is the boundary of a j-dimensional sphere (that is, of a 2j- 
dimensional real sphere), and d; = d:=ZhA(r). Such a 
representation results, for example, by writing a point of the set (59) as 
(t, p, e(d;), e(d2)), where =¢Sconst., (a*yP*, = pe(d,), 
(1 — (a*y"™) = and e(j) is an arbitrary unit vector with j 
(complex-valued) components. 

Since the definition of ¢° includes the identity ®t, when equality holds 
in (58). the set C—=C(d.) of points (¢; y?", y™), where t = to, = yo™. 
yt = yo and equality holds in (58), is both in the domain D and in the 
range of the mapping (to, y(to)) (y°®, y(t°)). Consider a deformation 
of C and D into the point (to, yo", yo%,0). The topological mapping 
(to, y(to) ) y(t?) ) induces a deformation of C in R (hence in (59)) 
into a point. In view of the product set structure of (59), a projection leads 
to a deformation of C in itself into a point. Since this is impossible, the 
assumption that #?<o holds for all points of D is untenable. This proves 
the italicized statement concerning (56). 

The proof of (*) for the case at hand can now be completed at once. 
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Let y= y(t) be a’solution determined by (10,), (102) and (56), where (56) 
is chosen so that y(t) exists on ts St<oo and satisfies (46) there. Then 
(20) (and (51)) holds for tf: St<oo. In particular, (35), and so (41), 
holds. 

In view of (20), (30) and (41), Lemma 1bis in Section 3 of [6] 
implies (44). Similarly, it follows from (33), (46) and (41) that 


(60) w(t) as too. 


The definitions (22), (28), (31) of Ima, v, w show that (44) and (60) 
are equivalent to (45). The passage from (45) to (11) and (12) is the 
same as in the case m =f treated in Section 5 above. 

This proves (*) provided that the solutions of (1) are uniquely deter- 
mined (locally) by initial conditions. 


8. Completion of the proof of (*). In order to prove (*) without this 
proviso, note that if ¢° (> 7’) is fixed, then there exists a sequence of (vector) 
functions F',(t,y), F.(t,y),- -- which are defined and smooth (say, of 
class C*) for TStSt°, |y| const. and such that 


(61) F,(t,y) F(t,y) as n> 


uniformly for TSt#°, |y|Sconst. It can also be supposed that if y 
and ¢ (<= °) satisfy (85) and (36) respectively, then (48,) and (50,) hold, 
where (43,,) and (50,) result from (43) and (50), respectively, by writing F’, 
in place of F. It can then be supposed that the domain of definition of 
F,(t,y) has been extended over Tt <o, | y|<const., so that F,(t,y) is 
smooth and that (43,) and (50,) hold whenever (35) holds (whether or not 

After letting ®—7T+1,7+2,--- and applying a diagonal process, 
it can be supposed that the sequence F’,(t,y).F2(t,y),: - - is independent 
of . Thus (61) holds uniformly on every set T= ¢< Const., | y | = const., 
for arbitrary Const.(>T7'). It can also be supposed that (35) and (36) 
imply (43,) and (50,) for every n. 

According to the considerations of Section 7, the system of differential 
equations 


(62) =Jy+F, 


has a solution y=y,(t) on (TS) St <oo satisfying (10,)-(10.), (20), 
(46) and (51). By virtue of (46), the functions Mm, Lma, Ns belonging to 
satisfy Nines Mm). Since $e, <1 and since Ling, 
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M,, are independent of n at tt), by (10,)-(102), it follows that the com- 
ponents = Yn" (to) of yn(to) are bounded (as functions of n). Hence 
there exists a subsequence of the integers 1,2,- - - (which can be supposed to 
be the full sequence after a renumeration) such that 

(63) lim y,(t) = y(t) exists 


n> 
at tt). (In view of (10,)-(10.), this merely requires the existence of the 
limits 
lim (to) = Yo™ 


for every (rk).) 

The uniformity of the limit process (61) implies that, after another 
selection, it can be supposed that (63) holds uniformly on every bounded 
t-interval tj) =¢= Const. and that the limit y—vy(t) is a solution of (1) 
on tp St<o. 

The solution y= y(t) of (1) satisfies (10,)-(10.) since y= yn(t) does. 
In view of (63), y(t) satisfies the inequalities which result from (20), (46) 
and (51) if < is replaced by =. Finally, it can be verified as in Section 5 
that y= y(t) satisfies (11) and (12). This completes the proof of (*). 


9. Proof of (**). The function v(t) =v,,(t) belonging to the solution 
y =y(t) in the statement of (**) satisfies (29) and (30) for large ¢, where 
(7) and (13) imply (41). Lemma 1 bis in Section 3 of [6] shows that 


(64,;) lim Vm (t) =1 or (64,) lim Um(¢) = 0 
t 
for m=1,2,---,f. It is clear from the definitions (24) and (28), that 


if (64,) holds for some m then (64:) holds for m= mp. Also, (64:) 
holds if m1, since v,(t)==1. Let m denote the largest integer (with 
1=msSf) for which (64,) holds. 

Thus v(t) =vm(t) satisfies (44) and, if m < f, w(t) =vm.i(t) satisfies 
(60). These relations imply (45) and, therefore, (11) and (12) ; cf. the end 
of Section 5. Finally, » <0 follows from (12) and (13). This proves (**). 


10. Variants of (*). It will be shown that the condition (7) in (*) 
can be replaced by an “averaged” form of (7), a condition of the type 
employed in [2] and in the linear case [6] of (1). The methods of proof 
of this fact will have applications below. 

(*bis) Assertion (*) remains valid if (92) is replaced by 


(65) eru-At—- | < er(urd)t 
ak 


Vi 
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and if condition (7) on F(t,y) ts replaced by the requirement that, for 
sufficiently small 8>0, there exists a continuous function f(t) =f(t;8) 


with the properties that 


and 
U+V 


The changes in the proof of (*) needed to prove (* bis) will be indicated. 
It will be seen that difficulties arise from the fact that (55) is no longer 
valid, but that these difficulties can be avoided. 

As above, let a denote a small positive number. In view of (66) and 
(67), there exists a TT (a,7) such that 


(68) e(u-2a)t < ly | e(ut2a)t 


implies the inequality in (66), 


U+V 
(69) ed?a f(t)dt<2a+2aV if TSUSU+V 
U 
and 
U+V 
(70) f f(t)dtS(1+V) if TSUSU+Y, 


U 


where c° satisfies the inequalities in (16) for c—c, and c—Cm,, and for 
C= 1/2(1-+7), as in (42), or if c, is replaced by ¢,/4—1/8(1+-7). 
Note that the applications of the Lemma in the proof of (*) remain 
valid if (43) is replaced by (70) (that is, if (17) is replaced by (17 bis) ). 
For brevity, consider the proof of (*bis) only in the case m<f. If 
(20) and (46) hold, then (47) is valid and (48) can be changed to 


The inequality (49) can be written in the form 

(72) | Lima’ — 2pLime | S {2a + 2da-*4c,*f (t) Lima 

if t=T and (67) hold. In view of (70), the relations (68) hold if 


(73) er(u-2a)t < Ting < 


U 
a 
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When (73), hence (72), is valid on an interval fp =¢ < ¢°, a quadrature and 
(69) give 


(74) = Lina (t) /Lma(to) < to), 
Hence (73) is assured at t=—f?? if 


holds at t = to. 

Thus, if y= y(t) satisfies (42), (46) and (75) at (=T), then 
(20) and (73) hold on 4, S[¢S#° and (46) holds on fSt< ?°. 

The condition (75) at t=, is implied by (10,)-(10.) and the in- 
equalities (9,) and (65) if 8>0 is sufficiently small. 

It is clear that tf (55) holds, then the remainder of the proof of (*) 
becomes applicable to (*bis) (if the inequalities (9.) and (51) in that proof 
are replaced by (65) and (73) respectively). It will be seen that the possible 
failure of (55) is not a serious difficulty. 

Let Fo(t,y) be a continuous function on the set of (¢,y) satisfying 
inequalities TSt<o, (68) and 


(76) S 360(Mm + Lina + 

Let have the properties that (¢t,y) =F (t,y) when 

(77) Niner S (60/4) (Min + Lima + Niner) 5 

that, for other points (¢,y) of the domain of definition of F,, 

(78) |Fo(t.y)| S| F(ty)| +8, 

where 6=6(a) is a positive number to be described below; finally, that 
(79) (t,y)|Se°|y| if 4¢o(Mm + + 


In the considerations involving (68)-(75) and the definition of F,, let 
a be replaced by a smaller positive number, say 4a, and, correspondingly, 
T =T(a,n) by T(4a,y). Then, if 9—6(a) >0 in (78) is sufficiently small, 
it is clear that the remarks concerning (68)-(75) remain valid if y= y(t) 
is a solution of 
(80) =Jy + 


In addition, the inequality in (79), which is the analogue of (43), assures 
that (55) is applicable to the solutions y(¢) of (80). 

Thus, the arguments of Section 7 show that, if § is sufficiently small in 
(65), then there is on a solution y= y(t) of (80) which satisfies 
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the (partial) set of initial conditions (10,)-(10.), where t) = T, and the 
asymptotic relations (11)-(12) as to. 

In particular, the auxiliary function w(t) of y=vy/(t) satisfies (60). 
In view of the fact that TT (a,7) was chosen so large that (68) implies 
(10) if c° satisfies the inequalities in (16) when c—Cm,, and Cy is replaced 
by ¢)/4—=1/8(1-+-y), it follows from (60) that w(t) <¢,/4 for ty St<o. 
For, according to the Lemma (and the Remark following its proof) in Section 
3, if w(t) =c./4 for some {= (2L=T), then w(t) =c,/8 for 
This contradicts (60). 

Hence, for the solution y= y(t), the functions Mn(t), Lma(t), 
satisfy (77). But the defining properties of F,(/,y) show that this implies 
F(t,y(t)) =F. (t, y(t) ), so that y= y(t) is a solution of (1), as well as of 
(80). This proves (* bis). 


Remark. For applications below, note that the proofs of (*) and (* bis) 
show that analogues of these assertions remain valid if the “linear part” (2) 
of (1) is replaced by a suitable system with coefficients depending on ¢ or on 
(t,y) ; for example, by a system of the type 


where A/*(t,y), &*(t,y) are complex-valued, continuous functions for large ¢ 
and small |y|. Corresponding to the sets of integers p, q, r in (*), suppose 
that it is possible to divide the integers 7—1,---.g into three sets, the 
elements of which will be denoted by p, g, r, with the property that for some 
pair of constants c and a, where c>0 and 0<a<l, 


Re <—c—a| &* | if 
Re + a | = for all p,q, 
Re —a | | > + a|8%|+c for all q,r, 


where 8*==0. Let L, be defined by (6). Then (*) and (*bis) remain 
valid if (11) and (12) are replaced, respectively, by 


| y*(t)|?—=0(Lm(t)) if and limsupt*log| y(t)| 
t> 


Part II. Asymptotic formulae. 


11. The linear case. Let h, denote the maximum multiplicity of the 
elementary divisors of J belonging to characteristic numbers A(j) satisfying 
Rer(j) =p; that is, 


] 
f 
t 
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(81) hy = maxh(q). 


Let h, denote a number (not necessarily an integer) ‘satisfying 
(82) 


Finally, let gg, denote any fixed value of g, let k. be an integer on the 
range 1=k,=h(q.), and let b—b(q.,k.) be defined by 


(83) b=h,—h(qo) + ko (so that kk SbSh,). 
As a refinement of a theorem of Dunkel [1], it was shown in [6] that if (1) 


d 
is a linear system, say F’(t,y) = gjx(t)y*, subject to 
k=1 


(84) f gn(t)| dt 


then (1) has a solution y(¢) = y,,x,(¢) the components of which have the 
following asymptotic properties, as t—>»0: when g = q, 

(85;) —-y*(t) =o(emtt) if 1<k <k, 

(852) yt (t) == o(e#tth?) if kk SkZh(q); 


when 

(855) y(t) if 1SkSh(q); 
finally, when j =p or j—r7, 

(85.) y(t) if 1SkSh(j). 


Furthermore, corresponding to every solution y= y(t) of the linear cases of 
(1) satisfying (12), there exists a set of 3h(q) constants c%, not all 0, with 
the property that y(¢) has the following behavior as to: 


Go Ko 
where ¥ = 9¢,x,(¢) is a vector satisfying the asymptotic formulae (85, )-(85,). 


Note that if hop =2h,—1 (for example, if h, = 2d—1) in (84), then 
the remainder terms o(e#‘¢*-®) in (85,)-(85,) are o(e#*). 

It is clear from (86) that certain terms on the right of the asymptotic 
formula (86) may be redundant. Thus, for a fixed (gk), the error terms 
o(e#ttk->) are where B—=h,—j, and is the maximum of the 


differences h (qo) for which ce 40. Consequently, a “ principal ” term 


E 


NON-LINEAR DIFFERENTIAL EQUATIONS. 709 


edattk-ko of (85) contributes to (86) only if k,=fB. The sum (86) can be 
abbreviated to 
k(q) 


) 


q k=1(q 


where k =1(q), k(q) are the least and greatest values of & (if any) satisfying 
(88) 1S1(q) Sh(q) Smin(h(q),ho—jo) and h(q) —1(q) = jo. 
For a given g, the number of terms in the last sum is 


k(q) —l(q) +1 Smin(jo,ho—h(q)) +1. 


12. Statement of the theorems. In what follows, corresponding asser- 
tions will be proved for non-linear systems: 


(+t) Let the linear system of differential equations (2) with (complez- 
valued) constant coefficients have the form (3). Let p=yp™ satisfy (8) and 
let (81), (82) hold. Let j, be a number satisfying 0S j,.<hy and I(q), 
k(q) the least, greatest integers, if any, satisfying (88). Let ct, where 
l(q) SkSk(q), be given numbers, not all 0. Let F(t,y) be a vector 
(with complex-valued components) defined and continuous for DSt<o, 
|y|<const. Finally, let o(t,p) be a continuous (scalar) function defined 
for 0OSt<o, O=pSconst. such that F and satisfy 


(89) 
(90) $(t,p) is non-decreasing in p (for fixed ¢), 
(91) const. dt <0 for every const. > 0. 


Then (1) has a solution y=y(t) for large t satisfying the asymptotic 
formula (87). 

Conditions (89), (90), (91) are surely satisfied if there exists, for large 
t, a continuous function f(t) satisfying 


In fact, $(¢,) can then be chosen to be f(¢)p. 

In the conservative case, where F'(t,y) =F(y) does not depend on ?, 
conditions (89), (90), (91) are satisfied if there exists a continuous function 
$(p) satisfying the following conditions: 
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(95) 

(96) is non-decreasing, 

(97) J | log p |"*"*$(p)dp <a. 
+0 


(In order to verify that (91) is a consequence of (97), introduce the new 
integration variable ¢ in (97) defined by p—const. ett and note that 
pdt and that logp~ypt as to (and/or p—>0).) 

Assertion (ft) has the following partial converse: 


(tt) Let p=p™ (<0), hy and hy be defined as in (t). Let F(t,y) 
be defined and continuous for OSt<, |y|Sconst. Let there exist a 
continuous function f(t) for large t satisfying (94) or let there exist a con- 
tinuous function o(t,p) for large t and small p=0 satisfying (89), (90), 
(91) and such that 


(90 bis) ¢(t,p) is non-increasing in ¢ (for fixed p). 


Let y=y(t) be a solution of (1) for large ¢ satisfying (11) and (12). 
Then y=y(t) satisfies the asymptotic formula (86) (that is, the asymptotic 
formula (87)-(88) for some j,, where 0=j,< hy, and some constants c%, 
not all 0). 


Under conditions (90) and (90bis), the assumption (91) is implied by 


(91 bis) f p* | for some v<1/| 
+0 
The proof of (tt) will consist essentially of two steps: first, of showing 
that the conditions on F'(¢,y) and on y(¢) imply 


f y(t) dt s 


second, of showing that (11), (12) and the last relation imply the asymptotic 
formula (86) for y(¢). 

The conditions of (tt) on F, that is, either the condition (94) or the 
set of conditions (89), (90), (90 bis), (91), are sufficient for the validity 
of both (t+) and (tt). In particular, in the conservative case, where 
F(t,y) =F (y), the conditions (95)-(97) are sufficient for the truth of (t+) 
and (tt). For variants of these assertions, see Section 18 below. 

It will be clear from the proofs that, under condition (94), (t) and 


/ 
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(tt) remain valid if »<0 is relaxed to »0 (and F(t,y) is defined for 
all ¢=0 and all y). The simplest case of these two theorems, where (94) 
is assumed, J is the zero matrix and h,—1, is contained in the theorem 
of [17]. The latter allows a relaxation of (94), with h,—1, to 


dy), f J dp/$(p) = 


(where f(t),¢(p) >0 are only assumed to be continuous); for a further 
refinement of this case, see [9], p. 51. It is easy to see, however, that the 
conditions in the last formula line cannot replace (94) in (Tt), say, even 
if J =pl, where »0, I is the d by d unit matrix and h, = 1. 

The binary conservative cases (d = 2) of (t), (Tt), when the real parts 
of the characteristic roots A,, A, of J are equal (and negative), the elemen- 
tary divisors of J are simple (hy —1) and h,—1, are given in [18]; ef. 
Section 18 below for a slight refinement. The analogue of the case A, — A, 
(<0) and a double elementary divisor is treated in [8], pp. 526-528 (ef. 
[7]), in the form 


dy/dx = (y ++ 


under assumptions less severe than (95)-(97), with h, (hs) =2. Perron 
[10] had dealt with the general equation 


(ax +- by + (x,y) )dy = (cx + dy + (a, y) )dx 


under the assumption that #1, F? satisfy Lipschitz conditions with Lipschitz 
constants of the order p*, for some « > 0, on the circle x? + y? Sp’; cf. [16]. 


13. The case h, —h, 1 of Preliminaries. The proof of (t) 
will be given first for the case hy—1 (so that the elementary divisors 
belonging to the eigenvalues A; for which RedA; —p(—yp"™) are simple). In 
this case, the double sum (22) is a single sum over q (with k =1), and so 
the differential inequality (25,,) can be replaced by 


(98) | Lima — 2p"™Lima | Sd | F(t,y)| ly |. 


In the proof, it can be supposed that m>1. It will be clear that the case 
m ==1 is substantially simpler (since v,(t) =1). 

Let y=y(t) €0 be a solution of (1) satisfying (20) and (46) for 
some positive co (<3) (hence (48)) on some interval. Let K be a positive 
constant so large that 


e 
4 
a 
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holds on this ¢-interval. Then, by (89) and (48), 


(100) |F(t,y(t)| y(t)|) ce#*), where c? = 2a-*4c,'K*. 
3y (48) and the first inequality in (99), 

(101) | y |/Lma S S cK 

and so (98), (100), (101) imply 

(102) | Lma’ — 2p” Lima | S cdKe-#'*p (t, ce#*) Lima. 


If the interval [t,¢,| is contained in the interval under consideration, a 


quadrature gives 


(103) | log Lma(t) Lma(to) )| S cdKI(c, t), 
where 
(104) I(c,t) = (u, ceX*) du. 


t 


If a, c, ind K (hence c) are fixed, it follows from (91), where h, —1—j,=—0, 
that there exists a T—T' (a,c .,K) such that (99) implies 


< Lng(t) Limo (to) S2, if TStS ty. 


This argument shows that if (20), (46) and (99) hold on an interval 
where and if 


(105) 2K-2¢2Hto < Limg(to) < 4K 
then (99) holds at ¢=72°. 


If, in addition, T is sufficiently large and w(t,) =0, then (46) holds 
at t= For, by (48), (99), (100) and | y |? = Lma, 


| F(t,y(t))| S| y(t)| Kemp (t, com). 


Since f(t) =fx(t) = Ket o(t, ce4t) satisfies (91), hence (70), the state- 
ment concerning (46) at ¢= 1° is a consequence of the Riccati differential 
inequality (37) and of the Remark following the Lemma of Section 3. 
Consequently, if w(t) 0 and (20), (105) hold at t=, then, when 
decreases from either the solution exists on T S/S 1, and satisfies 
(20), (46) and (99) on this interval or a point {=t°(>T) is reached with 
the properties that (46) and (99) hold on 2 St), while (20) holds on 
<t=t, but not at 


{ 
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14. The case h, —h, =1 of (+): Completion of the proo.:. A repeti- 
tion of the arguments of Sections 7, 8 and 10 shows that if T—T'(a,c., K) 
is sufficiently large, if t) > T, and tf the numbers y™ (to) = yo% satisfy (105), 
then there exist at least one set of %h(p) numbers yo* and a solution 
y=y(t) of (1) on TStSt, satisfying 


(106, ) (to) yor 
and 
(106.) y%* (to) = yo", (106) y™* (to) =0, 


finally (20), (46) and (99) on TStSh. 

Note that (106;) implies w(t.) 0. The fact that the last italicized 
statement concerns ¢ < to, while that in Section 7 concerns t= ¢), means that 
the réles of p, r, of Mm, Nm, and of v, w are interchanged. The 
v= Co, that is, Nm =c¢o(Nm+ Mm) or 


“cone” 


CoX Za*| 
qk 


qd r 


plays the réle of (58) in the proof of the desired statement. 

Let y= y(t) be a solution of (1) on Tt, supplied by the last 
italicized statement. Since h, 1, the index & is 1 in any pair of indices 
(qe) and the corresponding differential equation for y@ is 


yt’ =X(q)y" + (ty). 


This gives |(y@e@t)’ | | F(t, y)| Se“h(t,| y(t)|), and so, in view 
of (48) and (99), |(yMe*@t)’| = e#td(t, ce“). Hence a quadrature over 
[t,t.], where T=t=t, gives 


(107) | e-MOt— | <I (o, t) ; ef. (104). 


The assertion of (t+), where hp 1, is to the effect that if $h(q) —=31 
qd qd 
numbers c%, not all 0, are given, then (1) has a solution satisfying, as t 00, 


(108,) = + o( ent); (108.) =o(e#*) if 
In terms of the given numbers c”, put 
(109 ) Yor CT to, 
When the numbers c% are fixed, it is possible to choose a fixed, sufficiently 
large, constant K so that (106.) satisfies (105). 
If ¢) =n is a sufficiently large integer, then, according to the last section, 


(1) has a solution y=y,(t) on TSt<n, where T (a, co, K), satisfying 
(106,), (106,) at t==t,(—n), and (20), (46) and (99) on TSt=n. 


714 PHILIP HARTMAN AND AUREL WINTNER. 


The inequality (107), where 7StSt,(—n), is applicable to the 
The numbers 
|yn(Z')| form therefore a bounded sequence as n—>o. Hence it is possible 
to select a subsequence (which can then be supposed to be the full sequence ) 


solution y=—y,(t). Hence, 


from y(t), y2(t),- so that 
(110) y(t) =lim y,(¢) 


holds uniformly on every bounded ¢-interval TS¢Sconst. The limit 
y=y(t) is a solution of (1) on TSt<o. 
Consequently, for TSt<o, 


(111) | y(t) | (ce, 
The definition (104) of Z(c,t) and the assumption (91) of (t) show that 
(112) I(c,t) =o0(1) as 


if c is fixed. The relations (108,) follow from (111) and (112). 

The auxiliary functions v(t), w(t) belonging to y(t) satisfy v(t) = ¢,, 
w(t) = 4c, for since the corresponding functions of y,(¢) satisfy 
(20), (46) for TStSt) (=n). Hence (11) and (12) hold; cf. Section 5. 
The relations (88,) follow from (11), (12) and (108,). This completes the 
proof of (+) for the case h, (=h,) —1. 


Remark. For reference below, note that, according to the proof just 
completed, if F(t,y) is defined for t=T, |y|=1< K(t), where K(T) 
— oo as 7’—>00, then (t) remains true in the case h) = 1 when » = 0 and (89)- 
(91) are assumed. 


15. The case h, > 1: Change of variables. The proof of (f) in the 
cases h, >1 will depend essentially on the case h,—1 and a change of 
variables similar to that used in the proof of (**) in [6]. Let the independent 
variable ¢ be replaced by slog? (for large ¢ and/or large s), 


(113) (ds = dt/t). 


Let the dependent variables be subject to a linear transformation, depending 
on f(s), 


(114) y = Qz, where Q = 


and D., D,, C, D, are d by d matrices to be given below. 
The transformation y= D,u is given by 


(115) and yik == emtysk if 


ar 


T 
( 
al 
( 
(] 
al 
( 
W 
t( 
m 
th 
| 
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The triangular matrix D, depends on the fixed number ~, where 
(116) B=ho—jo, 

and is the matrix of the linear transformation given by 

(117) UT and ysk == if 7 Aq. 


The matrix C is constant and is the matrix of the linear transformation 


v = Cw, where 


k 
(118) yk — w"/(k—n)! and = wi if Aq. 


n=1 
The change of independent variables (113) and the successive changes 
(115), (117), (118) of dependent variables transform the system (4) into 


(119) — (B—k)wt + E*(s, w) 
and, if 7 4@, 


= ((A(j) + F*(s,w), 
(120) 
—= ((A(j) —p)t + B—1)wh + + B¥(s,w), 1, 


where a dot denotes differentiation with respect to s and H(s,w) is the vector 
t(D.D,C)F (t, Do.D,Cw), where t= e*. Cf. [6], Sections 12 and 13. 

The choice of the transformation w= D,z depends on the given j, deter- 
mining 1(q) and k&(q). In terms of 8 and the numbers 1(q), &(q), define 
the linear transformation w= D,z by 


we if <k=k(q), 


(121) if k<l(q) or k>k(q), 
Since ¢=e*, (101) transforms the system (119)-(120) into 


if 1g) SkSEQ), 

(B—k)2™ + B&(s,z) if k<l(q)or k>k(q); 

and, if 

— ((A(j) + + BN(s,2), 

((A(7) — pw) t+ B—1)2 + + BR(s,z2) 


(123) 


tio 
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where the vector B(s,z) is 
(124) B(s,z) — iQ“ F(t, Qz), 


and Q is the matrix of the transformation y= Qz; cf. (11+). 
By (115), (117), (118) and (121), the transformation y = Qz is given 


by 

yt { tk-BS, 244 / (fe —i) ! + Sy, th — 1) 3}, 
(125) 


where %; indicates the sum over the indices 7 satisfying i= and either 
t<1(q) or t>k(q), and 3 is the sum over the indices 7 satisfying i<k 
and St=k(q). The transformation z—Q-'y is given by 


k 
zit eNadt if Ug) 


k 
(126) e-MOt if k<l(q) or k>k(q), 
4=1 


If |@| denotes the norm of Q (that is, max|@Qz| for |z|—1), then 
(125) shows that | Q| is O(e#t) times ¢’, where y = max(h, — 8, h(q) —l(q)) 
and the max refers to the set of q’s for which c*#~0 for some k. Since 
hy —B=joths—ho ZS jo, it follows from the last part of (88) that 


(127) as too. 


By (126), | Q7| is O(e-#*) times where y = max(B—1,k(q) —1). The 
first part of (88) shows that k(q) Sho. —j,. (= £8). Hence 


(128) | Q-? | = tp 00. 
In view of (89) and (124), 
(129) | B(s,z)| St! Qz|). 
16. Completion of the proof of (+). The relations (127)-(129) give 
(130) B(s,z)| Sy(s,|z1), 
where, for a sufficiently large Const., 


(131) W(s, p) = Const. (t, Const. 


( 
t 
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The function (131) satisfies the condition that 
(132) w(s,p) is non-decreasing in p (for fixed s) 


and, by (91) and ds = dt/t, 


(133) \ W(s,const.)ds << for every const. >> 0. 


Conditions (130), (132), (183) are the analogues of (89), (90), (91) for 
the case and = 0. 

The fact that the coefficient of 2% (in the linear terms of the first 
equation of (122)) is 0, rather than a negative constant, does not prevent 
the applicability of the case h,—=1 of (+), under assumptions (89)-(91), 
to the system (122)-(123); ef. the Remark at the end of Section 14. Nor 
does the fact that the coefficients of the linear terms on the right of the 
equations in (123) are not constants prevent the applicability of this asser- 
tion, since Re(A(j) —p) 0; ef. the Remark at the end of Section 10. 

TIence (130), (182) and (133) imply that, for given numbers c%, not 
all 0, where I(q) SkSk(q), there is at least one solution z= of 
(122)-(123) satisfying, as 

(134) if k<l(q) or k>k(q), 

if 
In view of (125), the corresponding solution y= y(t) of (1) satisfies (87). 
This proves (ft). 

17. Proof of (f+). Let y=y(t) 40 be a solution of (1) for large ¢. 
It is clear that, under the assumption (94) on F(t,y), the (vector) function 
y= y(t) does not vanish and satisfies 


It will be verified that the same is true if y— y(t) satisfies (11) and (12), 
where p <0, and F(t,y) satisfies (89), (90), (90bis) and (91). 

That y(t) does not vanish (for large ¢) follows from (12). In view 
of (11), the auxiliary functions v(t), w(t) satisfy the respective limit rela- 
tions (44), (60). In particular, (20) and (46) hold, where 0 <c, < 4, and 
so (48) and (49) hold for large t. Let 


(136) p(t) = (t) (> 0), 


717 
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so that, by (11), there exist positive constants c, K such that 


(137) Kp(t) =| y(t)| Sep(t), 
and, by (12), 
(138) log p(t) ~pt as too; 


in particular, 
(139) t > v| log cp(t)| 
if ¢ is sufficiently large and vy <1/|,]. 
In view of (89) and (90)-(90 bis), it follows that 
(140) | F(t,y(t))|/| y(t)| S log ep(t)|, )/Kp(t). 
In order to prove (133), it will first be shown that 
(141) | F(t, y(t))|/| y(t)| 30 as 


To this end, it is sufficient to show that as p> 0; 
actually, even more is true, namely, 
(142) | log p |ho-1 (y | log p |. p) as p—>0. 


In order to see this, note that an integration by parts shows that the integral 


log |ho-1 W(o)do, 
e 


p 


where ¥(p) logp|,p), is 


Ho) [loge Cf de)ay (o), 


p p 


Since (90)-(90bis) implies that dy(o) = 0, it follows that 


| loge |" = | log a do. 
p p 
The factor of ¥(p) on the right is O(p|logp |"*"!) as p—>0. Thus (142) 
follows from (91 bis) (which, in turn, is a consequence of (91)). 
It is seen from (141) that 
(143) dp/dt <0 for large ¢; 
in fact, for large t¢, 
(144) 


(u — 2a)p< dp < 2a) p, 
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hy (49) and (141). The inequality (143) assures that it is possible to 


introduce the new integration variable p== p(t) into 


(145) | log |, ep(t) 


In view of (91bis), (188) and (144), the integral (145) is finite. Conse- 
quently, (135) follows from (140). 

In terms of the vectors F = (F',---, F*) and y(t) = (y'(¢),---,y%(¢)), 
define, for large ¢, a d by d matrix G(t) = || gj.(¢) || as follows: 
(146) gin (t) Fi(t, y(t) )G*(t)/| y(t) |, 
where the bar denotes complex conjugation. The function (146) is con- 
tinuous for large ¢ and, by (185), satisfies condition (84). Since y=—vy(t) 
is a solution of (1), it satisfies the linear system 


(147) y = (J+ G(t))y. 


Hence, the assertion (86) of (tt) follows from the theorem (**) of [6] on 
the linear systems described in Section 11 (or, equivalently, from (t+) above, 
applied to (147), and from the superposition principle). This proves (tT). 


18. Variants of (+) and (++). The variant of (t) to be considered 
implies that in the conservative case, F(t,y) =F (y), of (t+) the condition 
(96) can be relaxed to 


(148) as 
(whereas (95)-(97) imply the stronger condition 


cf. the deduction of (142)). It can be remarked, however, that a disadvan- 
tage of the requirement of the existence of a $(p) satisfying the set of 
conditions (95), (148) and (97), rather than the set (95), (96) and (97), 
is that the first set is not invariant under affine transformations of the 
variables y. 

(tbis) Assertion (t+) remains valid if the conditions (90), (91) on 
d(t.p) are replaced by the conditions (7%) on F(t,y) and the conditions 
(90 bis), (91 bis) on (tp). 

It will be clear from the proof that (7) can be relaxed to the require- 
ment that 


(150) F(t,y)\/\y| as 


4 
| 
> 
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uniformly on every (t, y)-set 


(151) K-emttio< | y | < 


where K > 0 is an arbitrary constant. 

In view of (ft bis), there arises the question whether or not conditions 
(90), (91) in (tt) can be replaced by conditions (7), (90bis), (91 bis). 
This question will be answered here only in certain cases. 


(ttbis) Suppose that either hy —1 or p< —1. Then (tt) remains 
valid when condition (90) ts omitted and condition (91) is replaced by (7) 
and (91bis). 


The number 1 in the inequality » <—41 is the number occurring on 


the subdiagonal of J. 


19. Proof of ({ bis). Consider the change of variables (113), (114) 
in (1), leading to the system (122)-(123). For any solution z—2z(s) of 
(122)-(123), let y= y(t) denote the solution of (1) given by and 


y= Qz. 

It will first be shown that, wnder condition (7), when a and 1/K are 
fixed (sufficiently small) positive numbers, there exist positive numbers 
T —=T(a,K) and «=e(a) with the property that if z—=2z(s) is a solution 
of (122)-(123) on some s-interval, where t=e® = T, satisfying 


(152) | 2*—c®| <e if l(q) Sk=k(q), (153) | 2*| <e otherwise, 
then the corresponding solution y=y(t) of (1) satisfies 
(154) K-tetttio< |y| < Ketttic, (155) 


In (154), j, denotes the maximum of the differences h(q) —k for which 
c%* £0; so that it can be supposed that j,—=h(q) —I(q) for some g. Let 
=o denote any q satisfying j7,—h(q)—I(q). Let 


(156) | yt 


where 3° denotes a sum over those gq. Let K be so large that (152), 
(153) imply 


Then (125), where hy—B8S=j, and (152) show that 
| y* | if Aq, 
| y™ | 4K demttio if q=q, k<h or if qAq, kSh, 


( 
] 
| 
A 
( 
( 
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( 
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and that | y%*(¢)|, when differs from | e#*t/°/(h—1)! by terms 
which are majorized either by ce“t#° or by Ke#*ti-?, Hence, if e—e«(a) is 
sufficiently small, T= T (a, K) sufficiently large and t= T, then (154) holds 
and 


(158) S| y(t) PS +e) L(t). 


From the differential system (4) and from (| gikyi” + gik’yik, 
it follows that | | y|”—2uL,(t)| is majorized by a constant multiple of the 
sum of | y(t)|?— L(t), | y(t)|(| y(t) |?— Le(t))* and F(t,y(t))|-| y(t). 
In view of (7) and (158), the inequality (155) follows if a is sufficiently 
small and T (= ¢) is sufficiently large. This proves the italicized statement 
concerning (152)-(155). 

The proof of (t bis) can now be completed along the lines used in Sections 
13-14 in the proof of (t) when h,=1. To this end, define Lg, M—= Mma, 


by the formulae 


k(q) 
(159) & | 2% 
q k=1(q) 
q k>k(q) 
rok q k<U(q) 


Thus, the analogues of the auxiliary functions v=v(s), w=w(s) are 
(162) v= (N+ 4), w=N/(V+L,+N) 

These satisiy the Riccati differential inequality 

(163) w= 4u(1—u) —d’a-4B(s,z(s))|/| 2(s) or 
cf. the derivation of (30), (33). 


Consider a solution z=<2z(s) of (122)-(123) satisfying the (possibly 


incomplete) set of initial conditions 
(164) gu (sy) = if SkZSk(q); N = 0. 


Suppose further that (152) and that (20) and (46) hold on some s-interval 
(s,89) for some ¢,, where 0<c,< 4. Then the analogue of (47) gives 
(165) M+WN < 


on this interval. Thus, if c,—c,(a) is sufficiently near 4, the inequalities 
(152) on (s,so| imply (153) there. 
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A quadrature of the equations (122) shows that 
(166) | = B(s, #(s))| ds, Sk Sk(q). 
8 
In view of (128), (129) and ds =dt/t, 
8 to 
|BG2(s))| Const. 6( | y(t)]) de 
8 t 


By virtue of the last italicized statement, (154)-(155) hold on the 
interval under consideration. If a@ is so small that »+a< 0, then, by (155), 
| y(t)| is decreasing on the interval under consideration, and so it is possible 
to introduce p=|y(t)| as a new integration variable in the last integral. 
By (155), dt dp |/p and, by (154), << K/p. In addition, 
t>v|logp| forv—=1/|n—a| and t=T if T=T(a,K) is sufficiently large. 


Hence 


(167) f | B(s,z(s))| ds S el (Ket*tic), 


where c—c(a,K) is a constant and 


(168) = | log | log p dp. 


+0 


It follows from (166), (167) and (168), that if (152), (20) and (46) 
hold on an interval sS°<ss, (that is, #<t#,) and if #¢ exceeds a 
sufficiently large T—T(a,k), then (152) also holds at s=s° (that is, at 
{= +t°). In view of the case w—w of (163), where |z| >1/K (cf. (157)) 
on #2’ << ¢Sft, and of (167), (168), the Lemma of Section 3 implies that if 
T =T(a,c.,K) is suitably chosen and t??=T, then (46) holds at ¢°, since 
w(t,) =0, by (164). 

These facts and the estimates (166), (167) show that the proof of (t bis) 
can now be completed by the arguments of Section 14 used to complete the 


proof of the case h,=1 of (Tf). 
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20. Proof of (+; bis). it is clear from the proof of (tt) that in order 
to verify the variant of (ft), it is sufficient to show that, under the conditions 


of these statements, (135) holds or, what is more, that 


(169) f dt <a, 
To this end, it is enough to show that, for large ¢, 
(170) | y(t) |’ <—const. | y(t)|, (const. > 0). 


For this means that it is possible to introduce the new integration variable 
p=|y(t)| in the last integral and that dé<const.|dp|/p. This fact, when 


combined with 
(171) log | y(t)|~pl as too 


(cf. (11), (12)), and assumption (91 bis) imply (169). 


Condition (11) means that, as lt, 
(172) 


where L =, is defined in (6). It is clear from the differential equations 
(4) that |(| y(¢)|*)’—2pL(t)| is majorized by 


h 
const. {(| y(#)|?—L(t)) +|F(éy)||y|} +23 ytyt* |. 
q k=2 


If h,, 1, the last term is missing. If hy, =1, the last term is not greater 
than 2L(¢). Hence (170), for large ¢, follows from (172) if either hy =1 
or »<—1. This proves (tf bis). 
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PRIMITIVE ALTERNATIVE RINGS AND SEMI-SIMPLICITY.* 


By Erwin K1LEINFELD. 


1. Introduction. Jacobson has characterized primitive, associative rings 
as dense rings of linear transformations on vector spaces over division rings 
and developed a structure theory for semi-simple associative rings without 
chain conditions [3], which generalizes the well known Wedderburn theorems. 
It seems natural enough to ask whether this theory extends to alternative 
rings. This question was first proposed by Smiley ([8], question 5). 
Kaplansky has shown [4] that p-regular, primitive, alternative rings are 
either associative or Cayley-Dickson algebras. He also conjectured that the 
assumption of p-regularity would prove to be superfluous. The present note 
shows that indeed this is the case. 

The method of attack is to prove a primitive, alternative ring either 
associative or simple. This in turn is facilitated by the ease with which one 
can construct two-sided ideals within right ideals. As a by-product we obtain 
an elementary proof that an alternative, non-associative ring without proper 
two-sided ideals has no proper one-sided ideals. This accentuates how 
ditferent the associative theory is from the alternative, for while it is an 
elementary exercise to show that an associative ring without proper right 
ideals is either trivial or a division ring, the last mentioned result does not 
seem to make the classification of simple, alternative rings any easier. Indeed 
it is still an open question whether alternative, non-associative nil rings with- 
out proper ideals exist. 

The notion of primitive ring lends itself to a structure theory for semi- 
simple rings. Every alternative ring modulo its radical turns out to be a 


subdirect sum of primitive rings. 


2. Definitions and identities. In order to facilitate the reading of the 
proofs we mention some of the essential definitions and identities. For back- 
ground material as well as development of the identities we refer the reader 
to [2]. 

We define (a,b,c) =ab-c—a-bc, and (a,b) =ab—ba, for arbitrary 
elements, a,b,c of a ring R. If R is assumed to be alternative then (a, b,c) 
becomes a skew-symmetric function in its three variables. 

The function f(w,2z,y,z) is defined by the equation 


(wa, y, 2) =f x,y,z) + 2(w, + (a, y, 


* Received May 25, 1955. 
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f(w, x,y,z) turns out to be skew-symmetric in its four variables. Furthermore 
it satisfies the equation f(w,2z,y,z) = ((w,z),y,2) + (w,2, (y,2)). 

The nucleus NV of RF is defined as the set of all n in FR with the property 
(n,R,R) +0. The center C of F is defined as the set of all ¢ in N with 
the property (c,R) =0. The connection between N and C is explained by 
Lemma 2.3 of [5]. 

An alternative ring is defined to be simple in case it has no proper two- 
sided ideals and is not a nil ring. 

An alternative ring is defined to be primitive in case it contains a regular, 
maximal right ideal, which contains no two-sided ideal of the ring other 
than the zero ideal. 

The radical of an alternative ring is defined as the intersection of its 


regular, maximal right ideals. 


3. Construction of ideals. If A is any right ideal of an alternative 
ring R then we define an element s to be special relative to A in case (i) s is 
an element of A and (ii) Rs CA. The following Lemma justifies this 


definition. 


Lemma 1. For any right ideal A of an alternative ring R, the special 
elements form an ideal of R. 


Proof. Let s, s’ be any two speciai elements. It follows directly 
from the definition that s—s’ must then be special. If x and y are arbi- 
trary elements of R, consider first zs. By definition xs is in A, while 
yrs = — (y,27,8) + yx-s. Since A is a right ideal of R and s is a member 
of A, it follows that (y,z,s) = (s,y,x) =sy:x—s-yx is also in A. We 
have shown that y-zs is an element of A and consequently «xs is special. So 
far it has been established that the special elements form a left ideal of R. 
But also = — (y,s,x) + ys:x. Since ys is in A, so is and there- 
fore y:sx. But then the special elements form a two-sided ideal, as was to 
be shown. 

In the next Lemma we develop an important property of the ideal of 
special elements. 


LEMMA 2. For any right ideal A of an alternative ring R all elements 
of the form (A,A,R) are special. 


Proof. As before (A,A,R)C A. Let us consider elements of the form 
R(A,A,R). Select any a, a in A and r,s in R. Then 


s(r,a,a’) = (rs, a, a’) —f(r,s,a, a’) — (s,a,a’)r. 


a 
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Clearly (7s,4,a’) is in A, as well as (s,a,a’)r. Since 


f(r, 8,4, a’) ((7, 5), 4, a’) + (r, 8; (4, a’)), 


we obtain also that f(7, s,a,a’) is a member of A. Consequently R(A, A, R) CA, 
which makes all elements of the form (A, A,#) special. 
At this point we obtain the following result: 


THEOREM 1. Jf R is an alternative, non-associative ring which has no 
proper two-sided ideals, then it has no proper left or right ideals. 


Proof. let us suppose that A is a proper right ideal of R. Then by 
virtue of Lemma 1 the special elements of A consist of just the zero element. 
Then we may use Lemma 2 to get (A,A,R) =0. From Theorem 3.2 of [5] 
it follows that the nucleus NV and the center C of R& coincide. This in turn 
is used to prove Lemma 3.3 of [5], which asserts that if (7,y,R) =0 then 
(x,y) =0. From this we conclude that (A,4) 0. In other words A 
must be an associative, commutative subring of R. For any elements r,s in 


R and a,a’ in A, 

f(r, 8,4, a’) = (rs, a, a’) —s(r,a, a’) — (s,a,0’)r =0, 
thereby making f(A,A,R,R) =0. As a consequence of this 

0 = (ar,s,a’) =f (a,r,s,a’) + r(a,s,a’) + (1,8, 0’)a, 


so that (r,s, a’)a—=0. This implies that R,A)A—0. Since (R, R,A) CA, 
while A is commutative, also A(R,R,A) 0. But then 


(aa’,r,s) =f(a,a’,r,s) + a’(a,r,s) + (a, 7, s)a=0. 


Consequently (A*,R,R) 0 and A? is in the center of R. In that case 
RA? = A?*R C A, and hence all elements of the form A? are special. This 
of course implies again A270. Now A-+RA is a two-sided ideal of PR. 
Since it contains A 0, it must be all of R. But then RA —(A-+ RA)A —0. 
Therefore A is a two-sided ideal of R. But this contradicts the original 
assumption that R has no proper two-sided ideal and the proof is completed. 

This result is new only to the extent that it applies to nil rings. For 
we have shown elsewhere [6] that alternative, non-associative, simple rings 
are Cayley-Dickson algebras. The present proof however is quite elementary. 
In fact we may use it to establish the well known result that Cayley-Dickson 
algebras have no proper left or right ideals. The question of whether alterna- 
tive, non-associative, nil rings without proper ideals exist is an open one. 
For aesthetic reasons one would like to be able to answer this in the negative. 
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4. Primitive rings. Throughout this section R will denote an alterna- 
tive, non-associative, primitive ring and A a regular, maximal right ideal of 
R, which contains no two-sided ideal of FR other than the zero ideal. Again 
it is clear that the special elements of A are all zero, so that (A,A,R) =0 
and (Rk, R,A)A 0, using the same arguments as before. Next we prove 


LeMMA 3. Jf an element t of R has the property Rt=0, then t=0. 


Proof. The regularity of A assures the existence of an element g in R 
with the property that for every z in R gy—wzisin A. Then in particular 
gt—t is in A. But gf—0, so that ¢ itself must be in A. In that case ¢ 
is special relative to A and t= 0. 

The next step is to show that F is prime. 


LemMA 4. Jf Band B’ are ideals of R such that BB’ =0, then either 
B=0 or B’=0. 


Proof. Suppose that B40. Then B cannot be contained in A. Since 
A is a maximal, right ideal and A + B is a right ideal properly containing A, 
we must have A+ B=R. Then RB’ —(A + B)B’ = AB’ + BB’ CA. 
But clearly RB’ is an ideal of R, so that RB’=0. Lemma 3 now tells us 
that B’ 0, which is what we wanted to show. 

Denote by N the nucleus of R and by C the center of #. Then with 
the aid of Lemma 2.3 of [5] we prove the following results. 


Lemma 5. (i) N=C. (ii) tf a,b are elements of R such that 
(a,b,R) =0, then (a,b) =0. 


Proof. Suppose S is any non-zero subset of FR and suppose the two- 
sided annihilators of S form an ideal 7 of R. Then 7 must be the zero 
ideal. For since 7 is an ideal, the two-sided annihilators of it also form 
an ideal, which moreover contains 8. Then by virtue of Lemma 4, 7 must 
be zero. 

If we assume VNC then (N,R)~0. Since (N,R) CN, the anni- 
hilators of (V,R) form an ideal, which must then be the zero ideal. From 
this point on we appeal to [5]. Let x be an arbitrary element of R. Then 
every element of the form ((#,#,#),R,R) or of the form (2, R, R) (2, R, R) 
is in this ideal. The latter leads us to conclude that if wu is any element of 
the form (FR, R,R), then uw is an element of N and u2=0. The annihilators 
of (u,R) form an ideal, which contains wu since (2, R,R)(2,R,R)=0. If 
u+0 then (u, PR) 0, so in either case wu is an element of (. Note that 
Ru is an ideal of RP and that (Ru)? =0. Using Lemma 4 we obtain Ru = 0, 
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so that with the help of Lemma 3 u=0. Since the argument holds for any 
associator u, R must be associative, which is contrary to assumption. The 
contradiction arose from the assumption that WN CC, hence (i) is established. 
Let c, c’ be arbitrary elements of C. Then Re and Re’ are ideals of R. 
If in addition cc’ —0, then (Rc) (Rc’) =0 and as before either Re —0 or 
Rc’ =0. Consequently either c=0 or c =0. In other words C’ has no 
divisors of zero. Assume now that (a,b,R) 0. Then as before it follows 
that f(a,b,R,R) =0, and then ((a,b),R,R) —0, which means that (a,b) 
belongs to the set N—C. But (a,ab,R) —0, so that (a,ab) =a(a,b) also 
belongs to C. Then 0 = (a(a,b),b) = (a,b)*, and from the previous remark 
we may conclude that (a,b) =0. This concludes the proof of the lemma. 
Now for the main result: 


THEOREM 2. Every primitive, alternative, non-associative ring is a 


Cayley-Dickson algebra. 


Proof. Using (A,A,R) =0, (A,R,R)A =O and Lemma 5 we obtain 
(A, A) =0, f(A, A, R, R) =0, (A?, R, R) =0 and A? CC. Suppose c belongs 
to the intersection of A and C. Then Re—cRCA. Since Re is an ideal 
of R, we get Re —0, which implies c—0. Since all elements of the form A? 
belong to this intersection, A270. Again either A is an ideal of FR, in 
which case A —0, or A-++ RA, which is an ideal of R, contains A properly 
and so A+ RAR. But if the latter is true then RA = (A+ RA)A =0, 
so in any case A=0. As A was chosen to be a maximal right ideal of R 
this simply means that R has no proper right ideals. Also g now becomes 
a left unit of # and hence RF cannot be nil. Then F is a simple ring and 
therefore a Cayley-Dickson algebra. 


5. Semi-simple rings. Having defined the radical Q of an alternative 
ring # as the intersection of its regular, maximal right ideals, we shall call 
? semi-simple in case Q@=0. An ideal of R will be said to be primitive in 
case R modulo this ideal is a primitive ring. It is clear that the intersection 
of the primitive ideals is contained in Q and we proceed to prove equality 
using our knowledge of primitive rings. It will suffice to show that in a 
primitive ring the intersection of all regular, maximal right ideals is zero. 
We have already seen that Cayley-Dickson algebras contain no proper right 
ideals, while it follows from Jacobson’s density theorem for associative, 
primitive rings that the intersection of all regular, maximal right ideals is 
zero. For take a fixed representation of R as a dense ring of linear trans- 
formations. Then the annihilators of any non-zero vector a form a regular, 
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maximal right ideal (an element sending a into a acting as left unit) and 
the intersection of all of these is clearly zero. We have proved 


THEOREM 3. The radical Q of any alternative ring R 1s a two-sided 
ideal having the property that R/Q is a subdirect sum of Cayley-Dickson 
algebras and primitive, associative rings. 


The radical Q has also been characterized by Brown [1] as the set of 
all elements a in R such that every element 6 in the ideal generated by a has 
the property that (1—}b)R generates R as a right ideal. Kaplansky has 
shown [4] that the radical defined by Smiley [7] is always contained in Q 
and coincides with @ in the case of a Zorn ring. Whether it coincides in an 
arbitrary alternative ring R is an open question. No general structure theory 


for R modulo its Smiley radical seems to be known. 
Q 


In conclusion we point out some immediate applications of Theorem 3. 
Various associativity conditions that hold for Cayley-Dickson algebras now 
carry over to semi-simple alternative rings. For example it follows that the 
square of every associator of a semi-simple alternative ring lies in its center 


while the square of every commutator lies in its nucleus. For arbitrary 
alternative rings it is known only that the fourth power of every commutator 


lies in its nucleus [6]. 
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APPENDIX TO THE PAPER “MEAN PERIODIC FUNCTIONS I”.* 
By Leon EHRENPREIs ** 


In our paper, “Mean Periodic Functions I” (see [2]) we considered 
the problem of whether an entire function f of n complex variables can be 
approximated by linear combinations of the exponential monomials which 
oceur as the limits of its translates. The following result was proven: Let 
91 denote the space of entire functions of m complex variables with its usual 
topology (see [3]), and let V be any variety in #, i.e., V is a closed linear 
subspace of & with V54{0} which is closed with respect to translation. 
Denote by &’ the dual of 9 with the topology of uniform convergence on the 
bounded sets of &# ; #’ is a commutative topological ring under convolution. 
Call V’ the set of all Se &’ such that S-f—0 for all fe V. It is readily 
verified that V’ is a closed ideal in #’ which we call the annihilator ideal 
of V. Then we showed that if V’ is a principal ideal (that is, V’ has one 
generator as a closed ideal) then every fe V is the limit of the linear com- 
binations of the exponential monomials in V. In the present paper we shall 
show that such is not the case if V’ is not principal. (See [2], Problem 2, 
p. 306). 

We showed in [2] that the question of whether or not every variety 
V is the closure of the linear combinations of the + <ponential monomials 
in V is equivalent to the following problem on ideals in rings of ana- 
lytic functions: Denote by H’ the Fourier transform of 9%’, so H’ is the 
ring of all entire functions of exponential type of mn complex variables 
Z;,Z2,° Zn; the topology of H’ is described in [2]. Let I be a closed 
ideal in H’; is I determined by its cospectrum (see [2])? That is, suppose 
F eH’ has the property that, for every point z in complex Euclidean n space 
and any non-negative integers 7,,72,- *,7n, the conditions 


for all HeI whenever -,0S imply 


(2) [ /9Z 072 F'| (z) 0; 


is Fe? We shall produce a closed ideal J in H’ and a function Fe H’ such 
that conditions (1) imply (2), but F¢ J. 


* Received July 22, 1955. 
** Work supported by National Science Foundation Grant NSF5-G1010. 
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(At this point we should like to note some error in the terminology 
used in [2]. We have often used the term 
for “linear combination of the exponential monomials of V.” The spectrum 
of a variety V as defined in [2] corresponds to the exponential monomials 
in V. Thus, problem 2 on p. 306 should be formulated as follows: “Is 
every variety determined by its exponential monomials, that is, if W is a 
variety and fe W, is f the limit of the linear combinations of the exponential 
monomials of W?” ‘This is equivalent to the statement about cospectra of 
ideals made there. Thus, our proof of Theorem 9 on p. 321 really proves 
that V is determined by its exponential monomials—a much stronger state- 
ment than that made in Theorem 9. The reader will have no difficulty in 
correcting the other cases of this error in notation.) 

Indeed, let n= and let I be the closed ideal in H’ generated by 
the functions H,(2,, 22) =2:-+ 2, 22) =%1%2. Since the topology of 
H’ is stronger than pointwise convergence, every HeJ must vanish at the 


“exponential polynomial in 


origin. On the other hand, the only common zero of H, and Hz is clearly 
the point (0,0). Moreover, [ (@/0Z,)H,|(0,0) =1, [(@/02.)H,](0,0) =1. 
Thus, in order to construct our example, we need only produce one function 
Fe H’ which vanishes at (0,0) but does not belong to 7. We claim that such 
a function is F'(2,, 2.) = 2,. 

To see that z,f 7, denote by /* the (algebraic) ideal generated by H, 
and H, in #. Then by a result of H. Cartan, 7* is closed in # (see [1], 
p. 62, Theorem 11). On the other hand, by [2], p. 29%, Proposition 4, the 
topology of H’ is stronger than that induced by #. Thus, 7* DJ. But it 
is clear that there do not even exist formal power series G,, G, in two 
variables such that H,G,+ H.G,—F. Thus, F¢/*, so F¢I. This com- 
pletes the proof of our assertion. 


vemark 1. Let us consider the change of coordinates 7, X,—JX,, 
_- Then 


(3) H,-H,=X,, H.— H, = X,X,.— X,”, FoF=X,—X:. 


Thus, by (5), [(0/0X.)H,](0) = 0, [ (6/0X.)H.](0) =0, but [ (4/0X.) F](0) 
=1+0. (This gives another proof that F¢I.) Thus, though we have 


shown that the answer to problem 2 of [2], p. 306 (as amended above) is in 
the negative, it seems reasonable to expect that the answer to the following 
problem is in the affirmative: 


Problem 2’. Let J be a closed ideal in H’, and let GeH’. Suppose 
not only that conditions (1) (for J instead of 7) imply (2) (for @ instead 
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of F) but that the similar property holds after an arbitrary afline change of 
coordinates. Then, is GeJ? 

An affirmative answer to Problem 2’ would clearly imply that every 
variety is determined by its exponential polynomials; the converse is, how- 
ever, not obvious. Problem 2’ will be discussed in detail in a later publication. 


Remark 2. It is a simple matter to extend the above to the case of 
more than two complex variables. Moreover, the space # can be replaced 
by essentially any space such that the Fourier transform of its dual is a 
space of entire functions. In particular, we may replace &# by the space € 
of Schwartz (see [3], [4]). 
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ON THE REGULAR SOLUTIONS AT A POINT OF SINGULARITY 
OF A SYSTEM OF NON-LINEAR DIFFERENTIAL EQUATIONS.* 


By Rosert W. Bass.? 


1. Introduction. A theorem of Lettenmeyer [3] (which is a generaliza- 
tion of a theorem of Perron [5], reproduced in Bieberbach’s recent Theorie 
der gewihnlichen Differentialgleichungen auf funktionentheoretischer Grund- 
lage (1953), pp. 161-172) concerns the existence of solutions of a system of 
linear differential equations 


n 

(1) (z) = > aij (t=—1,:--,n), 
j=l 

where w; = dw;/dz. In these equations s; (1=1,- are non-negative 


integers such that 
(2) 


and the aj(z) (i,j—1,: are regular in some neighborhood of z=0. 
Then ([{3]) the system (1) has at least n—s linearly independent solutions 
regular at the origin. 

The object of the present paper is to generalize this result of Lettenmeyer 
to the non-linear system 


(3) (z) = fi(z, Wn), (t=1,-- 


in such a manner as to include the classical Cauchy-Poincaré theorem as a 
special case. This problem was suggested to me by Professor Wintner. 

To be precise, let f,(z,w:,- be n funetions of n+ 1 variables, 
regular on some neighborhood of (2, -,Wn) = (0,0,- - -,0) and such 
that their power-series representations converge absolutely on the closed 
product set 


Suppose further that f;(z,0,0,- - -,0) ==0, so that the f; can be written in 


the form 


(4) fi= ay(z)wj + Wn), (t—1,---,n), 
j=1 


* Received May 13, 1955. 
1 National Science Foundation Predoctoral Fellow. 
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REGULAR SOLUTIONS. Too 


where the g; are power series which converge absolutely on (3a), (3b) and 
contain only terms of the second degree or higher in the w. 


THEorEM 1. Let (2) and (4) hold. Then the system of differential 
equations (3) admits of at least an (n—s)-parameter algebroid family of 
solutions regular at z=0. The solutions will have algebroid dependence on 
any additional parameters in which the f; are given regular. (The precise 
meaning of “k-parameter algebroid family” and “algebroid dependence” 
will be set forth in Section 2.) 


The technique of the proof constitutes an application of Wintner’s theory 
({7]) of analytic functions of infinitely many variables and of infinite implicit 
systems. We first suppose that (3) has a regular solution of the form 


(5) wi(z) = > diz, 
j=0 

Then insert (5) in (3) and compare coefficients to obtain the necessary 
conditions 
(61) (v—si+ 1) di = fv (djo, dy3j 
(i=1,:--,n;v—0,1,2,---). Here dy=0 for k<0 by definition, and 
the fi, are polynomials in dj, djo,- -,djy with coefficients 
regular in dj (7=—=1,° -,%). 

In the classical case, s;5=0 (t—1,---,n) and the conditions (6v) are 
recursive; the coefficients dj; for 7 = 2,3,- - - are known explicitly as regular 
functions of the m parameters dio,- -,dno. By Cauchy’s majorant method 


it is then proved ([6]) that for every *<1;, an rz can be taken so small that 
(5) converge for |z| rand satisfy (3b) whenever | dj. | << rs (t—=1,---,m) 
holds. 

In the general case, however, the conditions (6v) are not recursive. Note 
that by (2) we have in general excluded the Fuchsian theory of regular 
singular points (s;—1,9;=0;1—1,---,n), but have not excluded those 
regular singular points for which some f; contains a factor z. (Nor have we 
excluded those irregular singular points which satisfy the necessary con- 
ditions ([1], p. 417) for the existence of n—s solutions “regular” in the 
sense of [1].) 

Suppose now that some s; is positive, so that the system (6v) is non- 
recursive. 

When the f; are linear in the w; (i.e., gs==0), the conditions (6v) are 
linear. Consequently the theory of infinite matrices may be applied. By 
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using the resolvent series (C. Neumann), Perron ([5]) and Lettenmeyer 
({3]) showed that the system (6v) (v—=0,1,- - -) admits of at least n—s | 
linearly independent solutions, each of which ‘is such that the corresponding j 
solution (5) of (3) converges for all |z| 1. 

In the general case, the conditions (6v) are neither recursive nor linear, 
Our method of proof will be to effect a change of variables such that Wintner’s j 
fixed-point theorem for analytic (but not in general completely continuous) fp 
mappings in a separable Hilbert space is appi:.able. This theorem allows 
us to conclude that for a sufficiently large integer N the components of the 


vector representing the fixed point will be regular in the dj (t—1,: - -,n; 
j=1,--.-,N) and any parameters in which the f; are given regular. (The | 
algebroid dependence occurs only among the dj; (t=1,---,n;7—=1,--- ,N).) 


Since the (modified) coefficients of the power series (5) obtained in this | 
way are components of a vector in the Hilbert space we can easily prove the 


convergence of the solution (5). t 

Our change of variables is . 
(7) ba = 
(t—1,-- -,n3;k—1,2,---), &o0—dio, which differs slightly from that of t 


Lettenmeyer: our proof of the boundedness of the matrix of the linear terms 
of the f;, in (6v) roughly parallels his proof, but by using (7) we can 
conclude directly (without explicit estimates) that the non-linear terms do 
form a mapping in Hilbert space. In fact, explicit estimates of his type 
would imply that the power series (5) converge only in the open circle 
|z| <r; but (7) and Schwarz’s inequality imply that the series (5) con- ( 
verge absolutely on the closed circle 


] 
(8) |z|sSr. 0 
Now (8) allows the Parseval relation for the g; to be applied at |z| =r, ; 
which produces the desired result. 
We shall also generalize Theorem 1 as follows: . 
THEOREM 2. Let fi(z,wi,- -;Wn), - -,n), be as in Theorem 1. ( 
Let bix(z), (i,k =1,---,n), be regular on some neighborhood of z=0 
and convergent on (3a); furthermore, assume that det || bi,(z)|| $40, and t 
that det || bi.(z) || has an s-fold zero at z=0 with s<n. Then the system ‘ 
of differential equations \ 
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(i=1,---,n), has at least an (n—s)-parameter algebroid family of solu- 
tions regular at z=0. The solutions will have algebroid dependence on any 
additional parameters in which the f; are given regular. 


2. Definition. We shall say that (3) has an m-parameter algebroid 
family of solutions regular at the origin when the following conditions are 
satisfied : 


(i) For every positive r<r, there exist a positive r3; <1r2, 2m non- 


negative integers %, jx, (k=1,:-+,m), a positive integer N and n?N? 
(complex) constants pijx, (1,4 =1,- such that for 
any choice of complex numbers px, (k=1,:- -,m), satisfying 

(10) | | < ts, =m1,---,m), 


there exists a power series solution (5) of (3), absolutely convergent on (8), 
satisfying (3b), and such that if we put 


N 


~ 


(10’) pig = 
k= 


>. 


l=1 


then 
(ji) the transformation (10’) is non-singular, and 


(iii) all the initial conditions dyj=w; (0), (t= 1,---,n3 7 =1,2,---) 
are algebroid functions of the m parameters p,, where 


If the f; contain g additional parameters, then the y,; of (10’) depend linearly 
on them (as well as the dj,), which by (11) implies the algebroid dependence 
of the solution on these m-+q parameters. 


3. Proof of Theorem1. Substitute (5) into gj(z,w,,:--*,W,) and 
expand formally, 


(12) Gi = D Giv 2” (t—m1,---,2), 
v=0 

to define the polynomials gi, = - -,) whose coeffi- 

cients are uniformly convergent power series in the dy (k=1.-- -,n). 

Also, let 


(13) 


13% 
J 
) 
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Let M, be the largest maximum modulus of the g; on (3a), (3b), and JW, 
the largest for the aj; on (3a). Let r be fixed such that O<r<r,. By the 
remark following (8), whenever (5) converges on (8) and satisfies (3b) 


there, 


(14) > | Gx |?r™ (t—1,---,n). 
k=0 


Since the g; are, by (4), power series containing no terms of degree 
lower than the second, replacing the w;, in (3) by piw,, (kK=—1,-- -,n), 
replaces g; in (12) by (dx, 4), where *9;(d1, 4) is @ power series in 
If this change of scale is made, (12) and (13) inserted in (16r), and the 
result divided by pw, we have the equivalent conditions 


vp 
(151) +1) t (dey a). 

j=1 = 
Split off the nV +s equations for y=0,1,---,N+s,—1, ((=1, 

- +,m), and call them (15a) ; call the remaining infinite system of equations 
(15b). 
Now when (7) is used, (15iv) become 
where (letting 1/A—1 at A=0) 
(16a) > (aij En 
j=1 A=0 


(16b) Giy = (dar, 7”) = [giv 


To consider (15b’) put vy—s;—« in (15w’), (16a), and (16b), and require 

a=WN (N is to be fixed later). We then have 

(15b’) = Fiass, + ass, (4); (2=N). 
Let 7; be such that 0 << rs < 273 << min(7r;,7r2) and require that 

(17) | Eo | < < re). 


Suppose also (subject to later verification) that (15a’) can be solved in such 
a manner that 
(18) | | < 


where 0<e=r;. Since the right hand sides of (15b’) contain no &,; with 
j greater than s;, the functions Fj and are “analytic functions 
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of the infinitely many variables & in the 
sense of [7]. The remaining &);, (k =0,1,- --,N) are for the present to be 
regarded as parameters. Note that by (16a), (16b), and the remark following 
(12), the Fi, and Gi, converge uniformly in these parameters when the para- 
meters are restricted by (17) and (18). 

Let M.,, and N.,. be the regions (17) and (18), and define M,, and N, 
similarly. Let ka represent the open disk |» | <A and Ks; the sphere 


(19) = | |? << &. 
Fix 8 such that 
(20) § < — 
note that decreasing r,; (which must be done later) does not disturb the 
inequality (20). At first suppose merely that «7; <6, so that whenever 
(17), (18), and (19) hold, the inequality 
(21) | Six | < 28 
holds for all 2, k. 


If we can show that for some fixed A, say A, > 0, there exist numbers 
wy and w such that, on the product set Ks < Mz, * No, 


n 
(22) x | (23) | Gi [? < o, 
i=1 k=N t=1k=-N 


and that (keeping 8 fixed) wy as then by Theorem Ila of [7] 
there exist an N and a A<A, such that (15b) has exactly one solution 
&.j(u), analytic on ka and satisfying (19), for each point of Mo,, Nee. 
(This is true because by letting A be sufficiently small, not only wy but also 
|» |*w can be made sufficiently small in relation to the fixed 8.) This solution 
(k=1,-- j=N+1,N+2,-- -) is analytic in all parameters on 
ks X M,, X N.; it is also analytic (for a halved radius of convergence) in 
any other parameters in which the f; (and so the F’s and G’s) are given 
analytic. 
We first consider the validity of (22). By (16a) and (21), 


nm 
(24) | F; | < >» | Qi; | X/X. 
f=i 
Now by the choice of r, 6=r/r,<1. We next use Cauchy’s coefficient 


estimate for (13) to establish that 


A-0 
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By splitting the sum in (25), using Schwarz’s inequality on the first half 
and majorization by a geometric series on the second, we find 
ats, 
(26) D < 4+. 2e./(a + 8,;—1), 
A=0 
where and c.—1/(1—6). By (25), (26), 
and Minkowski’s inequality, we can take for wy in (22) 
(27) oy = 
where Qy = [ — 64)4) +- 2c.(1/(N —1)?-+- - -)4]*. Consequently, 
we can choose N so large that wy is as small as required. 
We have assumed e717; <6. Now that WN is fixed, we may further 
diminish r, if necessary, in order to ensure that 
(28) 4nNé = 4nNr,? < 8. 
We shall next prove (23), under the hypotheses (17), (18), (19). By 
(28), the hypotheses (18), (19) imply 
(29) > |? < 28". 
j=1 k=1 
This holds a fortiori if the first summation sign is removed. Hence by 
Schwarz’s inequality and the fact that }1/k? = 2/6, 


(30) Elda 3 | S 28/33, 


which proves that the series (5) converge absolutely on (8). Furthermore, 
by (17), (20), and (30), 


(31) | wo(2)| S | dio | + | | 


In proving (23), we need only (by the maximum modulus theorem for the 
partial sums of (23), as stated in Littlewood [2], p. 238) consider the 
functions giy(u) of (12), (14), and (16b) at || —1, as will now be shown. 
Equation (31) (which continues to hold when the d;, are each multiplied by 
e'?, > 0) shows that for any choice of the coefficients of (5) satisfying (17), 
(18), and, above all, (19), the power series (5) can be inserted in the g; and 
expanded as in (12). Then (14) holds, and continues to hold, if the first 
N + s;—1 terms are omitted. Comparing this with (16b), we see that on 
|=1 we may put 

(32) w= 


sut then by the argument of [2], (23) holds for all |#|=1. 


j=l 
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Thus we have not only shown that the system of conditions (15b’) 
possesses solutions = &jx(, (4=N+1,N+2,---), 
analytic on ka X M,, X N,, but in (31) we have shown that the solutions (5) 
resulting from (15b’) converge on (8) and satisfy (3b), provided only that 
(15a’) and (15b’) can be satisfied simultaneously for values of é,, (4 =0, 
lying in M,, x N.. 

First, fix » on ka. Then the solutions of (15b’) just established can be 
rewritten by means of (7) in the original variables: 


(34) d; wep = nip (Gjo,* dyn), 
where ¢—maxs;,, (t=1,---,n). The functions yj are analytic in their 
N +1 variables. Since the solution (33)-(34) is unique and (3) admits the 
solution #;=0, (t—1,---,n), we know that 7;,(0,0,---,0)—0 for 
all 7, k. 


The > (N + s;) =nN +s equations (15a’) have the form 


0 = fjo(djo),° fj 5,-1(djo,° dj s,-1) 


According to the definition of o, none of the equations (35) contain variables 
which do not occur in the n(o—1) equations (33). Furthermore, 
fix(0,- =0, (K=0,---,N+s;—1). Considering (33) and (35) 
as a single system, we then have nN + s-+ no—n analytic implicit equations, 


(35) 


vanishing at the origin, for the n(N-+o) unknowns dj,- - -,d;y+0-1, 
(j=1,:--.n). Consequently, by a theorem of Weierstrass (as stated in 


[4], p. 132), at least n(N +0) — (nN +8+2o—n) =n—s linear com- 
binations of the unknowns can be left as parameters, say the p, of (11), with 
m = n—s; and the remaining unknowns can be found as algebroid functions 
of them. Moreover, the transformation (10’) is non-singular, and since 
these algebroid functions disappear at p,—0, (tk =1,- - -,m), the equations 
(17) and (18) can be satisfied (with r, and « replaced by 4r, and $e) by 
decreasing the value of r; which appears in (10). 


4. Proof of Theorem 2. Let cix.(z), di(z), (t,4 =1,- - -,n), be power 

series regular near z= 0 and such that det || ci, ||, det || di, || have no zeros in 
n 

some neighborhood of the origin. In (9) put wy—=Dcix(z)v,; then (9) 
j=l 


becomes a system (9’) of the same type for v,. If f; is given by (4), then 
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bi, is replaced by > biucy, and ay, replaced by (aijgbj, — The new 
j=1 
are of the second degree or higher in the v;. Now multiply the k-th equation 
of (9’) by dx(z) and sum over k (k=—1,- - -,n); the result is a system (9”) 
of the form (9) again, but with bj, replaced by ex, = Dd dij (z) cu. (2). 
j=1 


Lettenmeyer [3] has shown that d;;(z) and cy,(z) of the type mentioned can 
be so chosen that ej, == 2°85, (8% —0,1 4k; =i,1—k), where s; are integers 
satisfying (2). Theorem 2 then follows as an immediate corollary of 
Theorem 1. 
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REPRESENTATIONS OF SEMISIMPLE LIE GROUPS IV.* 


By HarisH-CHANDRA. 


1. Introduction. In an earlier paper of this series, I have given a 
method of constructing all irreducible quasi-simple representations of a con- 
nected semisimple group G (at least in case G has a finite-dimensional faithful 
representation) up to infinitesimal equivalence (see Theorem 4 of [5(d)]. 
However this method has one serious drawback. It can happen very well 
that the representation so obtained is infinitesimally unitary without being 
equivalent to a unitary representation. In order to make it unitary one has 
to introduce a new scalar product in a dense subspace of the representation 
space in some more or less artificial fashion and then complete this subspace 
with respect to the new norm. It would of course be much better if the 
unitary representations could be obtained in a more natural manner especially 
since it is often a rather difficult matter to decide whether a given repre- 
sentation is infinitesimally unitary or not. Suppose, for a moment, that G@ 
is a linear group and A is a Cartan subgroup of G. Then A can be written 
as a direct product of two subgroups A_ and A, of which the former is 
compact while the latter is isomorphic to a vector space. We say that A is 
incompact if A, has the maximum possible dimension. Now in the above- 
mentioned construction it was quite essential that one should start from an 
incompact A. However the study of simple examples (such as that of the 
22 real unimodular group [1,5(e)]) is enough to convince one of the 
necessity of searching for alternative ‘natural’ methods of construction 
which start out from other types of Cartan subgroups. The work of Gelfand 
and Graev [4] on the Plancherel formula of the n Xn real unimodular 
group points to the same conclusion. In a recent note [5(f)] I have given 
such a ‘natural’ mode of construction based on the concept of induced 
representations (see Mackey [6]), which is applicable to all Cartan sub- 
groups. By a simple argument the main problem can be reduced to the 
case when A is compact and therefore it is this particular case which requires 
intensive study. The object of the present paper is to deal with the algebraic 
aspects of this case, the function-theoretic aspects being left to a subsequent 
paper. Assuming that G@ is simple and its first Betti number is 1, we shall 
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give a quite general method of constructing a series of irreducible unitary 
representations of G parameterised by the characters of A. However if the 
first Betti number is zero (and G is not compact) this method does not give 
anything at all [5(g)]. (It seems likely that this is not due to a fault of 
the method but rather reflects an essential difference in the two cases with 
regard to representation theory. It is noteworthy that a similar difference 
has been observed by E. Cartan [3(d)] in his theory of bounded homogeneous 
symmetric domains. There also exactly those simple groups come into play 
whose first Betti number is one.) The representations obtained in this 
manner bear a very close resemblance, in their algebraic structure, to finite- 
dimensional representations. As we shall see in another paper, they are also 
somewhat remarkable in so far as their matrix coefficients are square-integrable 
on the group [5(f),(g)]. In the last section we obtain a formula (see 
Corollary to Lemma 21) for the multiplicities of the various weights of these 
representations. 

Some of the results of this paper have been announced in a short note 


[5(g) J. 


2. Preliminary lemmas. Let Ff be the field of real numbers and V a 
vector space over FR of finite dimension. We shall say that V is ordered if 
there is given an order in V satisfying the following condition. If u,v are 
two elements in V and a is a positive real number then u-+ v> 0 and au > 0 
whenever u >0,v > 0. An element we V will be called positive (with respect 
to the given order) if u>0. Let % be the space of all linear functions on V. 
Then there are two simple ways of introducing an order in % which depend 
on the choice of a base either in V or in %. Let H,,- - -,H, be a base for V. 
We define a function A&¥% to be positive if A440 and A(H;) > 0, 7 being the 
least index such that A(H;) 40. This is called the lexicographic order in § 
corresponding to the base (//,,---,H,). Similarly let (A:,- be a 
base for %. Then every Ae can be written as A—c,A, +: -+ cA; 
We now define A to be positive if A0 and c,; > 0 where 7 is the least index 
such that c; 40. The order so defined is called the lexicographic order in 
corresponding to the base (A,,° *,Az). 

Let g be a semisimple Lie algebra over the field C of complex numbers 
and let § be a Cartan! subalgebra of g. Let hz denote the subset of those 
elements of § at which every root @ (of g with respect to ) takes a real 
value. Then hz is a vector space over R and if H,,- - -,H, is a base for bp 


2 We use the standard terminology of the theory of semisimple Lie algebras (see 
for example [5(b)]). 
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over R, it is also a base for § over C. We say that a linear function A on § 
is real if A(H) is real for Hebh,r. Then the set %p of all such real functions 
may be identified in the obvious way with the space of all linear functions 


on hr. Hence corresponding to the base (H,,- - -,H1) we get a lexicographic 
order in %r. Similarly if @,,- - -,a, are J linearly independent roots they 


form a base for zg and we obtain the corresponding lexicographic order in Sr. 

Let 7 be a representation of g on a vector space V over (. A linear 
function A on § is called a weight of = if there exists an element y0 in V 
such that 7(H)y—A(H)y for all Heh. A weight A is called extreme if 
it is impossible to find a root « such that both A+ a and A—a are also 
weights of +. It is well known (see Weyl [7]) that if dim V is finite every 
weight A is real. 

For each root « choose an element X,~0 in gq such that [H, Xa] 
=a(H)X, for all Heb. Then Hy =[Xq, lies in and we may suppose 
that XY, is so chosen that «(H,) 2. Let 8 be the universal enveloping 
algebra of g. We identify representations of g with those of 8 in the usual 
way. 

LemMa 1. Let x be a representation of g on V and let p40 be an 
element belonging: to the weight A. Suppose a is a root such that 
= for some integer r=1. Then A(Hgq) 1s an integer 
and A—ka is a weight of for all integers k such that 


min(0,A(H,)) max(0, A(Ha)). 


In particular A—A(H,)a is a weight of «~. Moreover if «(Xa)¥=0, 


A(IT,) is equal to the smallest integer r=0 such that = 0. 


The proof of the first two statements is substantially the same as that 
of Lemma 11 of [5(b)]. Now suppose 7(X,)y—0. Let s be the least non- 
negative integer such that Then if y,—0, and 
Wy, =7(X_.")v (k 21) the argument of Lemma 11 of [5(b)] shows that 


Putting k =s +1 we get A(H,) =s and this proves the last part of assertion. 

Let A be a linear function on h. We say that an element De® is of 
rank X if [H,b] =A(H)b for all Heh. Elements belonging to different 
ranks are linearly independent and if 8, is the set of all elements in 8 of 
rank A, B is the direct sum of B) for all A [5(b), Lemma 2]. By the com- 
ponent of z of rank X (ze) we mean the component of z in By in this 
direct sum decomposition. 


Now suppose % has been ordered in some way. 
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LemMaA 2. Let x be a representation of 8 ona vector space V. Suppose 
A is a linear function on h and y0 a vector in V such that: 


(1) 7(Xq)~¥=0 for every positive root a; 
(2) for all Heb; 
(3) V—=x(B)y. 


Then if 4,°°-+,%, are all the distinct positive roots of g every weight of x 
is of the form A—(m,a,+----+ m,a,) where m,- - -,m, are nonnegative 
integers. Moreover if for each a we can find an integer nj=0 such that 
=0 then dim V is finite and x 1s irreducible. 


Since g is spanned by (Xq,,° - X-a,) it follows from 
Lemma 1 of [5(a)] and our assumptions above that V is spanned by elements 
of the form In view of Lemma 10 of [5(b)] 
our first assertion now follows immediately. Moreover it is clear that Cy is 
the space of all elements in V which belong to the weight A. 

Now suppose 7(X_q,"*!)¥Y=0, 1St=r. Then we claim that V is 
spanned by w(X9,%---X«,"")v¥, (OSuSn,1SisSr). For let U be 
the space spanned by these elements. It would be sufficient to show that 
+X for all m,---,m,20. We shall do this by 
induction on M=m,+---+m,. If MO the statement is obviously 
true and so we may suppose Jf >0. Also we may assume that m;> n; for 
some t. Let 7 be the largest index such that m;>n,;. If j7—=7, r(X_-a,"")y =0 
and so our statement is again true. Hence suppose;<r. Put 


if Then + and since 
m; > nj, Therefore 


But span a subalgebra of and therefore from Lemma 1 of 
[5(a)] z[4_.,”", w] can be written as a linear combination of X_,™'---X_¢,"" 
with m,’+----+m,’< M. Hence by our induction hypothesis U. This 
proves that U =V and therefore dim V is finite and V is fully reducible 
under z. Hence there exists a subspace of V’ which is invariant and 
irreducible under +(%) and which contains a nonzero vector wy’ belonging to 
the weight A. But then, as we have seen above y’=cw (ceC) and therefore 
V’=7(B)y’=V. This proves that z is irreducible. 

We shall need the following lemma due to E. Cartan [3(a) ]. 
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Lemma 3 (Cartan). Suppose w is an irreducible finite-dimensional 
representation of g and Ay is its highest weight. Then if W is the Weyl? 
group of g (with respect to h) sAy (se W) are exactly all the extreme weights 


of 


We sketch the proof for the sake of completeness. It follows from the 
arcument of Lemma 13 of [5(b)]| that if A is an extreme weight of z so is 
also sA for every se W. Since the highest weight is obviously an extreme 
weight, sAy (se W) are all extreme weights. Conversely suppose A is an 
extreme weight of +. Let A, be the highest one among sA (se W). Then 
A, is also an extreme weight and it would be enough to prove that A; = Ao. 
Let x be a positive root and s, the corresponding Weyl reflexion. Then 
= A, — A, Ay. Hence A,(H,) 20. We claim that A, is 
not a weight of +. For if it were we could conclude from Lemma 1 (since 
7(Y,) and r(X_,) are both nilpotent) that A,-+a—va is a weight for 
0<vSA,(H,) +2. This would imply however that A, + « and A, —a are 
both weights, contradicting the fact that A, is extreme. Let y~>40 be an 
element in V belonging to the weight A,. Since A,-+<¢ is not a weight, 
7(X,)~¥—0 and it follows from Lemma 2 that A, is the highest weight of 7. 
Therefore A, =A, and Lemma 3 is proved. 

A set (@:,° - *,@) of roots of g is called a fundamental system if it is 
a linearly independent set and if every root « can be written in the form 
a=d,a,-+----+d,a, where d; are integers which are aither all nonnegative 
or all nonpositive. 


Lemma’ 4. Let m be a subalgebra of g such that § C m and for each 
root « either X, or X_g is in m. Then it is possible to choose a fundamental 
system (%,° of roots such that X,,em, 1 S11. 


Let T be the radical of m and let Y—X* denote the natural mapping 
of mon m*==m/T. Then m* is a semisimple Lie algebra and } = ( +T)/T 
is an abelian subalgebra of m*. Let ¥—»adX denote the adjoint represen- 
tation of g. Then if Heh, adH is a semisimple ® linear transformation of g. 
Hence if ad*H* denotes the linear mapping of m* corresponding to H* 
under the adjoint representation of m*, it is clear that ad*H* is aiso semi- 
simple. Therefore h* can be extended to a Cartan subalgebra §,* of m*. We 
introduce some lexicographic order among the roots of m* with respect to },*. 
For every root y* of m* choose an element X,-*40 in m* such that 


(H*, X,.*] —y*(H*)X,.* for all H*eh,*. Let and 


* A very similar result has been obtained independently by A. Borel. 
* This means that g is fully reducible under adH. 
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let T'; be the complete inverse image of T,* in m. It is clear that [,* is a 
solvable subalgebra of m*. Hence I, is a solvable subalgebra of m containing 
h-+T. 

Now let B be any root of g. We claim that at least one of the two 
elements Xg or X_g is in T;. In order to prove this we may clearly assume 
that Xgem but Then [H,Xg]—B(H)Xg (Heb) and by going 
over to m* we get [H*, Xg*] (Heb). Since 
and so we can choose a root y* of m* such that y*(H*) = (JZ) for all 
Heb. Define «1 or —1 according as y* is positive or negative and put 
Y*—X,,-*eT,*. Then if Y is any element in [, whose image in m”™ is 
Y*, Y+0 and 

[H,Y|=c«B(H)Y (Heh). 


However YT, is invariant and fully reducible under adh. Therefore we can 
select an element ZeT, (740) such that 


[H,Z] =«B(H)Z. 


But then Z can differ from Y,g only by a nonzero factor in C and therefore 
X,.geT, Cm. This proves our assertion. 

Put B(XY,Y) =sp(adXadY) (X,Yeg). For any linear function 
on § let H)’ denote the (unique) element in § such that B(H)’,H) =d(H) 
for all Heh. Define <A, = B(HA)’,H,’) =dA(H,’) for any two linear 
functions A,y. Then it is well known [7] that if a is a root H,’=caH, 
where ¢, is a positive real number. Let y:,- - -,y: be a fundamental system 
of roots of g. We introduce the lexicographic order (in ze) corresponding 


to this system. Let A, be a linear function on § such that A,(/7,,) 11S! 


are all positive integers. Now if « is a positive root e=d,y,+---+diy 
where d; are nonnegative integers and therefore H,’ =d,H,/+---+dH1,,/'. 
Hence 


l 
CaNo(Ha) = Mo(Ha’) => dido(Hy,’) dicy,Ao(Hy,) 


and in view of the fact that ¢a,¢,,,Ao(H,,) are all positive and not all d; 
are zero we can conclude that <Ao,%> and A,(H,) are both positive. Let 7 
be an irreducible finite-dimensional representation of g with the highest 
weight Ay. (We know from Theorem 1 of [5(b)] that such a representation 


exists). Since T, is a solvable algebra, by Lie’s theorem we can choose an 


element 0 in the representation space V and a linear function » on 


such that r(X)Wo—=p(X)y for all YeT,. Since h CT, it follows that p 
coincides on h with some weight A of 7. Let 8 be a root such that XgeT,. 
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Then is an eigenvalue of +(Xg). But w(Xg) and are both 
nilpotent and therefore and r(X for r sufficiently 
large. Hence it follows from Lemma 1 that A(Hs)20 and A(Hg) 40 
unless r(X_g)¥o—0. Let -,Bs) be all the distinct roots B such that 
YgzeT, and among these let -,8,) be all those for which A(H,,) 40. 
Then A(Hg,) > 0, and in view of what we have proved above, 
is spanned by §, Yg, and Xs, Hence it follows from 
Lemma 1 of [5(a)] that 7(@)¥%o—V is spanned by elements of the form 


where are nonnegative integers. Since 
= 0, <j Ss, V is actually spanned by 7(X_g,™- - -X_,"*)y. This 
proves that every weight of + must be of the form A—(m,f,+- - -+m,8;), 


(m;=0). We now claim that A is an extreme weight of 7. For otherwise 
let be a root such that A-+-a and A—za are both weights. Then in view 


of the above result 


where m;,m;=0. Hence 0= (m,+m,’)B, -+ (m,+m,’)B, and so 


(m, + m,’)<A, Bi> + (mz me’) <A, (m, + m,’)<A, = 0. 
But we have seen above that A(//g,) >0 and therefore <A, B,> > 0, 


t=1,:--,7. Hence the above equation implies that m;—m/ =0, 1 
This however is impossible since «40. Therefore A is an extreme weight 
and we can conclude from Lemma 3 that A —sA, for some se W. 

We recall that <Ao,%> 340 for every root a Hence <A, a> = <Ao, 82> 
~ 0 and therefore A(//g) > 0 for every root B such that lies in T,;. This 
shows in particular that for any root 8 exactly one of the two elements X¢ 
and is in T,. Now put 1SiSl. Then (a,,- --.%) is also 
a fundamental system of roots of g and <A, a> —<Ao, > 0. Therefore 
A(H,,) >0 and hence Xq,eT; Cm. This proves the lemma. 


Corontary 1. Let P bea set of roots of g (with respect to h) satisfying 
the following two conditions. 

(1) For any root B exactly one of the two roots B and —B lies in P; 

(2) If «and B are in P and a+ B is a root thena+BeP. 
Then it is possible to select roots me P, 1SiSl such that (a,,- is 
a fundamental system of roots and this system is unique (apart from a permu- 
tution of tts elements). Moreover P is exactly the set of positive roots in 
the lexicographic order corresponding to (a,° %). 


It is clear that n= 3S CXg is a subalgebra of g and m—h-+n fulfils 
BeP 


9 


= 
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all the conditions of Lemma 4. Hence we can choose a fundamental system 
*,%) such that X,,em. It is obvious that a%eP. Let B be any 
positive root in the lexicographic order corresponding to this system. Then 


X¢ is contained in the subalgebra of g generated by Xq,, 111 (see Lemma 
18 of [5(b)]). Hence it follows from the second condition of our hypothesis 
that Ygen and therefore Be P. So every positive root is in P and hence in 
view of condition (1) no negative root can lie in P. This proves that P is 
exactly the set of all positive roots. Finally it is obvious that if @ is a root 
in P, it lies in the fundamental system (a,,- - - ,#,) if and only if it cannot 
be written in the form «—£,-+---+ 8, where are all roots 
in P and This shows that the system - -,%,) is unique apart 


from order. 


CoroLtuary 2. Let P be the set of all positive roots under any given 
order in Then there exists a fundamental system (a,,° consisting 
of positive roots and this system is unique apart from a permutation. More- 
over P is also the set of all positive roots in the lexicographic order corre- 


sponding to (%,° *,@2). 


For it is obvious that P satisfies the two conditions of Corollary 1. 


3. Representations with an extreme vector. 


DEFINITION. Let x be a representation of B on a vector space V. An 
element y in V will be called an extreme vector of + (with respect to §) 
if the following two conditions are fulfilled: 

(1) ws0 and there exists a linear function A on h such that 
for all Heb. 

(2) For any root B at least one of the two elements r(Xg)w, 7(X_g)y 


as zero. 


Suppose y is an extreme vector of z. Let m be the subalgebra of g 
consisting of all elements Xeg such that y is an eigenvector of +(X). 
Then m satisfies the conditions of Lemma 4. If 8 is a root such that 
belongs to the weight A+ and therefore X¥g¢m. 
Hence if Xgem, 7(Xg)y—0. Therefore from Lemma 4 it is possible to 
choose a fundamental system of roots - -,%,) such that r(Xq,)y—0, 
t—1,---,/. Then if we consider the lexicographic order corresponding to 


this system and set n= > CXg, n C m (Lemma 18 of [5(b)] and therefore 
B>o 
m(\e)¥—0 for all B>0. If £:,- - -,8, are all the distinct positive roots 


and we assun’» that V—72(%)y, it follows from Lemma 2 that every weight 


J 
1 
a 
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of is of the form A—(m,8, m,8,), (m:20) and therefore also 
of the form A—(d,a,-+- dja,) where d,,---,d, are nonnegative 
integers. 

Conversely suppose we are already given an order in %,r and y is an 
extreme vector of the representation z. We say that y is a positive extreme 
vector if +(Vg)¥—O0 for all positive roots 8. The above remarks show that 
any extreme vector is positive with respect to the lexicographic order corre- 


sponding to some fundamental system of roots. 


Lemma 5. Let A be a linear function on §. Then there exists at most 
one maximal left ideal M in B such that * 


MID 
B>o B>o 


where B runs over all positive roots. 
This is proved in exactly the same way as Lemma 1 of [5(b) ]. 


CoroLuary. Let m, be irreducible representations of 8 on the vector 
spaces V,, V. respectively. Suppose there exists an order in §r such that 
with respect to this order both mw, and az have positive extreme vectors 
belonging to the same weight A. Then 7m, m2 are equivalent. 


Let y¥; be a positive vector of x belonging to the weight A (11,2). 
Let 9; be the set of all be B such that 7(b)yi;—O0. Since a; is irreducible 
WW; is a maximal left ideal in 6 and x; is equivalent to the natural represen- 
tation (see [5(c),§$3]) of B on B/M;. But Mt,—M. from Lemma 5 and 
so our assertion follows. 

For reasons which we have explained briefly in Section 1 (see also [5(f)]), 
we shall now consider the following special case. Let go be a semisimple 
Lie algebra over R. Henceforward I shall use the notation of my two 
previous papers [5(c),(d)]. Define £, and p,. as in [5(c),§2] and let hy 
be a maximal abelian subalgebra of f. We shall assume that ho is also 
marimal abelian in go. Complexify g. to g and let h, p, £ denote the sub- 
spaces of g spanned over C by fo, Po, fo respectively. Then h is a Cartan 
subalgebra of g and [h,f] Cf, [h,p] C p. Therefore if B is any root (of g 
with respect to h) it is clear that Xg lies either in f or in p. We say that B 
is compact or noncompact according as X,ef or XYaep. Two roots a and B 
are unlike if one of them is compact while the other is not. Otherwise they 
are like. Since [p,p] C p and [X,,X.] Haeh C f, it follows 
that 2 and —« are always like. If a, 8 and «+ 8 are roots, it is known that 


‘That 2% always exists follows from Lemma 16 
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[X.,X~] ==cXag where c0 (ceC). Therefore «+ 8 is compact or not 
according as a, are like or unlike. 

Let + be a representation of g on a vector space V with an extreme 
vector ¥ (with respect to h) belonging to the weight Ay. Introduce a 
lexicographic order so that +(Xg)¥o—0 for every positive root 8. Let P 
be the set of all positive roots and P;, and P, respectively the subsets of P 
consisting of all compact and noncompact roots in P. Then it is clear that 


aeP;, ePnr 

In accordance with our earlier notation [5(c)] we denote by X the sub- 
algebra of 8 generated by (1,£). Since we are ultimately interested in the 
irreducible representations of the simply connected group corresponding to 
the algebra go, we shall now make the further assumption that dim x(X) yw 
is finite and V = yo. 

Since X is the universal enveloping algebra of f, we can identify repre- 
sentations of £ with those of X. Let o denote the representation of f on q 
given by o(X)Y=[X,Y] (Xef, Veg). 


DEFINITION. A root B of g will be called totally positive if there exists 
a subset Pg of P such that o(X)Xg— > CX. 


vyePe 
It is clear that every totally positive root is positive. Later (in Section 4) 
we shall give another equivalent definition of totally positive roots (see the 
corollary to Lemma 12). Let P, be the set of all totally positive roots and 
Q the remaining set of positive roots. Our main object at present is to 
prove the following theorem. 


THEOREM 1. For every BeQ, Ao(Hg) is a nonnegative integer and it 
is the least integer r=0 such that x(X_g"*) yo =0. 


Let Q’ denote the set of all positive roots B such that r(X_¢")Wo = 0 for 
some r= 1. Since for Be P, it follows from Lemma 1 that in 
order to prove the above theorem it is enough to show that QC Q’. For 
this we need some lemmas. 


LemMMA 6. Suppose BeQ’. Then for any we V we can choose an integer 
r=1 such that r(Xpg")y = 0. 


Let B:,: - -,B+ be all the distinct positive roots. As we have already 
observed earlier V—-2(%)y is then spanned by elements of the form 
(m;=0). Hence it is enough to prove our state- 
ment for where Now if Neg, 
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Xc=aX¥ + [X,2]. Therefore if we denote by adX the endomorphism 
b—>[X,b] (be B) of B, it follows that (see pp. 40-41 of [5(b)]) 


Xen —= 


0SqSp 
for any integer (Here Cy?=p!/(p—q) !q!). However if X =X¢ 
or X_g the restriction of adX on g is nilpotent and from this it follows easily 
that (adX)x” —0 if m is sufficiently large. Since BeQ’, 7(Xg)yo—=0 and 
we can choose an integer s=1 such that r(X_g*)y.—=0. Then if we put 
p=m-+s we get 
0=q=m+s 

since On the other hand for g=s and therefore 
== =0. This proves our assertion. 


CoroLiary. Let W’ be the subgroup of the Weyl group W generated 
by the Weyl reflexions sg corresponding to BeQ’. Then if A ts a weight 
of and se W’, sA is also a weight of =. 


Suppose s = where BjeQ’. If the result follows 
immediately from Lemmas 6 and 1. Hence assume r= 2 and use induction 
on r. Then if s’ =sg,- - «sg, it follows from our induction hypothesis that 
s‘\ is a weight of z. Hence again by the above argument sg,(s’A) =SA is 
also a weight of 7. 

LemMaA 7. Let B be a positive root. Suppose s8 <0 for some se W’. 


Then BeQ’. 


Let £,,: - -, 8, be a fundamental system of positive roots (see Corollary 2 
to Lemma 4). Then we know from Lemma 2 that every weight of + must 
be of the form A,— (mB, +- - -+ mB.) where m; are nonnegative integers. 
Now suppose z(A_g")w%) 40 for some positive integer. Then A,—rf is a 
weight of 7. Since se W’ it follows from the above corollary that both sA, 
and s(Ay—rg) are weights of x. Therefore 


SAo = Ao— +: + dBi) (d,;= 0) 
SAo —1sB = Ao— + (m,= 0). 
But is a negative root and therefore s8 = — (¢:8,+---+e8:) (420), 
¢; being integers which are not all zero. Hence 
—r(e,B, +: -+ = sAy — 
= + (m—adi) Bi 
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and therefore Put d=maxd; Then d=maxre=r 


This proves that and so Be’. 

Notice that if a is a positive compact root aeQ’. For the dimension 
of r(X)w is finite and the nonzero vectors among 7(X_,.")y% (r=0) are 
linearly independent since they belong to the distinct weights A, —ra. Hence 
a(X_,")w% =O for r sufficiently large. Therefore if W; is the subgroup of 
W generated by the Weyl reflexions corresponding to the compact roots, 

Let co be the center of f, and let £.’—[f,,f,]. Then f, is the direct 
sum of cy and f,’ (see [5(c),§2]) and since hy is maximal abelian in f,, 

2 


Co C hp. Let c and f be the respective complexifications of co and f,’ in f. 
Put h’ 


Lemma 8. Let B be a positive root. If B is zero on c, s8 <0 for some 
se W, and therefore BeQ’. 


It is obvious that every compact root is identically zero on c. Since 
B—sB (se W,) is a linear combination of compact roots it follows that if 


B vanishes on c the same holds for s8. Now consider A= > s8. Then 
se 


SgA == and therefore for every compact root Since is a 
Cartan subalgebra of the semisimple algebra f’ (see [5(c), Lemma 3]) it 
follows that the elements H, corresponding to all compact roots a span J’. 
Hence AO on f’. But as we have seen sB (se W;,) and therefore also d 
vanish on c. Hence AO and therefore s8 cannot all be positive. This 
proves that s8 <0 for some se W;,. But W;C W’ and so we can conclude 
from Lemma 7 that BeQ’. 


We define the representation o of f on g as before. 
LemMA 9. Let y be a root of g. Then o(X)X,y ts irreducible under f. 


Since f is reductive in g [5(c), Lemma3] the representation o is semi- 
simple. Also it is obvious that g is fully reducible under o(f) and CX, 
is the space of all elements Y eg such that o(H)Y = y(//)¥ for every Heb. 
Let q be a subspace of o(X)X., which is invariant under o(f). Since a is 
semisimple there exists a subspace q’ complementary to q in o(X)X¥y which is 
also invariant under o(f). Since Y,eq +4q’, we can choose an element Y 0 
either in g or q’ such that o(H)Y = y(H)Y for all Heh. Let g,—q or 
according as Y is in q or q’. Then as we have remarked above CY =CX, 
and therefore o(%)X,—o(X)¥ Cq,. This proves that q,—o(%)X, and 
so o(X)X, is irreducible. 
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Coroutary. Jf B is any root such that Xgeo(X)X, then B—y ts 


identically zero on ¢. 


For if Hec, o(H) lies in the center of o(X). Hence in view of the 
irreducibility proved above, it follows from Schur’s lemma that there exists 
a complex number c such that o(H)Y —cY for all Yeo(X)X,. Hence in 
particular if Y = Vg, Therefore c—8(H) and 
similarly c—=y(H). Hence —y(H) =—0 for every Hec. 

Now we come to the proof of Theorem 1. Let yo be a positive root 
which is not in Q’. We have to show that y, is totally positive. Since 
PC Q’, yo is not compact and therefore Y,,ep. Put py,—=o(X)X,,. Then 
p,, C p and since p is fully reducible under o(h), py, can be spanned by the 
elements Ag corresponding to a certain number of noncompact roots B. Let 
B, and f, respectively be the highest and lowest among all those roots 8 for 
which Xgep,,. Then Bo = yo >0 and in order to prove that y, is totally 
positive it would be enough to show that 8; >0. So suppose this is false 
and 8, is negative. Since f=c-+ f’, it is obvious from Schur’s lemma and 
, is irreducible under o(f’). Let + denote the irreducible 
representation of f’ on py, defined by o. Now h’ is a Cartan subalgebra of 


Lemma 9 that py, 


the semisimple algebra f’ and 


(CX.+CYX..). 
ae Pr 

Hence if we identify linear functions on 6’ with those linear functions on § 
which vanish on c, the roots of f (with respect to ’) coincide with the 
compact roots of g. For any root B of g let f’ denote the restriction of B 
on It is clear that = for all positive compact 
roots x. Therefore it follows from Lemma 2 that B,’ is the highest and B,’ 
the lowest weight (with respect to h’) of the irreducible representation + 
of f’. Hence from Lemma 3, there exists an element ¢ in the Weyl group 
of f with respect to §’, such that 8,’ #8)’. This means that we can choose 
se such that is identically zero on 6’. However is a 
linear combination of compact roots and therefore it vanishes on c. On the 
other hand from the above corollary 8,—, is also zero on c. Therefore 
B,—sB> vanishes on both h’ and ¢ and so B,—sy. Since B,>0 and 
SBo = B, <0, we conclude from Lemma 7 that Bye Q’. 

Now X,,€)y, and yo¢Q’. Choose the highest 8 such that Ygep,, and 
B¢Q’. Then B=y.>0 and We claim that [X,,X%g]~0 for some 
positive compact root «. For otherwise suppose [X,, Xg] for every ae P,. 
Let %,,- - *,%, be all the distinct positive compact roots of g. Since p,, is 


, 
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irreducible under o(f), it follows that o(%)Xg—p,,. But then from Lemma 
2 and the corollary to Lemma 9 we can conclude that 


Bo=B— (mya, -+ m,a,) (m= 0). 


Since 8) = B this implies that m,—=- - -—m,—0. However this is impos- 
sible as B= Bo. So let « be a positive compact root such that [X,,Vg| ~0. 
Then + is a root and (ceC). Moreover B+a>8 
and therefore Be Q’. Now B+ (8+) is not a root. For since B+ @ and 
B are both noncompact B+ (8+), if it is a root, must be compact. 
On the other hand B—(8-+ 2) ——z«a is also a compact root. Since 
2B=—B+ (B+) —z, B is a linear combination of two compact roots and 
so it must be zero on c. Therefore from Lemma 8, BeQ’. As this contra- 
dicts the definition of 8, it follows that B+ (8+) is not a root while 
B—(8+ isa root. Let be the largest integer = 0 such that B —v(B + 2) 
is a root. Then v=1 and 


= B—v(B + = =—a<0. 


But B+ aeQ’ and therefore from Lemma 7, BeQ’ giving again a contra- 
diction. This proves that B, >0 and so yp is totally positive. 


4. Another characterization of totally positive roots. We shall now 
study the totally positive roots a little more closely. We call a root £8 totally 
negative if —£ is totally positive. 


LemMA 10. Let B be a totally positive root. Then sB (se W,) is also 
totally positive. Similarly tf B is totally negative the same is true of sf. 


Let « be a compact root and let ys 8. Then it is known (see Weyl 
[7]) that X, can be written in the form X,—=co(¥")\g where ceC and 
Y =X, or X_, and m is a nonnegative integer. Therefore from Lemma 9, 
o(X)X,—o(X)Xg. This shows that if B is totally positive the same holds 
for s,8 and therefore also for s8 (se W;). On the other hand if £ is totally 
negative s(— 8B) = —sB (se W;) is totally positive and therefore is totally 
negative. 


CoroLuiaRy 1. If B ts totally positive it cannot be identically zero on ¢. 


Put A= > sB. Then sf are all totally positive and hence positive. 

se Wi 
Therefore A\>0. But sgA=A for every compact root a and so A is zero 
on bh’. Hence A cannot be identically zero on c. But B—s® (se W;) being 


a linear combination of compact roots is zero on c. This shows that if w 


E 
| 
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is the order of the group W,, A coincides with wB onc. Therefore @ cannot 
vanish identically on c. 


CoroLiary 2. LHvery totally positive root is noncompact. If c= {0} 
there are no totally posite roots. 


This is an immediate consequence of Corollary 1 above. 


LemMaA 11. Let B be a totally posite root and y a noncompact root 
which is not totally negative. Then B+-y 1s not a root. 


For otherwise suppose B+ y is a root. Since 8 and y are both non- 
compact «== y must be compact. Then — y= and 


Xp] eo(¥)Xp (ceC). 


Hence from Lemma 9, o(X)X_,—o(X)Xg and therefore since B is totally 
positive the same must hold for —y. But this means that y is totally 


negative and so we get a contradiction. 

Let @ denote the automorphism of g of order 2 given by 6(X + Y) 
—X—Y (Xet,Yep). We define a linear mapping @ of g over R by the 
rule 6(cX) =70(X) (ceC,Xego) where é is the complex conjugate of c. 
Then @ is the conjugation of g with respect to its compact real form® 
uf, + (—1)4p, (see [5(c),§2]) and it is known (see Weyl [7]) that one 
can choose the elements 1, corresponding to the various roots y in such a 
way that Y,—X_, and (—1)4(X,-+ X_,) both lie in u (without disturbing 
our earlier condition that y(H,) =2 for Hy=[4,,X_,]). Assuming that 
this has been done, it follows immediately that 6(X,) —=—«,X_y where 

1 according as y is compact or not. 


LemMA 12. Let a,,:--+,a, be all the distinct positive compact roots 
and B a totally positive root. Then if y is any root of the form 
(where m,,- - are integers), y ts totally positive 
and X,e0(X)Xg. 


We shall make use of an argument due to E. Cartan [8(c)]. Define 
the bilinear form B(X,Y) on g as before. Then —B(X,6(X)) (Xeqg) 
is a positive definite Hermitian form on g. Since B is noncompact, 
pg —=o(X)Xg is a subspace of p. Let gq denote the orthogonal complement * 


° We fix once for all one square-root of —1 in C and denote it by (—1)3. 

*] take this opportunity to correct a slip in one of my earlier papers [5(d), p. 29 
bottom paragraph]. There the orthogonal complement is taken with respect to B(X, Y) 
instead of B(X,6,¥Y)). This is a mistake which however is easy to rectify without 
making any substantial change in the argument. 
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of pg+6(bg) in p (with respect to the above Hermitian form). Then we 
shall prove that [pe+0(ps),q] = {0}. Since q=6(q), it is enough to 
show that [pg,q] = {0}. Let Xeps, Yeq and Zef. Then 


B([X, ¥],6(Z)) =B(Y, [6(Z),X]) =0 


since [6(Z),X] lies in pg and q is orthogonal to O(bg). But [X,¥]e[p,p] 
C f and so this shows that [X,Y] 0 and our assertion is proved. Let fg 
be the centralizer of gq in f. Put Ge = Yep + O(b~) +f,. We claim that gg, 
is an ideal in g. Since ps + O(pzg) is invariant under o(f), the same holds 
for q and fg. Therefore [f,gg] C gs. Moreover [q,gg|—{0}. Since 
g=—f+q + pe + it is enough to prove that [pe + bg), ae] C Gp. 
But ag —pe+6(be) +f and pg + (pg) is invariant under o(f). So it 
would be sufficient to show that if Y, Y are in pg+ 6 (pg). [X,Y] lies in fp. 
However [X,Y ]ef and if Zeq 


Y|,Z] 2], + LX, [Y,2]] =0 


since This proves that [X¥,Y]efg and therefore gg 
is an ideal in g. Let [ be the orthogonal complement of fg in f. Then 
g’ =q-+I is clearly the orthogonal complement of gg in g. Let XY eg and 
Yeg’. Then if Zegg, 


B([X, Y],6(Z)) =—B(Y, [X,6(Z)]). 
But 


6([X,6(Z)]) =[6(X),Z] egg 


and since g’ is orthogonal to gg, B(Y, [¥.0(Z)]) =(. Hence [., Y] being 
orthogonal to gg lies in gq’. This shows that g’ is also an ideal in g. Hence 
[a’, ae] C a’ A gg— {0}. Moreover since q=6(q) it follows that £3—=6(fs), 
6(gs) —gg and 6(g’) =g’. Now suppose Yec. Since £= 
where Yefg and Ze!. But [f£,,[] — {0} and so it is obvious that both Y 
and Z are in c. This shows that c—cnfg+cN I. 

Now suppose y=B-+ m,a,+----+ m,a, is a root. Then y and B 
coincide on c. Since Xgegg, it commutes with [ and therefore 8 vanishes 
identically on cM I. Hence the same holds for y. Moreover since both gg 
and g’ are invariant under o() it is clear that A, lies either in gg or q’. 
We claim X,e¢gg. For otherwise if X,e¢g’ it commutes with gg and there- 
fore y vanishes identically on cM fg. But we have already seen that y is zero 
on cMI. Therefore y and hence also B vanishes identically on c¢. But since 
B is totally positive this is impossible in view of Corollary 1 to Lemma 10. 
This proves that Y,egg. Now y cannot be a compact root since it co- 
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incides with 8 on c and therefore is not identically zero on c. Hence 
Xye pN Pe + 6(pg). Since pg and 6 are both invariant under o(}) 
either X epg or X,€6(pg). But 6(X,) ——«,X_, and so either XY, or 
X_, lies in pg. Now if X_,epg, it follows from the corollary to Lemma 9 
that B+ +y is zero on c. But we have seen above that @—vy is zero on c. 
Therefore 28— (8+ y)+(B—y) is also zero on c. Since is totally 
positive this is impossible (Corollary 1 to Lemma 10) and therefore X,,€ pg. 
Hence from Lemma 9 o(X)X1,—o(X)Xg and this proves that y is totally 


positive. 


Corotuary. Let «,°--,%, be all the positive compact roots of g. 
Then a root B is totally positive if and only if every root of the form 
B+ ma,+---+m,a, (where m,,---,m, are integers) 1s positive. 


Suppose y= 6+ m,a,+---+m,a, is a root. If B is totally positive, 
it follows from the above lemma that y is positive. Conversely suppose every 
root y of this form is positive. Then it is clear that BA+ a, 1Si1Sr and 
therefore B is noncompact and o(X)Xg is spanned by the elements 1, 
corresponding to certain roots y of the above form. Since every such y is 
positive, it follows from our definition that £ is totally positive. The above 
corollary thus gives an alternative definition of total positivity. 


5. Some further results on totally positive roots. First we recall a 
few well-known facts in the theory of semisimple Lie algebras. Let a be an 
ideal in g and B a root of g. We say that B is a root of a if Xgea. Let 
(B:,- 8.) be a fundamental system of roots of g and suppose among 
these B:,- - -,Bm are all the roots of a. Then every root of a is a linear 
combination of 8:,: - -,Bm. Let s; denote the Weyl reflexion corresponding 
to B; and let Wa be the subgroup of the Weyl group W generated by s,,- - -, 8m. 
Then if 8 is any root of a the corresponding Weyl reflexion sg is contained 
in Wg. 

Now as before let P, be the set of all totally positive roots. Put 


p= CX, and CX _¢ so that p.—6(p,). Let q be the orthogonal 
BeP, BeP. 


complement of p, + p_ in p (under the Hermitian form B(X,6(X))). Then 
if [ is the centralizer of q in £ we can show, as in the proof of Lemma 12, 
that g, = p,-+ p_+T[ is an ideal in g. Let g’ be orthogonal complement of 
g. in g. Then g’ is also an ideal in g and [g’,g,] = {0}. It is obvious 
that g’M £ and g’/ p are the orthogonal complements of I and p,-+ p-_ in f 
and p respectively and g’=qg’/Nf+q’N bp. Now if B is a root, Xg lies 
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either in g, or g’. Since g,N p—p,-+ p_, it follows that if B is a noncompact 
root of g, it is either totally positive or totally negative. 

Let (B:,- -*,B8:) be a fundamental system of positive roots of g 
(Corollary 2 to Lemma 4). If y is a positive root which is not contained 
in this fundamental system, then it is well known that y— f; must also be 
a positive root for some 7 (1SiS/). On the other hand B;—8 can never 
be @ positive root for any root 8 >0. Hence a positive root is contained in 
the set if and only if y 
root B > 0. 

Now it follows from the definition of total positivity that p, is invariant 


B is never a positive root for any 


q 
under o(f). Hence where qg,, 1S vq, are nonzero subspaces of 
y=1 


p, which are invariant and irreducible under o(£) and the sum is direct. 
(If p, = {0}, g=0). Let y, be the lowest root such that X,,eq, and let 
be a positive compact root. We claim y,—« is not a root. For otherwise 
it follows from Lemma 12 that X,,-.¢q, which however is impossible since 
yy —%< yy. Now let 8 be a noncompact positive root and suppose « = y,— B 
is a root. Since y, and B are both noncompact, a is compact and B = y,— «. 
Hence by the above argument @ cannot be positive. This proves that y,— £8 
can never be a positive root for any root 8B >0. Therefore it follows from 
our criterion above that y, is a root of the fundamental system (f:,- - -, 8:1). 

Now suppose (8;,- - -,8,) are roots of g, while (B,.:,- - -, 81) are roots 
of (G=rSl). Then if is a positive compact root of g,, 


0). 
We recall that if y is any compact root sy=0. Now suppose - 
se 
are compact while ;,;,- - -,8, are noncompact (and hence totally positive). 


Then 
> > > m, Dd 


se se t<iSr ee Wi, 


But from Lemma 10 (t>¢#) is also totally positive. Since m2 0 
the above sum cannot be zero unless m;=0 (t<isSr). Therefore 


a=—=m,B,-+----+ mB; On the other hand let y be any positive noncom- 
pact root of g,. Then Y,eq,—0(X)X,, for some v. Since [g’,g,] = {0}, 
it is clear that q, is irreducible under o({) and therefore y—y, is a linear 
combination of compact roots of g,. Hence y—y,+m,8,+- - -+ mf: 
where m,,°°-*,m, are real numbers. But y, is contained in the set 
(Ri, and since it is noncompact, 1SiSt. Therefore 
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since y and is a fundamental system, m,,- must 
all be nonnegative integers. Thus we have obtained the following result. 


Lemma 13. Let +, be a fundamental system of positive roots 
of g. Let (a,°-+,%,) be all the (distinct) compact roots of g, and 
ye) all the (distinct) noncompact roots of g, which occur in this 
fundamental system. Then every positive root y of g, can be written in the 
form 

where are all nonnegative integers. Moreover or 1 


according as y 1s compact or not. 
CoroLLaRY 1. ¢—dim (cM and r=—dim g,). 


For it is easy to see that h=hNg.+HNq’ and c—cng.+eNng’. 
From this it follows that r+ ¢—dim (hN g,) and r—dim (§’Nq,.). Since 
(cN g,). 


CoroLuary 2. If the algebra go is simple, only the following two cases 
are posstble. 


(1) There are no totally positive roots. 

(2) Every noncompact positive root is totally positive. 
Suppose we are in case (2) and goAf. Then there is exactly one non- 
compact root in the fundamental system (B,,- and dimrty = 1. 


Let » denote the conjugation of g with respect to go so that 


Then n=6080 and since g, and g’ are invariant under both 6 and 6 they 
are also invariant under y. Therefore g>=—goNg.+qoNq’ and g,, g’ are 
spanned over C by go Mg, and respectively. Hence it follows that 
if q) is simple either g, or g’ is {0} and so we get the above two cases. Now 
suppose we are in case (2). Then every positive root is either compact or 
totally positive. Therefore if go f, totally positive roots must exist and 
so f{=1 in the notation of Lemma 13. On the other hand it follows from 
the simplicity of g, (see Cartan [3(e), p. 247]) that dimgc) 1. Therefore 
from Corollary 1 above {=dimegcy —1. 


Lemma 14. Let -,Bq) be all those roots in the fundamental 
system (Bi,° Bi) (of Lemma 13) which are not totally positive and let W’ 
be the subgroup of the Weyl group W generated by the Weyl reflexions 
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corresponding to B;, 1SiSq. Then if B is any positive root of g which 
is not totally positive we can find an index i (1S1=@q) and an element 
se W’ such that B=s8;j. 


For any root y let s, denote the corresponding Weyl reflexion. Put 
8; 1StSl. Then it is well known that s,,- - -,s,; generate W. Now 
if some f; is a root of g’, it cannot be totally positive and therefore iS 4. 
So we may suppose that (8:,---,Ba) (OSdSq) are all the roots of q’ 
among Since [g.,g’] {0}, it is easy to see that if y and 7’ 
are roots of g, and g’ respectively then s, and sy, commute and sy’ —y’, 
Syy=y. Therefore in particular s; and s; commute ifi=dandj>d. Let 
W” and W, be the subgroups of W generated by s;, 1SiSd and 5, 
d <j 1 respectively and let B be a positive root which is not totally positive. 
First suppose B is a root of g’. Then B=sf; for some se W and some i 
(1=iS/1). But we can write s'—wuv where we W” and veW,. Then 
vB—=£ and therefore Bi Since we W”, uB—B, and therefore 
also 8;. is a linear combination of roots of g’. This proves that 8; is a root 
of q’ and therefore i= d. Since ute W” CW’ and B=w'£;, our assertion 
is true in this case. On the other hand if 8 is a root of g,, it must be com- 


pact. Now fg, being an ideal in the semisimple algebra f’, is semisimple 


and the compact roots of g, may be identified in the obvious manner with 
the roots of f Mg, with respect to §’Og,. Then it follows from Lemma 13 
that is a fundamental system of roots of fg, and therefore 
8B =sB; where d< j= q and s lies in the group generated by Sq). 
This completes the proof of the lemma. 


We shall now prove a result which will be needed in a subsequent paper. 


LEMMA 15. Let y be a totally positive root and «a compact root. Let 
k and k’ respectively be the largest nonnegative integers such that y—hka 
and y+k’a« are roots. Thenk+k’S2. 


Put Then it is known (see Weyl [7]) that sgyo—=y— ka 
and y,—va is a root for an integer if and only if OS v=k+k’ = y,(H,). 
So we have to prove that y)(H,) =2. Hence let us suppose that y)(Ha) = 3. 
Then yo—« is a root and therefore also a—vy,. Hence a and «a—vyo are 
roots while «+ y, is not a root. This implies (see Weyl [7]) that 
S a—y, or «(H,,) = 1 and therefore y,(H,)«(H,,) 23. Now consider 
the root y’ =58y,Sayo. It is easy to verify that y’ = myo —yo(Ha)a where 
m —=yo(l1,)a(Hy,)—1. Since y is totally positive the same holds for + 
and Sy (corollary to Lemma 12) and therefore 7’ =$,,sayo is a root of q.. 
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However m = 2 and so we get a contradiction with Lemma 13. This proves 


that yo(H.) S 2. 


6. The converse of Theorem 1. Assuming that we are given an order 
in rx We shall now pove the following converse of Theorem 1. 


THEorREM 2. Let Ao be a linear function on h such that Ao(Hg) ts a 
nonnegative integer for every positive root B which is not totally positive. 
Then there exists a representation x of B on a vector space V and a vector 
u=<0 in V such that the following condition holds: 

(1) 2(Xg)v¥—0 for every positive root B. 

a(H)y=Ao(H)y for all H in §. 
a ts irreducible and dimz(X)wy ts finite. 
Moreover such a representation is unique up to equivalence. 

Choose a fundamental system (f;,: --,81) of positive roots and let 
(8;,- ° *.B,) be all the roots in this system which are not totally positive. 
Then in the notation of Lemma 13, (y:,: - -,y) are exactly the remaining 
roots of our fundamental system. Consider the left ideal 


1StSq 


BeP BeP 


in B. Here P is the set of all positive roots, = A,(Hg,) and 
1SiSq. First we claim that 2t, AB (cf. Lemma 8 of [5(b)]). For 


otherwise if B we can choose 8B q) such that 
1Siz=q 


where BY¥g+ ¥ B(Hg—A (Hg)). Since 1 is of rank zero 
BeP BeP 


(see Section 2 for the definition of rank) while Y;**1 is of rank — (A; +1) Bi, 
we may assume (see the proof of Lemma 8 of [5(b)]) that z is of rank 
(A+1)8; Put and Hi—Hg, (1SiSl). Then 
(1,.X;, Hi, Y;):<ic: generate 8 (Lemma 18 of [5(b)]). Therefore if U,§,B 
are the subalgebras of generated by - -,X1), - -,Hi) and 

-, Yi) respectively, it is easy to see that B= BHU (see the proof 
of Lemma 2 of [5(b)]). However in view of the argument given in the 
proof of Lemma 8 of [5(b), p. 37] we may assume that ze. Since 
the product X;,¥;,- - - Yi, is of rank B;,+8i,+- - - Bi, and since -, 
are linearly independent, it follows that the only elements in U1 of rank 
(A; +1)8; are the numerical multiples of Therefore 
(c:eC). But from Lemma 6 of [5(b) ], 
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X Atty Ast? XM [Xi, +- AX MY 


= AX (H; —;) -+ X MY =() mod ( < = q). 


Therefore 1==0mod$,, and so @—,,. But in view of the following 
lemma this is impossible and therefore i, ~ B. 


LemMA 16. Let A be a linear function on § and let By be the left 
ideal in defined by BXg+ Then BP, A. 
BeP BeP 


The proof is similar to that of Lemma 5 of [5(b)]. Let us suppose 


Then if P— BXz, we can choose elements uge B such that 
BeP 


1== up(Hs—A(Hp)) mod ®. 


Again since both 1 and Hg—A(fHg) are of rank zero we may assume 
that wg is of rank zero. Then ug(Hg—A(Hg)) = (Hg—A(Hg))ug and 
ugeB—=BVHU. Since ug is of rank zero and we are interested only in the 


congruence mod $8, we may assume that ugeS. Hence 


1— ug(Hp—A(Hg)) {0} 
BeP 


from Lemma 33 of [5(b)]. Now § is the universal enveloping algebra of 
the abelian Lie algebra § (Lemma 21 of [5(b)]). Therefore if p is the 
representation of § of degree 1 given by p(H)—A(H) (Heb), 0 ean be 
extended uniquely to the representation of © such that p(1) 1. But since 
a ug(Hg—A(Hg)) it follows that 


1 =p(1) — {o( He) — A(Hg)} =0 


and so we get a contradiction. This proves the lemma. 

Since Mi, 4B, by Zorn’s lemma’ there exists a maximal left ideal 
in containing Yt). Let b—»b* denote the natural mapping and the 
natural representation of 8 on 6*—8/M. Since M is maximal, 7 is 
irreducible. Moreover since 1*0 and r(M)1* {0}. Hence if 
we put V—%* and y—1* the first two conditions of Theorem 2 are 
fulfilled. So we have only to prove that dimz(X)1* is finite. 

For any root B let sg denote the Weyl reflexion corresponding to 8 and 
let W’ be the subgroup of the Weyl group W generated by s;=sg,, 1 Sissy. 
Since Y; and Y;** (1<i<4q) are in M it follows easily (by the argument 
used in the proof of Lemma 6) that for any b* e8* we can find an integer 


7 Since $ satisfies the ascending chain conditions for left ideal (see [2]) it is not 
necessary to invoke Zorn’s lemma. 
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r=0 such that r(X;"*1)b* =0, 1,-- -,g. Hence we can 
conclude from Lemma 1 that if A is a weight of w the same holds for sA 
(se W’). Now let « be a positive compact root. Then a is not totally positive 
and therefore from Lemma 14, « = sQ; for some se W’ and some 1 (1 Si=qQq). 
Therefore s,—ssjst¢ W’. Now suppose d is a positive integer such that 
Then A,—da is a weight of and hence sg(A,—da) 
=s,Ao-+ da is also a weight of z. But then it follows from Lemma 2 that 
Ay — (SgAo + da) = (Ao (He) —d)a=20 in and therefore d= 
This shows that if r> Ao(Hq), .Hence if are 
all the distinct positive compact roots of g, we can choose a positive integer m 
such that r(X_,,”)1*=—0 (1SisSp). From this we can conclude (see 
the proof of Lemma 2) that r(X)1* is spanned by 
0=m,:-+,m,=m. This proves that the dimension of r(X)1* is finite. 
Since the last statement of Theorem 2 is an immediate consequence of the 
corollary to Lemma 5, the proof of this theorem is now complete. 

We denote the representation + of Theorem 2 by aa,. Then zg, is 
uniquely determined by Ay up to equivalence. 


7. Infinitesimally unitary representations. For any given linear 
function A on b, define the left ideal $%, of @ as in Lemma 16. Then 
%,>4B and therefore by Zorn’s lemma’ there exists a maximal left ideal 
in 8 containing $8,. Moreover we know from Lemma 5 that this maximal 
left ideal is unique. We shall denote it by Mt, and the natural represen- 
tation of B on G/M, by wy. In case A satisfies the condition of Theorem 2, 
this definition of +, agrees with the one given in Section 6. We shall say 
that a, is infinitesimally unitary (see [5(c), p. 233]) if it is possible to 
define a scalar product (a*,b*) in 6* —8/M, (a*,b* eB*) such that under 
this product 8* fulfills all the requirements of a Hilbert space except com- 
pleteness and (a*, x, (X)b*) = — (a, (X)a*, b*) for all X ego and a*, b* B*. 
We shall now propose to investigate the conditions on A under which zy, is 
infinitesimally unitary. 

Let H ,- - -,H, be a base for h, over R and let 2,,- - -,2, be J inde- 
pendent (commutative) indeterminates. Let § be the subalgebra of 8 
generated by (1,5). Since § is the universal enveloping algebra of 6, there 
exists a uniquely determined homomorphism é, of § into C[z] =C[m,---, 21] 
such that é,(H;) =2;, i=1,---,l and €,(1) =1. We shall now extend é, 
to a linear mapping of 8 into C[z] as follows. Put § = 2 BX, as before 


and let U and & respectively be the subalgebras of B generated by (1, Xg) ser 
and (1,X_g)gep. Then as we have seen above 8—= GU and therefore it is 


10 
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obvious that 8B = %+ BVH. Now every element of VS, which is of rank zero, 
must lie in § and so for every be 8 of rank zero we can choose an element 
he such that b=hmod§. Moreover h is unique since $1 $= {0} from 
Lemma 33 of [5(b)]. We define €,(b) =&(h). Now let z be any element 
in 8 and z, its component of rank zero (see Section 2). We extend é, on 8 
by setting &,(z) =€&,(%). If 3 is the center of B and xz is the mapping of 3 
into C[z] as defined in [5(b), Lemma 36], it is obvious that &(z) = yz2(z) 
(ze). 

LemMA 17. Let z,, z. be two elements of 8 and suppose at least one 
of them has rank zero. Then & (21:22) = & (2221) = &2(%1)E2(22). Moreover 
,(2) = ye(2) if 

Suppose z, is of rank zero and (z2)o is the component of z. of rank zero. 
Then 2;(Z2)9 and (22)oz, are the components of rank zero of 2,2. and 2.2, 
respectively. Let 2, =h, + pi, (Z2)o + po where hi, hoe and pi, poe 8. 
Then (22) = 4%: $ and this proves our assertion. 

A being any linear function on §, we denote by €,(b) (be B) the value 
of the polynomial €,(b) under the substitution z;—A(H;), Let 
» be the conjugation of g with respect to go. We can extend —y uniquely 
to an anti-automorphism ¢ of 8 over R. Then ¢(ab) —¢(ba) (a,beB) 
and ¢(X) =—7n(X) (XeqQ). 

Lemma 18. Let A be a linear function on h. Then xy is infinitesimally 
unitary if and only tf &\(6(z)z) ws real and nonnegative for every zeB. 

Suppose + = zy, is infinitesimally unitary. Let a—a* denote the natural 
mapping of 8 on 8* = $8/M, and (a*,b*) the corresponding scalar product 
on %8*. We assume, as we may, that (1*,1*)=—1. Then if Hehp, 
(1*,2(H)1*) =— (x(H)1*,1*) and therefore A(H) is purely imaginary. 
Now suppose z is an element of 8 of rank A so that [H,z] =A(H)z (Heb). 
Then if He fp, 


A(H) (1*, e(z)1*) = (1*, 2([H,z])1*) 
— — (x(H)1*, r(z)1*) — (1*, r(zH)1*) 
A(H) (1*,2(z)1*) —A(H) (1*, 2(z)1*) =0 


and so if A0, (1*,r(z)1*) =0. Therefore if b is any element in 8 and 
b, is its component of rank zero, (1*,7(b)1*) = (1*,7(b.)1*). Moreover 
if =hmod$ (he), it is obvious that 


(1*, (b)1*) = (1*, e(h)1*) = 
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since {0}. This proves that (1*,7(b)1*) =éa(b) for all De®. 
On the other hand (r(X)a*, b*) = (a*,r(¢(X))b*) (a*,b*eB,Xeg) and 
so it is clear that b*) = (a*,2($(z)b*) (zeB). Hence 


= (1*, 1(p(z)z)1*) = (4(z)1*, = 0. 


This shows that our condition is necessary. 

Conversely suppose €\(¢(z)z) is real and nonnegative for all ze®. 
Put (w,z) =€\(6(w)z) (w,zeB) and |z|—(z,z)420. Then a well- 
known elementary argument shows that |(w,z)|S|w|{|z| and |z+w| 
<jz|/+!w|. Let M be the set of all elements ze¢® such that |z|—0. 


Since | z, + 2.|<|z,|+|2.|, M is a vector space. Moreover if b, z,we®B 


and b’=¢(b), 
(w, bz) = (p(w) bz) = (o(b’w)z) = z). 


Hence if |z|—0, |(w,bz)| S| b’w||z|—0 and therefore in particular 
[bz |*=0. This proves that Mt is a left ideal. Let b-—»b* denote the 
natural mapping and the natural representation of on 6* 
It is clear that (w,z) depends only on w* and z*. Put (w*,z*) = (wu, z) 
and |z*|==|z|. Then |z*|40 unless z*—0 and if 


(w*, x(X)2*) = (w, Xz) = Xz) 
= — (r(X)w*, z*) (w,ze 8). 


Hence in order to prove the lemma it only remains to prove that Yt—WM.. 
It is clear that €,(z) =0 if ze $8 and therefore it follows from Lemma 17 
that €,($%,) {0}. But since is a left ideal this implies that MD 
Hence it would be enough to prove that St is maximal. Since é,(1) =10, 
Now suppose is a left ideal in B such that and 
Then if and Heh 


[H, = Hb’ —b’(H —A(H)) —A(H) e DY 


and from this we can conclude that all the components of b’ of various ranks 
also lie in Y’. Let (b’)» be its component of rank zero and choose h e § such 
that (b’),=hmod. Then it is obvious that (b’)>=hA=é,(h) 
Since (b’), and $8, are both contained in Mt’, &,(b’) (h) eM’. However 
It’ 4B and so this implies that é,(b’) =0. Now put b’=¢(z’)z’ where 2 
is any element in MY’. Then b’e MY and therefore (2’, 2’) = &(¢(2’)2’) =0. 
This shows that 2’eM and hence M’—M. Our proof is now complete. 
Notice that it follows automatically from the above condition on &, that 
dim x(¥)1* is finite. For this it would be enough to verify (see Lemma 2) 
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that if « is a positive compact root of g, 7(X_.")1*—0 for some integer 
r>0. But (see Section 4) and therefore 
Ex Xa") =, = 0 (r= 1). 
Moreover we know from Lemma 6 of [5(b)] that 
—r+1) mod 


Therefore if Ag—=A(H,), 
=r! IT (Ae—j+1) 


1Sj=r 
by induction on r. Putting r—1 we conclude that A~=0. Now let r be 
the least integer such that Az—r-+10. Then the above product is 
negative unless Ag==r—i1. Hence we conclude that A, is a nonnegative 
integer and therefore €&,(X,"’X_.") =0 for r=Aa+1. But since 


| a(X_¢") 1* 2. 


a(X_,.")1*=—0 for r2=A,+1. This shows that z then satisfies all the 
requirements of Theorem 1 and therefore A(Hg) must be a nonnegative 
integer for all positive roots 8 which are not totally positive. 

Now suppose 8 is a noncompact root. Then 7(X_s) = Yg (see Section 4) 
and therefore 

where Ag A(Hg). Since again this product must always be real and non- 
negative, we conclude thet Ag is real and =0. In particular if @ is not 
totally positive it follows, in view of our earlier remarks, that Ag=0. Thus 
we have obtained the following corollary. 


CoroLLaRy 1. In order that x, be infinitesimally unitary it is necessary 
that A should satisfy the following conditions: 

(1) A(H,) ts a nonnegative integer for every positive compact root 4. 

(2) A(Hg) =0 for every noncompact positive root B which ts not 
totally positive. 

(3) A(H,) ts real and =0 for every totally positive root y. 

The space % of linear functions on §, being a finite-dimensional vector 
space over C,, has a natural topology. 
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CorotLary 2. The set of all linear functions A on § for which ay ts 
infinitesimally unitary, ts closed in §. 


For a fixed element be 8, A—£,\(b) (Aes) is obviously a polynomial 
function on %. Hence it is continuous and therefore the corollary follows 
from Lemma 18. 


Define g’ as in the proof of Lemma 13. 


LemMMA 19. Suppose A satisfies the conditions of Theorem 2 and 
A(Hg) =0 for every positive root B which is not totally positwe. Then 
=0 for all Xeq’. 


We use the notation of the proof of Lemma 13. Let « be a positive 
compact root of g’. Then we can choose a noncompact root B of g’ such 
that B+ is a root. For otherwise [X,,Xg]—0O for every noncompact 
root B of g’. Since it is obvious that q—=g’NM p is spanned by the elements 
Xg corresponding to all noncompact roots B of g’, Xq lies in the centralizer | 
of q in f. But [ Cg, and therefore Y,¢9,M g’ = {0}, which of course is 
false. So let 8 be a noncompact root of g’ such that y—=8-+< is a root. 
Since gM (p, + p_) = {0}, no root of g’ can be totally positive or totally 
negative. Therefore A(Hg) =A(H,) =0. But since e=y—B8, H, is a 
linear combination of Hg and H, and so A(H,)=0. This shows that 
A(Hg) =0 for every root B of g’. Moreover if B is a positive root of 9’, 
it follows from Theorem 1 that 7,(A_g)1* —0 since £ is not totally positive. 
Therefore x, (q’)1* = {0} and since g’ is an ideal in g and zy is irreducible, 


= {0}. 
CoroLuaRy 1. If ts infinitesimally unitary = {0}. 


This is an immediate consequence of the above lemma and Corollary 1 


to Lemma 18. 


COROLLARY 2. Suppose go is simple and goA fo. Then if co = {0}, my 
cannot be infinitesimally unitary unless A==0 in which case tt is the zero 


representation of g of degree 1. 


For then we know that gq’ (see the proof of Corollary 2 to Lemma 
13). Now apply Corollary 1 above. 

In Corollary 1 to Lemma 18 we have obtained certain necessary con- 
ditions on A in order that +, may be infinitesimally unitary. It is natural 
to ask how far these conditions are also sufficient. The following result 
gives a partial answer to this question. 
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THEOREM 3. Let 2p denote the sum of all positive roots of q and let 
A be a linear function on § satisfying the following conditions: 

(1) A(H,) ts a nonnegative integer for every positive compact rool x, 

(2) A(Hg) =0 for every noncompact positive root B which is not 
totally positive. 

(3) A(H,) + p(H,) ts real and =0 for every totally positive root y. 


Then x, 1s infinitesimally unitary. 


We leave the proof of this theorem to a subsequent paper (see however 


[5(h)]). 


8. Representations of the group. Let G be the simply connected Lie 
group with the Lie algebra g, and let K be its analytic subgroup corre- 
sponding to f,. Let A be a linear function on § which fulfills the conditions 
of Theorem 2. We shall now show that 7, can be ‘extended’ to a repre- 
sentation of G on a Hilbert space. Let Q be the set of all equivalence classes 
of finite-dimensional irreducible representations of K. Henceforth we shall 
make free use of the terminology of [5(c) ]. 


THEOREM 4. Let A be a linear function on h such that A(Hg) is a 
nonnegative integer for every positive root B which is not totally positive. 
Then there exists an irreducible quasi-simple representation o of G on a 
Hilbert space § with the following property. Let Sy (DeQ) denote the 
subspace of § consisting of all those elements which transform under o(K) 
according to D. Then the corresopnding representation o, of B defined on 


Hom ts equivalent to 
Del 


Put r=, and define %, and Mt, as in Section 7. If z is any element 
in of rank zero, z=é&,(z) mod $8, and therefore in particular if ze 3, 
z—&,(z)eM,. Moreover we know from Theorem 2 that dim#/¥N My, is 
finite and so we can conclude from Lemma 9 of [5(c)] that x is a quasi- 
simple® irreducible representation of 

Let (B:,--*,B8:) and (B:,---,8,) be defined as in the proof of 
Theorem 2 and let A’ be the linear function on § given by A’(Hg,) = A(Hz,), 
1Sisq and A’(Hg,) =0, g<tSl. Then from Theorem 1 of [5(b)], 
there exists a finite-dimensional irreducible representation p of g with the 
highest weight A’. Let U be the representation space of p and ¢ a nonzero 


vector in U belonging to the weight A’. Then if « is any positive compact 


*See [5(d), p. 56] for the definition of quasi-simplicity in this case. 
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root of g, p(Va)o=0 and =A’ (Ha) = A(Ha)¢ since « is a linear 
combination of £,,°**,8, (Lemma 13). Similarly if yO is a vector 
belonging to the weight A of 7, 7(Vg)y—=0 and 7(Ha)W=A(Ha)y. Let 
X’ be the subalgebra of 8 generated by (1f’). Since f’ is semisimple we can 
apply Lemma 2 to X’ and conclude that the representations of f defined 
on 7(X’)W and p(X’)¢@ are both irreducible and therefore from Lemma 5 they 
are equivalent. Since p is a finite-dimensional representation of g, the 
existence of « now follows from Theorem 4 of [5(d)]. 


Corottary. Let A, be two linear functions on h. Then if and 
are both infinitesimally unitary the same holds for m.,. 


Suppose +, and z, are infinitesimally unitary. Then A and yp both 
satisfy the conditions of Theorem 2 (see Corollary 1 to Lemma 18) and 
therefore from Theorem 4 above and Theorem 9 of [5(c)] we can find two 
irreducible unitary representations o), o, of G on the Hilbert spaces 9), Ou 
respectively such that the corresponding representations of B defined on 
= and §,° are equivalent to 7 and We denote 


these representations of 8 by o)° and o,°. Then it is clear from the proofs 
of Lemma 18 and Theorem 9 of [5(c)] that we can choose y,e$)° and 
H,° such that 


(Wr, = (2), (Wu; (2) Wu) = Eu (2) 


for all zeB. Let § be the Hilbert space which is the Kronecker product 
of $, and , (in the sense of Hilbert space theory) and let py Xy;,. 
Then if y’ and y” are well-behaved under o) and a, respectively it is obvious 
that y’ Xy” is well-behaved under the representation oo, Xo, of G on §. 
Let o° denote the representation of 8 defined under o on the subspace §° 
consisting of all well-behaved elements in §. Then it is obvious that 
X 2) = (on°(X)h1) X + $1 X (Keg, Gr°, Hy") 
and therefore o°(Xg)y~—0O for all positive roots B and o°(H)w= (A(H) 
+p(H))y if Heb. Hence o°(y.,)¥ = {0} in the notation of Section 7. 
On the other hand since o is a unitary representation of G, 


($’,0°(X)p) = — (0° (X)¢’, (X ego; 4, H°). 


Therefore if z is any element in 8 of rank v0 it follows (see the proof of 
Lemma 18) that (¥,0°(z)w~) =0. This shows that 


(be B) 


| 
l 
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and therefore 


| |? = (0°(2)y, = = Exeu($(2)2) | |? 


for any ze Hence is infinitesimally unitary from Lemma 18. 


9. An auxiliary result. In this section we shall prove a result which 
will be required in another paper. Let A, be a linear function on § satisfying 
the conditions of Theorem 3. As before let P be the set of all positive 
roots and P, and P, respectively the subsets of P consisting of all compact 
and all totally positive roots. Let P’ be the complement of P,U P, in P. 
We know (Lemma 5) that there exists a unique left ideal 9),, in X containing 


#X, + (Hy — do(Hy) ). 


aeP;, 
Our object now is to prove the following theorem. 


~ 


THEOREM 5. Let Ay be a linear function on § satisfying the conditions 
of Theorem 3. Then 
mM BY, > BX_, By Ao 


veP yeP’ 
is a maximal left ideal in B. 


It is obvious that A, fulfills the conditions of Theorem 2 and therefore 
we can consider the representation z,, and choose a vector y0 in the 
representation space corresponding to Theorem 2. Define g, and g’ as in 
Section 5. Then we know from Lemma 19 that z,,(g’) = {0}. Moreover it 
follows from Lemmas 2 and 5 (applied to that = {0}. This 
shows that z,,(Mt)y— {0} and therefore since 

Let t, be the set of all elements be B® such that 7,,(b)y=0. Since 
Y),, 18 a maximal left ideal in X, it is clear that DtL.Q X—Yj,,. Therefore 
in view of the fact that g’ C Mt, we can conclude that g’N £ C Y,,. On the 
other hand g’ = 2 (CLy + CX_,) + 9’NF and so it follows that g’ C M. 

ve 

Let b—>b* (beB) denote the natural mapping and 7 the natural 
representation of 8 on B* = B/Mi. In order to prove that M is a maximal 
left ideal in 8 it is sufficient to show that z is irreducible. Let 8, be the 
subalgebra of 8 generated by (1,g.). Since g’ is an ideal in g and g’ C Mi, 
it follows that = {0} and therefore —7(%,)1*. Hence it would 
be enough to prove that 8,9 9M is a maximal left ideal in B,. Let %. 
be the subalgebra of X generated by (1,fMg,). Since 7(%,,)1* = {0} 
and since 9),, is a maximal left ideal in X, it is clear that X* —7(X)1* is 


E 
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irreducible under and therefore also under r(X,). Hence 9), Qa, 
is a maximal left ideal in X,. Let Q denote the set of all positive roots of g, 
(see Section 5). Then from Lemma 5, 9), must be the unique maximal 
left ideal in X, containing 


X.(Hy—Ao(Hy)) 
vyeQr vyeq 


where =QOP,. Now if B.XY,+ it is obvious that 
vyeQ 
8.9 MD Mt. and therefore it is enough to prove that Mt, is a maximal 


left ideal in B,. Let 2p,— > y and y. If is root in¢ and y 
vyeQ vyeP 


a root in g, then B(H.)=0. Hence it follows that p(H,) —p,(Hy) for 
all ye Q. This shows (by comparison with the conditions of Theorem 3) 
that the problem of proving the maximality of Mt, in B, is exactly the same 
as our original problem if we replace g by g,. Therefore we may assume 
that g’ = {0} and P=P, UP,,. 

Let Dt, ~ Mt be a left ideal in B containing Yi. We have to show that 
M, ==. For any linear function A on §, let B,* denote the set of elements 
b*eB* such that 7(H)b*—A(H)b* (Heh). Then it is clear that 
H* — SB * and B,* — {0} unless Ay — A is a linear combination of positive 

A 


roots with coefficients which are all nonnegative integers (see the proof of Lemma 


2). Moreover Dt,* = * N {0} since M,~ Mt (Lemma! of [5(b)]). 
A 


Hence in view of the above remarks, there exists a highest weight A, such 
that 1 {0}. Choose an element ¢0 in Then 


if y is a positive root = {0} and therefore 7(X,)¢=—0. Now 


define x,(z) (ze) as in Lemma 17 and for any linear function A on § 
let X,(z) denote the value of this polynomial under the substitution 7; = A(H;) 
(111). (Here we are using the notation of Section 7). Then it is 
clear that +(z)¢=y,,(2)¢ for all ze 3. Similarly (z)1* = y,,(2)1* (ze 3) 
and therefore x(z)b* = y,,(2)b* for every b*eB*. Since 60, we conclude 
that y»,(z) = yx,,(z) for any ze 3. But then if W is the Weyl group of g with 
respect to h, it follows from Theorem 5 of [5(b)] that A, + p= 5(Ao + p) 


for some s,e W. (Here 2p= > y). 
yeP 


Let N_ denote the set of all totally negative roots (Section 4) and put 
P=P,UN_. Since g’ = {0}, it follows from Lemmas 11 and 12 that P 
satisfies the conditions of Corollary 1 to Lemma 4. Put A,’=A,+ >) and 
let &r(P) denote the set of those linear functions on which are linear 
combinations of roots in P with real nonnegative coefficients. Since 
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p(Hg) > 0 for every Be P (see Weyl [7]) it follows from our assumptions 
on A, that A,o’(H.,) 20 for all ye P. As we shali see presently (Lemma 20 
below), this implies that A,’ —sA,’e%*(P) for every se W. Let - -, 
be a fundamental system of roots in P. Suppose (f:,- - -,f:) are all the 
totally positive roots and (@,,- - -,a,) all the (distinct) compact roots among 
(B:,° - -,;8:). Then we know from Lemma 13 that every totally negative 
root is of the form —(f8;+m,a,+---+m,a,) where 11S? and 
m,,° °*,m,=0. Hence 


Ao Ay (Ay +- p) — So(Ao p) 


where On the other hand {0} and therefore, as we 


have seen above, 
Ag — Ay = + + + + + 


dent we conclude that —pj—1,—0 and therefore A, —A, is a 
linear combination of compact roots. Let y1,: -°,yp be all the (distinct) 
totally positive roots and 8,,- - -,4, all the compact roots in P. Then B* 


is spanned by elements of the form - - -X_s\*)1* 
where A; and p; are nonnegative integers (see the proof of Lemma 2). Since 
¢e B,,*, it must be a linear combination of those elements of the above form 


for which 


However since Ag— A, is a linear combination of compact roots it follows 
from Lemma 13 that p,;=---—yp,—O0 and therefore der(X)1* = X*. 
But ~(X,)¢=0 (ae P,) and as we have seen above X* is irreducible under 
a(X). Therefore it follows from Lemma 2 (applied to X and ¢) that 
A, But Hence Ay—A, and 
A. *=A,=0. This shows that (ceC) and since it 
follows that 2t,* D r(B)d—B* and therefore Mt, —B. Hence in order 
to complete the proof it remains to prove the following lemma. 


LemMA 20. Let Py be a fundamental system of roots of g and let %*(Po) 
denote the set of all linear functions on h which can be written as linear 
combinations of roots in P, with real nonnegative coefficients. Then if Ne }r 
and A(Hg) =0 for all Be P,, A—sAe for every se W. 


It is enough to prove this lemma under the additional assumption that 
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A(Hg) (feP.) are all rational since the general case then follows imme- 
diately by continuity. Moreover by multiplying A by a suitable positive 
integer, the problem may be reduced to the case when A(Hg) (Be Po) are all 
nonnegative integers. But in this case we know (Theorem 1 of [5(b)] that 
there exists a finite-dimensional irreducible representation z of g such that A 
is a weight of z while A+ y is not a weight for any root ye%*(Po). Then 
it follows from Lemma 2 that if A’ is any other weight of 7, A— A’e &* (Pp). 
Therefore since sA is a weight for every se W, we get the result. 

Let us keep to the notation of the proof of Theorem 5 and put 
b.— 2, CX, Since [p_,p_] = {0} (Lemma 11) the subalgebra %_ of B 


generated by (1,p_) is abelian. We consider the tensor product B_X X*. 


LemMA 21. Let T denote the linear mapping B_X X* into B* such that 
T(pXat) =xr(p)a* (peP_,x*eX*). Then ts a linear isomorphism of 


P_XX* onto B*. 


We have seen during the proof of Theorem 4 that 8* —7(B,)1* and 


X* Also we proved that M,— BX,+ is a maximal left 
vyeQ 


ideal in Therefore M, and MN B,—M,. Put 
p.= > CX, and let ¥%, be the subalgebra of B generated by (1,p,). Then 


vyeP, 


if g. =p. +p_+f, and it follows from Lemma 12 of [5(c)] 
that B, = B_B.X,. But [p.,f] C p. C Mt, and therefore 


Hence 8, = + M, and B* x(B,)1* r(P_)X* T(P_XH*). More- 
over the mapping (pX (pe p’e$,,veX,) defines a linear 
isomorphism » of BP_XP,XX, onto B, [5(c), Lemma 12]. Therefore 


we, — + BY + 
= p((P_X (P.p.) XX.) + (P_ XP. XY,)). 


Hence by considering it is obvious that B_X, Mt, = B_Y, 
and this shows that the kernel of [ is zero. Therefore T is an isomorphism 
of B_XX* onto B*. 

For any linear function A on § put n(A) =dim%,*. We have seen 
above that X* is irreducible under w(£). Let Ao, be all the 
distinct weights of the corresponding representation of f and let »; denote 
the multiplicity of A; so that p;—dim (B,,*NX*) Then we 
get the following result from the above lemma. 
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Let *,yq) be all the distinct totally positive roots 
of g. Then if A ts any linear function on §, 


n(A) = wini(A) 


where nx(A) (OSiS1r) is the number of distinct sequences (m ,- mg) 
of nonnegative integers such that A=A;— 


Put X;* = X*, OSisr. Then X* is the direct sum of 


0=:i=,r and we can choose a base 2,*,- - -,2q* for X* which is composed 
of bases for the various X;*. Since _ is the universal enveloping algebra of 
the abelian Lie algebra p_ and since (X_,,,- - +,X-y,) is a base for p_, it 


follows that the elements - ++, 0) form a base 
for Hence it follows from the above lemma that -X_,,"4)z;* 
is a base for B*. Moreover it is obvious that 
if c*¥eX,* 


where A=A;— (myyi+:--:+mgy,). Our assertion now follows imme- 
diately from these facts. 
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INVARIANTS OF FINITE GROUPS GENERATED BY 
REFLECTIONS.* 


By CLauDE CHEVALLEY. 


1. An invertible linear transformation of a finite dimensional vector 
space V over a field K will be called a reflection if it is of order two and 
leaves a hyperplane pointwise fixed. A group @ of linear transformations 
of V is a finite reflection group if it is a finite group generated by reflections. 
The operations of G extend to automorphisms of the symmetric algebra 8S 
of V by the rule g(P) (x) =P(g7(x)), (PeS,zeV), and an element PeS 
such that g(P) =P for all geG is said to be an invariant of G. Our main 
purpose in this note is to prove the theorem: 


(A) Let G be a finite reflection group in a n-dimensional vector-space 
V over a field K of characteristic zero. Then the K-algebra J of invariants 
of G is generated by n algebraically independent homogeneous elements (and 
the unit). 


A vector space A is graded by subspaces A‘, (1 positive integer), if it is 
the direct sum of the A*. The degree d°P of PeA is the smallest integer j 
such that Pe > A‘; the elements of A‘ are the homogeneous elements of 

‘Sj 
degree i. When the A‘ are finite dimensional, the Poincaré series of A in 
the indeterminate ¢ is defined as 
P,(A) = dim. A?- 

In particular 8 is graded in the obvious way and P;(S) =(1—?#)-". Let 
F be the ideal generated by the homogeneous elements of strictly positive 
degrees in J. Then the grading of S induces a grading of the quotient 
space S/F. Since F is invariant under G, the operations of G in S induce 
automorphisms of S/F. We shall also prove: 


(B) Let I,,---,In be a minimal system of homogeneous generators 
of J and let m; be the degree of I;, (1\Sisn). Then 


P,(8/F) = (1 (1— 


* Received June 9, 1955. 
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The product of the m,; is equal to the order of G and to the dimension of 
S/F. The natural representation of G in S/F 1s equivalent to the regular 
representation. 


2. Two lemmas. In this paragraph, the characteristic p of the infinite 
croundfield K is allowed to be 40 and G denotes a finite reflection group in V 
whose order N is prime to p.1 To any element Pe S we can then associate 
its average over G: 


M(P) =1/N X9(P). 


LemMa 1. Let U,,: --,Um be invariants of G such that U, does not 
belong to the ideal generated in J by U2,---,Um. Let Py, (AStS™m), 


be homogeneous elements of S satisfying a relation $ P;-U;=0. Then Pie F. 
1 


If d°P, 0, then it follows from the assumption and from the relation 
that P;, = M(P,) =0. Assume now d°P; > 0 and the lemma to be true for 
all relations 3 0;: U;,—0 with homogeneous Q; and d°Q, < d°P,;. Let s be 
a reflection of G leaving pointwise fixed a hyperplane with equation L = 0. 
Then s(P;) —P;=L-Q; (Qie ti=1,: -,m), and 


whence, by induction, Q, ¢ F or, otherwise said, s(P,) =P, mod. F; the group 
G being generated by reflections, we have then g(P:) =P,mod.F for any 
ge G, whence P; =M(P;,) mod. F; since P, is homogeneous of strictly positive 
degree, the same is true for M(P,); therefore M(P,)eF and P,eF. 


LemMMA 2. Assume K to be a perfect field. Let I, (1SisSm), be 
homogeneous invariants which form an ideal basis of F,? with m—dl, 
prime to p forizr. Then I,,- - -,I, are algebraically independent. 


Let us suppose the lemma to be false and let H(J;,- - -,Z,) =0 be a 
non trivial relation of minimal degree between --,Z, where H 59) 


*In this paper, we are primarily interested in the case p= 0, but Lemma 2 will 
be used in a forthcoming paper of A. Borel, to appear in Jour. Math. Pur. Appl. 

? This always exists since by the classical theorem for invariants of a finite group, 
J is a finitely generated K-algebra. 


= 


780 CLAUDE CHEVALLEY. 

is a polynomial in r letters y;. We may assume that there exists an integer h 

such that for any monomial y,"-----y,"* of H we have 


The partial derivatives 0H/dy, are not all zero, because otherwise (for 
p0, the only case for which it is not obvious), K being perfect, H would 
be the p-th power of a polynomial H*, and H*(JI,,- - -,I,) =0 would be 
a non trivial relation of strictly smaller degree. Set 


H, = 0H /oy; is = 


then H,,: - -,H, are in J and not all zero; after a possible permutation of 
indices, we may assume that they belong to the ideal generated in J by the 
first s of them, but that none of H;,- - -,H, belongs to the ideal generated 
by the other ones in J. Set 


i=s 
j=1 
Let z,, (1S k=n), be coordinates in V. Since 
i=r 
Hi: = 0, 


we have by Lemma 1 


j=r-8 
+ Dd F, (1SiSs;1Sk<Sn) 
j=1 


(the left hand sides are homogeneous in the 2, by the above remark on the 
monomials of H). Multiplying this relation by z, and adding the relations 
thus obtained, we get 


=r-8 


j l=m 
+ S => Ady 
j=1 


where the A; are forms belonging to the ideal generated by 11,- - -,2n. 
For reasons of homogeneity, we have A;,;—0 if J; is not of strictly lower 
degree than J;; m; being prime to p for 17, we see that I; belongs to the 
ideal generated by the other J;, which is a contradiction. Thus J,,: - -,/, 
are algebraically independent. 


3. Proofs of Theorems (A) and (B). We assume again the ground- 
field to be of characteristic zero and denote as in Lemma 2 by J,,: - -, 1m 
homogeneous invariants of G forming an ideal basis of F. By Lemma 2 
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they are algebraically independent, whence also m=n. Using averages over 
G, it is readily seen by induction on the degree that the unit and the J 
generate J and thus, to finish the proof of (A), there remains to show 
that m =n. 

Let 2,: - -,%» be coordinates in V and let K(x) be the field of rational 
functions in the z;. It is acted upon in a natural way by G and we denote 
by Z the subfield of elements invariant under G. Then K(x) is a Galois 
extension of L, with Galois group G and Z has also transcendence degree n 
over K. On the other hand, @ being finite, every invariant in K(x) is 
classically the quotient of two invariant polynomials; thus L—=K(J) is 
generated by the Z;, and m=n. 


Lemma 3. Let P,,- - -,P, be homogeneous elements of S whose residue 
classes mod F' are linearly independent over K in S/F. Then P,,- - -,Ps are 
linearly independent over K(J). 


Let be a relation with Vie K(J), 
We have to prove that V;=—0 for all 2 and it is enough to consider the case 
where the V; are homogeneous elements of J such that d°V;-++- d°P; is equal 
to a constant h independent of 1. 

By the degree of the monomial J,%--- -- J," we mean its degree as 
element of S, i.e. Let S;, (j7=1,2,---), be the 
different monomials in the J; arranged by increasing degrees, with S,—1. 
We have 

Vi=>dkiS;, (kije K, kj =0 for (1StSn)), 


and our relation may be written 


i=8 
> (W; => kyPs), 


where W; is homogeneous, of degree equal to h —d°S;. Assume that kj —=0 
for lSiss and j<#. Since by Theorem A the monomial 98; does not 
belong to the ideal generated in J by the S; with j > ¢t, we have by Lemma 1 
W,eF and the hypothesis gives then k;,—0 for 1=1,---+.s. This proves 
by induction on 7 that k,;—0 for all 2,7, and the lemma. 

We now come to the proof of (B). The field K(az) being a normal 
extension of K(J) with Galois group G, has degree N over K(J), hence 
the dimension of S/F over K is finite. Let A,,- - -,Ag be homogeneous 
polynomials whose residue classes mod F form a basis of S/F. By induction 
on the degree we see that every Pe S may be expressed as linear combination 


11 
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of the A; with coefficients in J, and this expression is unique in view of 


Lemma 3. Hence 
P,(8) = P,(8/F) ‘Pi(J); 


but P;(S) (1—1t)-" and Theorem A gives P;(J) (1 —t™+)-1, whence 
1 


the first assertion of (B). We may also write 


and, setting t1, we get dim.S/F=—m,-+---+m,. Since every element 
of K(z) may be written as the quotient of a polynomial by an invariant 


polynomial, it also follows from the above and Lemma 3 that the A; form a 
basis of K(x) over K(J), whence N —dim. S/F. 
We have for ge G 


j=N 
g (Ai) 2 As, 


where the ai;(g) are homogeneous elements of J and where ay(g)eK by 
homogeneity. The matrices (a;;(g)) describe the natural representation of 
G in K(x), considered as vector space over K(J). If we reduce the coeffi- 
cients mod F we get the natural representation of G in S/F, considered as 
vector space over K; this reduction does not affect the diagonal coefficients, 
hence both representations have the same character and are equivalent. But 
G is the Galois group of the normal extension K(x) of K(J), so that the 
former representation is equivalent to the regular representation, which proves 
the last statement of (B). 
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ON THE ARITHMETIC STRUCTURE OF A CLASS OF 
COMMUTATIVE SEMI-GROUPS.* 


By Lee M. SonNEBORN. 


1. Introduction. Let S be a commutative semi-group [Jacobson [3], 
Chapter IV] in which both chain conditions hold for non-associated elements, 
and consider a multiplicative diophantine system [Skolem [6], Chapter IV] 
of the. form 
where the a;; and 6;; are non-negative integers and the z; and y; are indeter- 
minates over S. 

It was shown by E. T. Bell [1] that if S is the semi-group of positive 
integers, the solution of (1) may be reduced to the special case 


= for which 


9 


We investigate here what restrictions are imposed on S if, whenever (2) 
holds in S, elements u,, Us, V1, V2 exist in S such that (3) is satisfied. Such 
a system S is said by Birkhoff [2] to satisfy the Riesz Refinement Postulate 
after F. Riesz [5]. We shall prove that upon identifying associated elements, 
S becomes the sub-direct product of a distributive lattice, and a Gaussian 


semi-group [| Jacobson, loc. cit.]. 


2. We say a “divides, or does not divide,” b (a|b or afb) if there 
exists, or does not exist an element, c, of S such that ac—b. If a divides b 
and b divides a, then a and 0b are called associates (a~b). Otherwise a+b. 
If S contains an element ég such that e,a—a, then é, is called an identity 
for a. If e|z for all 2 in S, then e is called a unit. It is not, in general, 
true that two associate elements differ by a unit, as is shown by the system 


£ 


a 


| 
in which a~ b, but 1 is the only unit. 


* Received May 18, 1955. 
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We consider now an associative, commutative semi-group S in which 


(1) Every ascending or descending chain of non-associated divisors of 
any element, a, of S is of finite length. 


(2) ab=cd if and only if there exist elements x, y, z, w in S such 


that b=zw, c== and d= yw. 
On applying (2) to the equation aa—aa, we find that 
= 2,W, = 72) = YW. 


If 2, “a, then implies 


= L2Y> = Zo Y2W>2. 


Continuing in this fashion we obtain a chain of divisors of a,2;, 72° 
in which each element divides all the preceding elements. By condition (1) 
above, only a finite number of the z; can be non-associates. Hence x, ~ 2, 
for some n and n’. But then a—kz, —Iz, for some k and 1, and 2, = mz, 
and Hence mpa=kmpz, = kz, =a, so mp is an identity 
for a. But a was arbitrary; hence we have proved 


(3) For each element a of S, there exists an ea, called an identity for 


a, such that ega—=a. 

Condition (3) implies that the relation ~ is reflexive. Hence ~ is an 
equivalence relation; for its symmetry and transitivity are obvious from the 
definition. 


THEOREM 1. The system 8’, whose elements are the equivalence classes 
of S under ~, is an associative commutative semi-group in which 


(1°) Any ascending or descending chain of proper divisors of an element 
of S’ is of finite length 
(2’) ab~cd tf and only if a~ xy, ~st|c, c~ su, and 
b~zw, yw ~ur|d, d~ tv. 
(3’) For any a in 8’, there is an eg in S’ such that ega=a. 


Proof. Since ~ is defined by division, a~a’ and b~D’ imply a=ka’, 
= la, b = mb’, b’=nb for some k, 1, m, and n, and hence ab = kma’b’ and 
a’b’ =Inab which gives ab~a’b’. Thus multiplication is well defined in 8’. 
Properties (1’) and (3’) then follow immediately from conditions (1) and 
(3) in 8S. The proof of (2’) rests on two lemmas. 
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Consider the co-ideal {a}, [MacKenzie [4]], consisting of all divisors 
of the element a. Clearly {a} C {6} if and only if a|b, and {a} = {bd} if 


and only if a~b. 


LeMMA 1. {a}{b} = {ab} where {a}{b} is the set of all elements a,b, 
with a,e {a}, and b,e {b}. 


Proof. Trivially {a}{b} C {ab}. Let ce {ab}. Then c|ab and therefore 
ab =cd for some d. But then, by (1) b =2w, d= yw, where 
c has been displayed as wz and xja and z|b. Let a,—a, b,—z. Thus 
ce {a} 


The following two corollaries, amounting to little more than restatement, 


will be useful later: 
1. Jf {c} C {ab}, then c=c,c. where c,e {a}, and cz {Db}. 
Corouiary 2. If {cd} = {ab}, then ab =a,b, where a, e {c} and b,€ {d}. 


Lemma 2. If {ab} = {cd}, then there exist a’, b’, c’, and d’ such that 
ab =a’b’, cd =c'd’, and {a’} = {c’} C {c} and {b’} = {d’} C {d}. 


Proof. We form a chain which is forced to terminate by condition (1) 
in S. By Corollary 2, we choose a, and b, such that a,b, ab and {a,} C {c} 
and {b,} C {d}. Then from {a,b,} = {cd} we choose c, and d, so that 
c,d, cd and {c,} C {a} C {c} and {d,} C {b,} C {d}. Continuing in this 


fashion, we obtain a, and 6b. such that ab —a,b, —a2b. and 
{a2} {a} {c}, and {b2} C {di} C {bs} C (a) 
and, eventually, 


ab = a,b, = ab, = = 
and 

in which 

{an} © {Cn-1} © {ene} {eo}, 


and 


sut now, by virtue of condition (1) in S, there is an m such that {am} = {Cm} 
and {0m} = {dm}. Let am =a’, bm Cm =c’ and d, d’ and the lemma 
is proved. 

We may now conclude the proof of (2’) and hence of Theorem 1 as 
follows: We have {ab} = {cd} if and only if ab~cd. Then by Lemma 2, 
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ab ~ cd implies ab =a’b’, and c’d’ =cd where a’~¢’, b’~d’ and a’|c, and 
b’|d. But by condition (2) in S, we have 


a c= su; 


b=zw, =yw~uw—d'|d, d=w. 


Clearly equality implies equivalence, so all equalities in the above may be 
replaced by equivalences, thus completing the proof of Theorem 1. 


3. In the remainder of the paper the system S’ is considered where equi- 
valence in S is replaced by equality in 8’. 8’ is then an associative, commu- 
tative semi-group in which 


(1’) Any ascending or descending chain of proper divisors of any 
element of S’ is of finite length. 


(2’) abcd if and only if there exist x, y,2,w,s,t,u, and v such that 
a= ry, =st|c, c—su; 
b=zw, yw =ur|d, d=tv. 

(3’) For any ain 8’, there is an identity for a, and 

(4’) If a|b and bla, thena—b. 

THEOREM 2. There is an element 1 in S’ such that la—a for all aw S. 


Proof. Clearly any divisor of an identity for a is an identity for a, 
by virtue of condition (4’). Also any two identities for the same element 
have a common divisor, for if e,a4—e,’a—a, we have from (2’) e,—2y, 
rz = st| eq’, = su etc., where x|e, and zle,’. Now, if ega—a and e,b =), 
€, and e, have a common divisor which is an identity for a and b, since 
€,ab = e,ab —ab. Consider now a maximal chain of divisors of e, where 
€aa =a. It has a smallest element e,, which has the property that it divides 
all elements of the chain. If a second chain is picked, its smallest element ¢,,’ 
must equal é , since the two minimal elements must have a common divisor. 
Hence @, depends only on a, not on the chain selected. For any other 
element b there is similarly an identity e,. But then, by the above é, 
and @, have a common divisor which must be equal to both by minimality. 
Hence ¢),2 = for all x and eé, is the element 1 with properties stated in 


Theorem 2. 
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4. We define an element p, to be irreducible if the only divisors of p 
are identities for p and p itself. Clearly any element of S’ can be written as 
a finite product of irreducibles in at least one way because of the descending 


chain condition. 


TuororEM 3. The set of idempotent elements of S’ is identical with 
the set of elements which are identities. 


Proof (a) Any non-tdempotent irreducible has all its powers distinct. 
For suppose p is irreducible and pp? and p*=p™™ for some n and m. 
Then p"| p"*"| p" implies by (4’) that p"—p"*?. We pick the smallest 
n for which this is true (n= 2) and eventually arrive at the contradiction 
that = p"*! implies p""* = p". Now p"*! = p” is the same as p: p" = p: p™* 
where the only divisors of p are p and identities for p. But 


t2=—=st|p, 
p* = zw, yw = tv = p™. 
Clearly, x or y, and s or u, must be p since p is non-idempotent and irreducible. 


Case Il. y= ep’, U= Ep, where and are identities for p. 
Then z and ¢ must be identities for p, say ep” and e,””. Then p"*==zw = e,’w 
and = yw|p". But then ep” and == = p” 
from which p"|p"-", or p" =p", the desired contradiction. 

Case Il. y=s—p;t—e,, u=e,, t=e,”,z—p. But then, similarly 
p" = zw = pw and yw = pw|p™". 


Case Ill. r=u—p; and t=—p. Then 
p"=2zw =e,'w, yw But and 


Cp YW Cy | Cp p™? or p™ == 


Case y=u=—p; s=e,'. Two cases are possible. First if 
z= p, then p"= pw, yw = pw|p"", or p"=p"". Otherwise in which 
case and pw|p"* whence from 
which p"*| p"-! which is false and completes the proof of (a). 


(b) Any dwisor of an idempotent is idempotent. For let a be idem- 
potent and a= pb where p is irreducible. Then a*—p"b"—a. Hence p"|a 
for all n. But the p” are an infinite ascending chain of divisors of a unless 
p is idempotent. Hence p is idempotent. But then any irreducible divisor 
of an idempotent is idempotent. But any divisor of an idempotent is a 
product of irreducibles and is hence idempotent. 
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M. 


(c) Any identity is idempotent. Consider an element é@q with the 
property that e,a—a. Let p, an irreducible, divide eg. Then p”|a for all 
a and hence p is idempotent. But e, is the product of a finite number of 
such idempotents, and is thus idempotent. But clearly any idempotent is 
an identity (for itself) and so the set of identities is the same as the set of 
idempotents completing the proof of Theorem 3. 


TuHeoremM 4. The identities of S’ form a distributive lattice. 


Proof. Let I be the set of idempotents partially ordered by «Sy if y|., 


and consider the product ab with a and 6 in J. Then ad is in J and ab Sa, 
ab =b. Assume in J Then and ax = aak =ak 
and abe Hence ab|x and eSab. Thus and is a lattice, 
for it is a partially ordered set with a unit element 1, the descending chain 
condition, and is closed under finite intersection. J is distributive for if 
a= there exist b, and c, such that a=b,M ¢, with b, = b and ¢, Ze. 
This is easily shown to be equivalent to distributivity in a lattice, and, 
rewritten in terms of division, is precisely Corollary 1 of Section 2. Now, 
ab = cd if and only if b=zw, d= yw, for distributivity in a 
lattice is also equivalent toaN b—=cNd if and only if a= (aUc)N(aUd), 
b= (bUc)N(bUd), c= (aUc)N(bUc)andd= (aU d)N(b Ud). Hence 
condition (2) of S holds among the identities of 8’. 


5. Turorem 5. If an element of S’ is factored into irreducibles in 
two ways, the non-idempotents and their powers are identical in the two 


factorizations. 
Proof. Let p, pi, p2 denote non-idempotent irreducibles. 


(a) If p|ab then pla or p|b. For let pk =ab. Then by condition (2’) 
on 8’, 


p=ay vz=stla, 
where or y=p and zla,y|b. 
k=zw yw=ur|d, 
(b) Any non-idempotent irreducible has no non-idempotent divisors 


except itself. 


non-idempotents occurring are the same. For, let p occur in one factorization, 


In two factorizations of an element into irreducibles the distinct 


then by (a) it must divide a p’ in the second factorization and by (b) it must 
be the same element. 


as 
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(d) No non-idempotent irreducible divides any power of any other 
non-idempotent. For let p; Ap. and p,|po* where @ is minimal with this 
property. Then But by (a), pilpe or pil both of which 
are false. 

(e) If p"|ab and pfa then p"|b. We prove this by induction on n. 
By (a) this is true for n=1. Let m be the smallest integer for which 
p"|ab, and p"{b. By the induction hypothesis, p"*|ab and pfa implies 
|b. From kp™ = ab, we have by (2’) 

= xy, = st|a,su—a; 
k= zw, yw = uv|b, tv = b. 
But ptfa and hence a,z,s,¢ and are not divisible by p. But then = cy 
where pfx and hence p”*|y. Hence p: ay from which 
pm =n = | 2, 
Uo’ =y. 
But p cannot divide x, or hence 2’, 2’,¢’ or uw’. But if pf2’, then p”™"|y’ and 
if p=w’. Thus and y|b, so p™|b contrary to 


assumption. Now, if an element a of 8’ has two factorizations 


in which eg and eg are the idempotent parts, =; for all 7 since | ep 
where pk. This completes the proof of Theorem 5. 

The set of idempotents which divide a, an element of 8’, has a maximal 
element e,. Say it has a second e’. Then ea—ea=-a—e,e,a. But 
since é, and e,’ are maximal they are equal. Hence we mav factor the element 
a uniquely into e,, its maximal idempotent divisor, and powers of irreducible 
non-idempotents. Let a= egp,%- and (a; and 
8: = 0) be factorizations in this unique fashion. Then 


is the factorization of their product. For clearly eaey| ab, and Cay | ab implies, 
by Corollary 1 of Section 2, that ea, = ¢éq’e,’ such that eq’|é_ and e,’|e,. But 
this in turn implies that Cay = Ca Cy | Calo| Car- Hence = 


THEOREM 6. abcd if and only if there exist x, y, z, and w such that 


a=zy, c—az and d=yw. 
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--p,". By the above if and only if and 
a+ +5; From the remark on distributive lattices eg = 241, = 2:W,, 
Cp = 2,2, and ¢g=y,W,, and from the truth in integers (or arbitrary Gaussian 
semi-groups), the truth for irreducibles is immediate. The product of the 


separate parts clearly suffices. 


THEOREM 7. The system S’ is the sub-direct product of a distributive 
lattice and a Gaussian semi-group. 


Proof. Replace a p,;*" by the pair (ég, p,*"). Then 
ab = (€4M ey, - - However, the product is not necessarily 
direct. For consider the set R = {(@,1), (@:,1), (@:,p") (n =1, 2,3,- - 
with e,%e,—e,. All the postulates are satisfied, but R is not a direct 
product, for the {(é,p")} are missing. 

The question of whether or not any diophantine system may be reduced 
as in Bell [1] to the special case considered here will be treated elsewhere. 


The author wishes to thank Professor Morgan Ward who suggested the 
problem, and whose helpful suggestions and encouragement are greatly 
appreciated. 
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ON A PROBLEM OF POINCARE CONCERNING RICCATI’S 
EQUATION.* 


By Puitip HartMAn and AUREL WINTNER. 


1. For large positive ¢, consider the differential equation 
(1) a” +f (t)e=0 
in which f(t) is a real-valued, continuous function having the property that 
(2) exists 
(as a finite limit). Then equation (1) can be considered to be a “small” 
perturbation of the equation with constant coefficients 
(3) a” + wr = 0. 


This prototype of (1) has the pair of solutions e*, = or —1,t 
according as w==—A* <0,» =A? >0 or w=0. Correspondingly, an asser- 
tion of Poincaré [9], pp. 227-236, implies that (1), in the case (2), has 
solutions «—z(t) with a logarithmic derivative 


(4) w= /% 
satisfying 
(5) w?(t) >—w as to. 


But the indications given by Poincaré are incomplete, and the purpose of this 
paper is to examine the validity of the assertion (when w—f(o) =0). 

What is at stake is the existence, and not the evaluation, of a limit, 
w(oo), of (4) as too. For if it is assumed that w(c) exists, then 
w*(c) =—w (so that (5) holds). In order to see this, note that (4) 
satisfies the Riccati equation 


w’ + w? + f(t) =0 
(at those ¢-values at which 240). Hence the assumptions that f(0o) —w 
and w(o) exist imply that w’(¢) tends to —w?(c)—w as to. But 


the existence of w(co) means that w’(t) is improperly integrable at { =o, 
and so the limit of w’(¢) at too must be 0, which proves that w?( oo) =—v»o. 


* Received May 5, 1955. 
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Poincaré’s statement is correct if f(o) <0 and, in this case,* every 
non-trivial (540), real- or complex-valued solution r= z(t) of (1) satisfies 
(4)-(5); see Perron [6]. When 


(6) w = 0, 


then (1) can be non-oscillatory or oscillatory, where, in the terminology of 
A. Kneser, (1) is called non-oscillatory if one (hence, by Sturm’s separation 
theorem, every) real-valued solution ($40) of (1) does not vanish for large t. 
In the non-oscillatory case (2), (6) of (1), it is known that every (real- or 
complex-valued) solution z(t) (=40) of (1) satisfies (4), (5); see [2], 
p. 391, Theorem B. 

If (1) is oscillatory and «—z(t) is a real-valued solution, then the 
ratio (4) is undefined at the zeros of z(t). On the other hand, if —~2(t) 
and «—y(t) are two real-valued, linearly independent solutions of (1) 
(which, therefore, do not vanish simultaneously), then the complex-valued 
solution 


(7) x(t) + w(t) 


of (1) has no zeros (so that (4) is defined for all ¢). Perron [7%] has 
shown that, nevertheless, Poincaré’s assertion in the case (6) is false; that 
,, that there exist differential equations (1) which have coefficient functions 
satisfying (2), (6) (and which are necessarily oscillatory) but are such that 
no (complex-valued) solution z(t) satisfies (4), (5). Strictly speaking, 
Poincaré’s paper assumes that f(¢) is a rational function, but this is of no 
avail (in this connection, cf. the positive results of Perron [6] as well as his 
negative observations in [6], pp. 269-270). 

The question of the validity of Poincaré’s assertion in the case 
w=f(0o) >0, say 
(8) == 1, 


does not appear to have been treated in the literature. The chances for the 
truth of the assertion in this case seem to be higher than they are in the 
case (6). In fact, the prototypes (3) in the cases (6) and (8) are 2” 0 
and 2” +20, and the former has secular solutions (i.e., it leads to a 


*In view of the superposition principle, the assertion is implied by the statement 
that if f(t) is a real-valued continuous function and if (1) has a real-valued solution 
a(t) for which neither z(t) nor #’(t) vanishes for large t, then (2) implies (5) for 
the case z(t) = a(t) of (4). 

A simple proof follows by applying l’Hépital’s rule to the function w’*/x?. In fact, 
the ratio of the derivatives of #? and 2 is 2a’x"/2ra’ = x” /ax, which is —f, by (1). 
and so the assertion follows from (2). 
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multiple elementary divisor), whereas the roots of the characteristic equation 
of the latter are distinct (A= +7), and even the title of Perron’s paper [7] 
emphasizes the multiple character of the roots in his case (6). It turns out, 
however, that Poincaré’s assertion is false in the case (8) also. In fact, if 


(9) f(t) =1-+ (sin t)/(42), 


then (2) and (8) are satisfied (and f(¢), instead of being just continuous, 
is an entire function) but (1) fails to possess any solution «—2z(t) for which 
Riccati’s quotient z’/z tends to a limit as fo. 

In order to see this, let 


(10) r==r(t) =| 2(t)| = (2? + 

Then 

(11) rr’ —= + yy’; 

so that, from (4), 

(12) /r + 

where c is the Wronskian constant, 

(13) ry’ (0). 

It is clear from (12) that (5) cannot hold if r—*r(t) is unbounded, as to. 


This will be the case if (1) has some unbounded (real-valued) solution; that 


is, if (1) has some solution satisfying 


(14) lim sup | =o. 
t> 


But Perron [8] has shown, in another connection, that (2) and (8) are 
compatible with (14); in fact, (9) is a simplified version of his example 
(cf. [10], pp. 386-387). Hence, the case (9) of (1) has no solution satis- 
fying (5), where o—1. 

The considerations leading to these remarks will be considerably refined 


below. 


2. The following conventions will be used: The assumption that f(¢) 
is real-valued and continuous for large ¢ will not be repeated below. z(t) 
and y(t) denote real-valued, linearly independent solutions of (1) and 
¢ (+40) denotes their Wronskian constant (13). A solution z—z(t) of (1) 
will be called of type (7), (13) if it is the linear combination (7) of real- 
valued solutions satisfying (13) with a c0. 
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(1) Let (1) possess a solution z=2z(t) of type (7), (13) having a 
Riccati quotient (4) which satisfies (5), where w is (finite and) real. Then 


t+8 


(15.) l.u.b. | f (f(u) —w)du|/(1+s)—-0 as too. 
0<8< 


This shows the extent to which (2) can be altered when (4), (5) hold. 
The theorem is known in the cases that » <0 in (5) ([1], pp. 570-571) 
and in the case that (1) is non-oscillatory and w0 (see [2], p. 391). 

The contrast between the cases » = 0 and w > 0 is shown by the following 


theorems: 


(II,) Let z(t) be a solution of (1) of type (7), (18) for which 
the Riccati ratio (4) satisfies 


(16,) w(t)—-0 as 

Then every solution of type (7), (13) satisfies (169). 
If (16,) is replaced by (5), where w > 0, say by 

(16,) w(t)—1 as 

then there is a uniqueness theorem. 


(1I,) Let z=2z(t) bea solution of (1) of type (7), (13) for which 
(4) satisfies (16,). Then the solution z=2z(t) is unique up to a constant 
factor. 

If (16_) means the relation which results if 7 is replaced by —1 in (16,), 
then z= z(t) satisfies (16,) if and only if its complex conjugate z(¢), which 
is also a solution of type (7), (13), satisfies (16_). 

(III,) Let z(t) be a solution of (1) of type (7), (18). Then the 
conditions (15)) and 


(17) |z(t)|—>00 as too 
are necessary and sufficient for (165). 
The analogue for (16.) is as follows: 


(III,) Let z=2z(t) be a solution of (1) of type (7), (18). Then the 
condition (15,) and the condition that 


(18) lim | 2(t¢)| exists 


too 


(as a finite limit) are necessary and sufficient for (16.). 
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In this theorem, (18) can be replaced by the condition that 


(19) lim | z2’(¢)| exists. 
tra 0 
(IV,) Let z=2(t) be a solution of (1) of type (7), (13). Then 
(15,) and (19) are necessary and sufficient for (16.). 


It will be seen from the proofs that if (15,) is assumed, then the 
necessary and sufficient condition (18) and/or (19) for (16.) can be replaced 
by the condition that lim (| z(t) |?-+ | 2’(¢)|?) exists and is 2|c¢]. 

t 0 


For the case 1 in (5), there results the following existence theorem : 


(V,) If (15,) holds, then necessary and sufficient for the existence of 
a solution z==2(t) of (1) of type (7), (13) satisfying (16,) 1s that 
(20) lim | «+ ia’ | exists 
to 


for every (real-valued) solution «—<a(t) of (1). 


It may be remarked that (20), as a sufficient condition, cannot be relaxed 
to the assumption that 


(21) as 


holds for every (real-valued) solution x(t) of (1); cf. Section 9 below. 
It will, however, remain undecided whether or not the sufficient condition 
(20) can be relaxed to the assumption that (20) holds for some (instead of 
every) real-valued solution 


(VI,) Jf (1) has a solution z=2z(t) of type (7), (18) satisfying (16,) 
and if h=h(t) is a continuous function for large positive t satisfying 


f |h(t)| dt <o, then x” + (f(t) has a solution z=2(t) 
of type (7), (18) satisfying (16,). 

In fact, since the solutions of (1) are bounded, as t->0, by (III,) 
and/or (IV;), it follows from [11], p. 261, that to any solution r—2(t) 
of (1) there corresponds a (unique) solution x -z,(t) of the last equation 
satisfying, as to, 


2o(t) =2z(t) +0(1), Lo (t) =2’(t) + 0(1). 


Thus, (VI,) is a consequence of (V,) (for instance). 


3. Proof of (1). Let z—2z(t) be a solution of (1) for which the 
Riceati ratio (4) satisfies (5). Since (I) is known when w < 0, it will be 
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supposed that either o=0 or o=1. In view of (12), the relation (5) is 


equivalent to the pair of limit relations 

(22) r/r—>0 as 

and 

(235) as if w=0, 
or 

(23,) as if ow—1. 


The relations (23) express the fact that 
(24) c*/r*(t) as t> 0. 


If (10) is differentiated twice and (1) is used in the form #” =—fz 
and y” ——fy, there results the relation —1’’/r =f — (xy’— ya’)?/r*. In 
view of (13), this means that r—r(t) satisfies the “linear” differential 


equation 
(25) g(t)r=0, 


where 


(26) 


g(t) =f(t) —e/r*(t). 
The equation (25) is non-oscillatory, since it possesses the solution 
r=r(t)>0. By Theorem B in [2], p. 391, a necessary and sufficient 
condition for (25) to possess a solution r—r(t) satisfying (22) is that 


t+s 
(27) l. u. b. | g(u)du|/(1-+s) +0 as too. 
t 


Hence (15) follows from (24) and (26). This proves (I). 


4. Proof of (II,) and (III,). The assertion (III,) will be considered 
first. If (1) has a solution z—2z(t) of type (7), (13) satisfying (16), 
then (15,) holds, by (I). In addition, the proof of (1) shows that (16,) 
implies (23,), that is, (17). Hence (15,) and (17) are necessary for (16,). 

Conversely, if (15)) and (17) are assumed, then (27) holds. Conse- 
quently, Theorem B of [2], p. 391, shows that the solution r—r(f) of the 
non-oscillatory equation (25) satisfies (22). In view of (12), the relations 
(22) and (23,) (that is, (17)) give (15,). This proves (III,). 

In (II,), it is assumed that (1) has a solution z= z(t) of type (7). 
(13) satisfying (16,). Thus, (15,) holds. by (I). The assertion (III,) 
implies, therefore, that a solution z—2z(?) of (7). (13) satisfies (16,) if and 


0 
t 
a 
t 
t 
f 
\ 


ON A PROBLEM OF POINCARE. 79% 


only if (17) holds. Consequently, it is sufficient to show that if a pair of 
real-valued, linearly independent solutions x(t), y= satisfies (17), 
then any pair of real-valued, linearly independent solutions, x= c,% + c.y 
and y= ¢,x cyy, where ¢,¢,— #0, satisfies (17), that is, + c2y)? 
+ (csx + cyy)?—>00 as But this is clear, since c,c,— ¢2¢; 0 implies 
that there is a const. > 0 satisfying 
(cu + coy)? + + cay)? = const. (x? + 

for arbitrary x,y. This proves (II). 

5. Proof of (II,). Suppose that (1) has a pair of solutions z, = z,(t), 
= 2,(t) satisfying 2'/2;—>1, as Then 


/ — = — 2122") /2122 > 0 as 


Here the Wronskian 2,’2,— 2,22’ is a constant. On the other hand, | z, | and 
|z.| tend to finite limits, as too; cf. the derivation of (23,) from (5). 
Thus, the relation in the last formula line cannot hold unless z,’z2— 2,22’ =0, 
that is, unless z, = const.2.. This proves (II,). 


6. Proof of (III,). The necessity of (15,) and (18) for (16.) follows 


from the assertion (1) and its proof (cf. (23,)). 


In order to prove the sufficiency of (15,) and (18), let z=z(#) be a 
solution of (1) of type (7), (13) satisfying (18). The proof of (III,) 
will be completed first under the assumption that 


(15,) and (18) imply (23). 
It will then be shown that (28) is always true. 

If (23,) holds, then (27) follows from (15,) and (26). In this case, 
(22) is a consequence of (25), (27); see [2], p. 391. Finally, (16.) 
follows from (12) and (22), (23;). 

Thus, in order to complete the proof of (IIT,), only the assertion (28) 
remains to be proved. It should be noted that if (15,) is replaced by (2) 
and (8), then (23,) is a consequence of the fact that, on the one hand, the 
number NV (¢) of zeros of y(s) on 0<s < satisfies 


(29) aN(t)~t 
and, on the other hand, 


t 
(30) | (t) — | c | ds/r?(s)| Const. as t->00 ; 
cf. [4], pp. 210-211. 
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In order to prove (28) (without the assumptions (2) and (8)), note 
that, since (25) is non-oscillatory, 


t t 
either f g(s)ds—>—o or lim? ( 9(u)du)as exists 
t> 


(as a finite limit) ; cf. [2], p. 390. Hence (15,) and (26) imply that 


1<limc?/r*(t) (S~). 


Suppose, if possible, that (23,) does not hold, so that 
(31) 1 <lime?/r*(t) (So). 
t> 


Then the solution r—=r(t) of (25) satisfies 


(32) 1+ (7/r)?— lim c?/r*(t) (S00) 


This follows from [1], pp. 570-571, if the limit in (31) is finite and from 
this result and from comparison theorems (cf. [5], pp. 635-636) if the limit 
is infinite. In view of (31), the relations (31), (32) imply that 7’/r<0 
for large ¢; in fact, 7’/r <—const. <0 for large ¢. Hence 
(33) r exp(—Const.¢) for large ¢ (Const. > 0). 
By (13) and Schwarz’s inequality, c? 1?(t) Consequently, 


(34) a’? ty’? > exp (2 Const.¢) for large 


If (1) is multiplied by « and if 2a” is written as (xz’)’—2’, then a 
quadrature leads to 
t 


(35;) rx’ q f(s)a*(s)ds + const. 


An integration by parts gives 
t 
(352) fa?ds = x°F — 2 xa’ Fds, 
ea e 
t 


where F(t) = f(s)ds. Since 2! ab| = 4a?+ 2b? for any pair of real 


numbers «a, 
t t 
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The relations (35,), (352), (3853) give 
t 


4 av’ + O(t) + ast 0, 


since F(t) =O(t) and || Sr(t) =O(1), by (15,) and (31), respectively. 


Thus 
t 


4 (2? +-y”)dsS aa’ + yy’ + O(#) as 


Another quadrature shows that 


t 
f + y’*)ds)du S $r?(t) + O(t*) as 


In view of (31), the term r?(¢) is bounded as t->0, and so the last relation 
contradicts (34). This contradiction shows that the hypothesis (31) is 
untenable. Hence (28) follows. This completes the proof of (III,). 


Remark. In this proof of (28), the full force of (18) was not used. 
Correspondingly, the proof remains applicable when lim |z(t)|, as 
exists as a finite limit or as oo. In fact, whether or not r(o) (0) exists, 


the proof shows that 


(36) lim inf ¢?/r*(¢) = 1S lim sup c?/r*(t) ; 


to 
cf. (29), (30) for the case that (2), (8) hold. 

7. Proof of (IV,). Let p—p(t) denote 
(37) p(t) =|2()| = 

Then a differentiation of (11) leads to rr’ + =—p?-+ 27” yy”. Hence, 
if (1) is written in the form 2” = — fz, y” —=—fy and (25), (26) are used, 
it follows that 

(38) = esr. 

Since (16.) is equivalent to (22) and (23,), it is seen that (19) is a 
necessary condition for (16.). Thus, all that remains to be shown is that 
(15,) and (19) are sufficient for (16.). In view of (III,), it is sufficient 
to show that 
(39) (15,) and (19) imply (18). 

To this end, note that 


(40) p?(co) p2(t) =| 
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In fact, it is clear from (38) and 7”?=0 that limsupc*/r?(t) Sp?() ; so 


t> 
that (40) follows from the second inequality in (36). 

If « > 0 and if ¢ is sufficiently large, then c’/r?(¢) S 0 ) — 2e* implies 
that |7’(t)|>«, by (38). If tt, is sufficiently large and c?/r?(t,) 
< p*( 0) — then either 7’(t,) >« or <—e. In the former case, 

c?/r?(t) S p? ) — 2e’, 

hence for all But 7r’(t) >e for large ¢ implies that 
r(t) oo as t—>0, and this contradicts (36). Consequently, 7’(t)) <—e 
whenever ¢?/r?(to) S p?( (and is sufficiently large). It follows 
that c?/r?(t) > p?( oo ) — 2e? for all large ¢, that is, lim inf c?/r?(¢) = 
Thus, by the last formula line, lim c?/r?(f) exists and is p*(«). Since 
p?(«) =|c|>0, by (40), the relation (18) holds. This proves (39) and 
completes the proof of (IV,). 


8. Proof of (V,). Let z—2z(t) be a solution of (1) of type (7), (13) 
satisfying (16,). In view of (22) and (23,), 
(41) —>0 and r?>c(>0) as too. 
Consider the first of these two relations and the relation (13), that is, 
rx’ + yy’ =o0(1) and yx’ =—c, 


as a pair of linear relations in a’ and y’. Solving for 2’ and y’, one obtains 
(a? + =—cy+o(|r|) and as too. 
Hence, in view of the second relation in (41), 


(42) =—y-+o(1) and y’==x+0(1). 
Thus (20) follows from (18). Similarly, 


(20 bis) lim | y + iy’ | exists. 


t> % 


Finally, an arbitrary real-valued solution, c,a-+ c.y, of (1) satisfies 


(43) (c,@ + coy)? + (c,a’ + coy’)? 


=c,|a+ ir’ |? + y+ iy’ |? + +2’y’). 


In view of (42), 
(44) ry +a’y’=0(1) as 
Hence 


(45) lim | + coy) + i(¢,2’ + csy’)| exists, 


( 
1 
( 
( 
I 
J 
| 
t 
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by (43), (20) and (20bis). This proves that the condition that (29) holds 
for every real-valued solution x(t) of (1) is necessary for the existence of a 
satisfying (16,). 

Conversely, suppose that (20) holds for every real-valued solution # = z(t) 
of (1). In particular, (45) holds for arbitrary constants ¢,, c. and a pair of 
real-valued, linearly independent solutions, r—a(t) and y=y(t), of (1). 
with c > 0 in (13). 

In view of (43), the assumption (45), for arbitrary constants c, and ¢., 
implies that lim (vy + a’y’) exists. Without altering the value of c in (13), 
the solution y(¢) can be replaced by ba + y, where the constant b is arbitrary. 


Then «cy + 2’y’ becomes replaced by 
a(be+y) +2’ + y’) + 2,7) +ay4+ ey’. 


Thus, if b is suitably chosen and br + y is renamed y, then (44) holds. If 
the pair of relations (13) and (44), which are linear in x, y’, are solved for «, 
one obtains (y?+ y”")a—cy’+o(1). If the solutions x, y are replaced by 
const. 7, y/const., then (13) and (44) remain unchanged and it can be 
supposed that y*-+ y*—=c-+o(1), (¢>0), after a proper choice of const., 
if y/const. is renamed y. Thus c—y’-+0(1). But then (20bis) gives (18), 
hence (16.). In fact, (16,) holds, since ¢c > 0 in (13). This completes the 
proof of (V,). 


9. Examples to the case (8). There exist real-valued, continuous func- 
tions f(¢) which satisfy (2) and (8) but are such that (1) has no (complex- 
valued) solution z(t) satisfying (16.). In fact, it was pointed out above 
that (9) is an example of such an f(t). 

As mentioned above, there exist continuous f(t) satisfying (2) and (8). 
but such that (1) has no solution z==2z(t) satisfying (16.), although (21) 
holds for every solution = «x(t) of (1). Such an f(t) can be obtained by 
modifying the example in [5], pp. 631-632, as follows: Let Ai,A2,- - - be a 


sequence of numbers satisfying 


(46) 1 as kw, 


k 
put B,=0 and for >1, and define f(t) by placing 


g=1 


(47) f(t) if Bri St < B, (4 =1,2,---). 


Thus f(¢) is defined for Ot <2. It is not continuous, but it will be clear 
that its discontinuities can be smoothed out (locally) without affecting the 
asymptotic behavior (as {-—>20) of the solutions of (1). 
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Let d,,d.,- - and be the sequences of numbers 
k-1 k-1 
(48) Ay, = TT and = TT 


j=1 j=1 
so that 
(49) = 


On the half-line B2.=[¢t<o, define a function r—2,(t) by the formulae 
(—1)*d;, cos Ao, Box) or Sim — Borst) 


according as Bo, St < OF Bors St < Bouse. On the half-line, 8B, St<o, 
define x—2,(t) by the formulae 


(—1)*e, COS (t — Bons) Or (—1)**ex.1 SiN — Bouse) 
according as Bora St < OF Sl < Bors. The functions 2,(f), 
have continuous first derivatives for {= t= 3, respectively, and, 


in the case (47), satisfy (1) for all t8;,B.,.---; so that a,, 2, are 
“solutions” of (1). It is clear that 


| (Box) | = d,, | ay’ (Bex) | = and | L2 (Bors) | = Ck, | Le (Boxes )| = 0). 


Hence, (20) cannot hold for x2, and/or t= 22, respectively, unless 


(50) lim d; exists and/or lim e;, exists. 

k> k> 
On the other hand, (21) holds for 2, and x =x, (hence for every solution 
of (1)) if and only if 


(51) d;=O(1) and e, —=O(1) as ko. 


It is clear that the sequence A,,A2,- - - can be chosen so as to satisfy (46) 
and (51) but to violate (50). Since (46)-(47) implies (2) and (8), there 
results an f(¢) for which (1) has no solution z—z(t) satisfying (16,), 
although (21) holds for every solution. 

It is also clear that the f(t) in this example can be chosen so as to 
satisfy f(t) 21 for all ¢ (or f(t) =1 for all ¢). On the other hand, if f (1) 
satisfies (2), (8) and tf 


(52) f(t) is monotone 


(or just of bounded variation on 0OSt<o), then (1) has solutions (7) 
satisfying (16.). This follows from asymptotic formulae ([11], p. 270) 
for the solutions of (1). 
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10. Examples to the case (6). As mentioned above, Perron [7] has 
shown that there exist functions f(¢) which satisfy (2) and (6) but are such 
that (1) has no solution z= z(t) satisfying (16,). In view of (I,) and 
(1I,), an f(t) has these properties if it satisfies (2), (6) and if (1) is 
oscillatory and possesses a solution r—2,(t) #0 satisfying 


(53) X(t) =o0(1) as 
or merely 


(54) X(t) =O(1) as tow. 


For | z(¢)| const. | x)(t)| at the zeros of a fixed solution « = yo(¢), linearly 
independent of .o(¢) (while the zeros of yo(¢) tend to , since (1) is 
assumed to be oscillatory). 

It follows that the example of [3], p. 534, has the desired properties 
and, in addition, (52) holds (the fact that f(¢) is a step-function, and not 
continuous, is unimportant for the considerations at hand). In other words, 
(2) and (52) do not assure the truth of Poincaré’s assertion concerning (5) 
in the case (6), although, as mentioned above, (2) and (52) are sufficient 
for the truth of Poincaré’s assertion in the case (8). 

It is curious that in the example of Perron and in the example of [3], 
just mentioned, (1) has a solution satisfying (54), but not (53). In fact, 
if (2) and (6) hold and if (1) is oscillatory (so that f is positive and non- 
increasing), then no solution c—z(t) ($40) can satisfy (53) (since the 
relative maxima of | z(¢)| form a non-decreasing sequence) ; cf., e.g., [12]. 

It is therefore worth noting that f(t) can satisfy (2), (6) and have 
the property that (1) ts oseilatory and has a non-trivial ($40) solution 
satisfying (53). An example of such an f(¢) is given in [5], pp. 643-644. 
The function given there even satisfies f(f)=—O(t*) as tax (hence 


| f |dt and is such that (53) becomes improved to x(t) =O 


e 


as {—»0, where y (>1) is a fixed (but arbitrary) number. 


Note that (2), (6) prevent that (53) holds for all solutions of (1). 
In fact, the same is true if (53) is relaxed to (54). This follows from (30) 
and from the fact that (29) must be replaced by N(t) —o(t) as t->00 in 
the case (6); cf. [13]. 


THE JOHNS HOPKINS UNIVERSITY. 


PHILIP HARTMAN AND AUREL WINTNER. 


REFERENCES. 


[1] P. Hartman, “ Unrestricted solution fields of almost-separable differentia] equa- 


tions,” 7'ransactions of the American Mathematical Society, vol. 63 (1948), 
pp. 560-580. 

——., “On non-oscillatory linear differential equations of second order,” 
American Journal of Mathematics, vol. 74 (1952), pp. 389-400. 

——— and A. Wintner, “ On non-conservative linear oscillators of low frequency,” 
ibid., vol. 70 (1948), pp. 529-539. 

-~——— and A. Wintner, “A criterion for the non-degeneracy of the wave equation,” 
ibid., vol. 71 (1949), pp. 206-213. 

——— and A. Wintner, “ Oscillatory and non-oscillatory linear differential equa- 
tions,” ibid., vol. 71 (1949), pp. 627-649. 

O. Perron, “Ueber lineare Differentialgleichungen, bei denen die unabhingige 
Variable reell ist,” Journal fiir die reine und angewandte Mathematik, 
vol. 142 (1913), pp. 254-270. 

———., “Ueber das infinitire Verhalten der Integrale einer linearen Differential- 
gleichung zweiter Ordnung, wenn die characteristische Gleichung zwei 
gleiche Wurzeln hat,” Sitzungsberichte der Heidelberger Akademie, 1917, 
Abhandlung 9. 

———, “Ueber ein vermeintliches Stabilititskriterium,” Gdttinger Nachrichten, 
1930, pp. 28-29. 

H. Poincaré, @uvres, vol. 1, 1928. 

A. Wintner, “ The adiabatic linear oscillator,” American Journal of Mathematics, 
vol. 68 (1946), pp. 385-397. 

——., “Asymptotic integrations of the adiabatic oscillator,” ibid., vol. 69 (1947), 
pp. 251-272. 

———., “Stability and high frequency,’ Journal of Applied Physics, vol. 18 
(1947), pp. 941-942. 

, “A eriterion of oscillatory stability,” Quarterly of Applied Mathematics, 
vol. 7 (1949), pp. 115-117. 


804 
[2] 
[3] 
[4] 
[5] 
[6] 
[7] 
[8] 
[9] | 
[10] 
[11] | 
[12] | 
[13] 
( 


ISOMORPHISMS BETWEEN PROJECTIVE UNITARY GROUPS.*’ 


By Joun H. WALTER. 


I. Introduction and Preliminaries. 


1.1. Introduction. The problem of finding the automorphisms of the 
classical groups and the related problem of determining isomorphisms between 
particular groups has been studied by Dieudonné [5] and Rickart [7,8] 
among others. With regard to the projective unitary groups, this question 
has been unanswered except when the underlying vector spaces are over 
finite fields (Dieudonné [5, p. 82]; the proof given there for the proper 
projective unitary groups applies also to the projective unitary groups). We 
shall treat this problem here. 

Denote by EF a right vector space of dimension n over a sfield K of 
characteristic not 2. Assume furthermore that K possesses an involutive anti- 
automorphism J:¢—>¢/. Then we can define a sesquilinear form f as a 


mapping f:2 X H->K such that f(z,y) is additive in both z and y and 
f(ca,yB) =«/f(z,y)B where a and B are in K. The form f is said to be 
hermitian if f(y,2)’—=f(z,y) and nondegenerate if f(z,y) 0 for all y 
in H implies that «0. We shall assume henceforth that f is a non- 


degenerate herimtian sesquilinear form.’ 
The group U,(K,f) of the linear transformations of EF onto itself which 
leave invariant the form f is called the wnitary group. The inner auto- 


morphism ¢—>A-'¢A of K induced by the element 2 will be denoted by A*; 
so The transformation h,:2—> zd for all z in is semilinear 
with respect to the automorphism A* of K and is called a homothetic trans- 
formation. The group of homothetic transformations is denoted by H,(K). 


* Received June 8, 1955. 

1 This paper is based on the author’s dissertation submitted for the degree of Doctor 
of Philosophy at the University of Michigan. The author acknowledges the guidance 
and encouragement given by Professor J. A. Dieudonné. In part, this work has been 
sponsored by the Office of Ordnance Research, U. S.. Army, under Contract DA-20-018- 
ORD 13281. 

2 Birkhoff and von Neumann [1] have shown that if f is reflexive and not alter- 
nating, then there exists an element a in K such that af is hermitian. The projective 
group associated with these forms then will be identical to the projective unitary groups. 
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The factor group U,(K,f)/Hn(K)0 U,»(K,f) is the projective unitary group 
PU, (K, f). 

Dieudonné [5] and Rickart [9] have shown that if certain involutions 
of PU,(K,f), called extremal involutions, which are defined by the way they 
act on EH and which are associated with the 1-dimensional nonisotropic sub- 
spaces of # can be characterized strictly in terms of the multiplicative struc- 
ture of PU,(K,f), then the automorphisms of PU,(K,f) can be determined 
and the related question of determining the isomorphisms between certain 
subgroups of PU,(K,f) and similar subgroups of another projective unitary 
group can be answered. The group-theoretical characterization of extremal 
involutions is our principal result. 

Besides the aforesaid restriction on K, we assume, whenever we use Lemma 
1.5, that K is not the finite field G/'(3), a case which has been considered by 
Dieudonné [5]. For the sake of convenience, we furthermore assume that n 
is finite although the extension to the infinite dimensional case is immediate 
due to some remarks of Rickart [8; p. 700]. We shall ultimately restrict n 
to be greater than 4 but we do not assume this from the outset. Of course, 
we take n = 2 in all cases. 


1.2. Definitions and Notations.’ In the study of the projective unitary 
group, we shall consider also the group of collineations 'Z,(K) which consists 
of all 1-1 semilinear transformations of #, and the factor group PTL, (Kk) 
=TL,(K)/H,(K), which is called the group of projective collineations. By 
the group TU,(K,f) of semisimilitudes, we understand the subgroup of 
TL, (K) consisting of those elements ¢ which satisfy the equation 


f(t(x), t(y)) = ef (2, y)7 


where 7 is the automorphism of K associated with ¢ and e& is an element of 
K, which depends only on ¢ and is called “the multiplier of ¢.” It can be 
shown that if ¢ is in K, = A homothetic transformation is 
contained in T'U,(K.f) with multiplier A’A. The factor group 


PTU,(K, f) =TU,(K, f)/H,(K) 
is called the group of projective semisimilitudes. 
If K is commutative and J is the identity, the groups U,(A,f) and 


PU,(K,f) become orthogonal. and projective orthogonal groups O,(K, f) 


* The reader is referred to Dieudonné [2] from which this paper takes its point of 
departure. In places where details have been omitted, the reader is referred to Dieu- 
donné’s treatise. 
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and PO,(K,f), respectively, which we merely consider as special cases of 


the unitary and projective unitary groups. 

The symplectic groups will be introduced. Such a group is defined, 
when K is commutative, as the group of linear transformations leaving 
invariant an alternating bilinear form f and will be denoted by Sp,(K,f). 
The corresponding group of semilinear transformations, however, will still 
he denoted by TU, (K,f). 

With the exception of the case where U,(K,f) is the orthogonal 
group O.(K,f), K is the finite field GF(3), and f is of index 1, the center 
of Un(K,f) is =H,(K)N U,(K,f). Let Z denote the center of K; 
then C,, consists of those homothetic transformations h,, where d is in and 
MA==1. The set of such elements A forms a multiplicative group of Z which 
we denote by (. At times, a homothetic transformation h, will be denoted 


by A and hy(a) by A(z). 


1.3. Classification of the involutions of PU,(K, f). 


We shall use the methods of linear algebra and for that reason we look 
upon an element ¢* of PU,(K,f) as a coset in U,(K,f). In particular, 
if u* is an involution* of PU,(K,f), then an element w of u* will be called 
a projective involution. If u* is an involution of PPU,(K,f) then u* will be 
called a semilinear involution and u of TU,(K,f) in the coset u* will be 
called a projective semilinear involution. The relation u?=y with y in C, 
characterizes projective involutions. 

We shall now distinguish various types of projective involutions u, where 
in C,: 

(i) wu is of the first kind if y=)? when d is in Z and WA—1. 

(ii) uu is of the second kind if y=? when d is in Z and A= —1. 

(iii) w is of the third kind if y =A? when X is not in Z. 

(iv) wis of the fourth kind if y is not a square in K. 

Note that if yA? and dX is in Z, then y/y —1 implies that WA= +1. 
So in this case wu is either of the first or second kind. If a projective involu- 
tion wu is of the k-th kind, then so is every projective involution yu, where 7 
is in C,. So we can say that the involution u* of PU,(K,f) which contains 


wu is also of the k-th kind. An extremal involution is a particular kind of 
involution of the first kind. Because the identity 1 can obviously be dis- 


‘By an involution, we mean an element u* such that u** = 1. 
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tinguished group-theoretically from other involutions, we shall exclude it 
from the set of involutions of the first kind and the elements of C, from the 
set of projective involutions of the first kind. 

It is clear that if two involutions in U,(K,f) or two involutions in 
PU, (K,f) are conjugate, they are of the same kind. 


1.4. Definition of the invariants v,* and @,*. We shall use in our 
characterization of extremal involutions of PU,(K,f) group-theoretical in- 
variants similar to those introduced by Mackey [6] and effectively used by 
tickart [7,8]. Let 3* be a set of involutions in PU,(K,f) and define 
c(d*) to be the set of those involutions of PU,(K,f) which commute with 
every element of 3*. Denote by 


v(u*, v*) the number of elements in c(c(u*, v*)) ; 
ier the maximum of y(u*,v*) for all involutions v* ~ u* such 


that v*¥u*, ~1*, and v* ~1*. 

It is easily seen that c(c(u*,v*)) always contains 1*, u*, v*, and u*v* 
when u* and v* are chosen as above; sO vy*= 4. Rickart [7,8] showed in 
the cases he considered that the minimum of the invariant corresponding to 


vy* was attained only for extremal involutions. In the case of the projective 
unitary groups, this is no longer true. So we introduce a new invariant. 

Let &* denote the set of involutions of PU,(K,f) for which vy. = 4. 
As v,« is not defined, 1* is not in &*. With one exception when n= 6, we 
shall show that &* contains the extremal involutions and the involutions of 
the third and fourth kinds. Denote by 


w(u*, v*, w*) 

wy* the maximum of w(u*,v*,w*) subject to the condi- 
tions that u*, v*, and w* are distinct mutually com- 
muting involutions in &* such that u*v* 4 w*. 


the number of elements of c(c(u*, v*, w*)) ; 


The condition that u*v* A w* implies that wy 8. We have been able 
to show that the invariant w,+ alone distinguishes extremal involutions when 
n> 4 and n=6, 8, or 12. However, in order to include the cases n = 6, 8 
and 12, we do not rely completely on this invariant in this paper. 

If u* and v* are commuting involutions, Dieudonné [5, p. 8] has shown 
that for uv in u* and v in v*, we = + vu and that the choice of sign is indepen- 
dent of the choice of representatives. It is convenient to denote the set of 
elements of U,(K,f) determined by a set 3* of PU,(K,f) by 3. Con- 


versely, if 3 is a set of elements in U,(K.f), we write 3* for the set of 
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elements in PU,(K,f) which have, as cosets, representatives in 3. Likewise, 
when & is a set of projective involutions, let c(d) and c(c(d)) denote the 
sets of projective involutions determined by c(d*) and c(c(3*)), respectively. 
Then c(3) can be characterized as the set of projective involutions which 
commute or anticommute with the elements of J. 


1.5. Some concepts in linear algebra. ‘The usual concepts of ortho- 
gonality, isotropic, and nonisotropic subspaces, etc., will be used. By S-, 
we mean the subspace orthogonal to a given subspace 8. A 2-dimensional 
subspace will sometimes be called a plane. 

We shall say that a 1-dimensional subspace X of a vector space F is 
f-commensurable (or in short, commensurable) to a 1-dimensional space Y if 
there exists a linear ¢ of FH mapping X onto Y such that f(¢(x), t(7)) = f(x, x) 
for all x in XY. We shall say that the vector x is f-commensurable to the 
vector t(x). The relation of commensurability is obviously an equivalence 
relation. A subspace U of EF is said to be f-commensurable to a subspace V 
if dim U —dim V and the 1-dimensional nonisotropic subspaces of U are 
commensurable to 1-dimensional subspaces of V. 


LEMMA 1.1. Suppose that E can be decomposed into the direct sums 
and 


of orthogonal subspaces such that U;, 1s commensurable to Vi, 1=1,2,:--,k. 
Then there exists an element t in U,(K.f) such that u(U;) = Vi, 


1,2,---,k. 


LemMA 1.2. Suppose that E can be decomposed into the direct sum 
W=U,@---P@U,ABVi8:---PBViPW of orthogonal subspaces such 


that U; is commensurable to Vi, t=1,2,---°,h. Then there exists an 
involution u in U,(K,f) such that u(U;) = Vi, += 1,2,- -,h and u leaves 
fired W. 


The proofs of these lemmas are obvious and will be left to the reader. 

We now say that 7 is a f-commensurable (or, in short, commensurable) 
vector space if all its 1-dimensional nonisotropic subspaces are commensur- 
able. It follows that any two nonisotropic subspaces of the same dimension 
which are contained in a commensurable vector space are commensurable 
to each other. 


LemMA 1.3. Let H=U QV where U and V are orthogonal nonisotrepic 
subspaces which are commensurable to each other. If dimU =dim V = 8, 


EF is commensurable. 
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H. 


Let z be a nonisotropic vector of H not in U or V. We shall prove the 
lemma by showing that zK is commensurable to a nonisotropic subspace of 
U or V. Indeed, 22, + 22, where x, is in U and x, isin V. Not both vr, 
and a. can be isotropic; for then z would be isotropic. Suppose 2, is non- 
isotropic. If x, is nonisotropic let Q —2-K and pick y in QL V so that 
is nonisotropic. If x, is isotropic, let Q be a nonisotropic plane contained in 
V and containing Then, V so again pick y in Q1 NV so 
that y is nonisotropic. 

Let =2,K, X’=X1LNU, Y=yK, Y’=Y+1nV. Then 


Hence by Lemma 1.2, there exists an involution wu of U,(K,f) such that 
u(z,) ya, where a is in K, and wu leaves fixed X’ and Y’. But then 
u(z) =y,%a-+ 2, is in V; so is commensurable to (y,a-+ in V. 


1.6. Involutions of the first kind.’ Let u* be an involution of the 
first kind in PU,(K,f) and choose a representative wu in u*. Then u?=y 


and y=A*, where 4 is in C. The projective involution A-'w is easily seen 


to be an involution in w*; so we may consider u to be an involution. Then 
E is the direct sum U+@®U- of the eigenspaces of u, where u(r) =+2 
according as x is in U* or U-, respectively. The subspaces U*+ and U~ are 
orthogonal and nonisotropic (Dieudonné [4; p. 19]). If dimU+=p, w is 
said to be a p-tnvolution. As both wu and —vw are in u*, we can always 
choose « so that pS [n/2], where [r] designates the greatest integer less 
than or equal to a rational number r. With this choice of representative, 
we also call u* a p-involution. Those linear involutions for which p—1 or 
p=n—1 are called minimal involutions and the corresponding cosets are 
called extremal involutions. 

An element ¢ in TZ,(K) commutes with an involution wu if and only 
if ¢ leaves invariant the eigenspaces of wu. If w and v are commuting 
involutions of U,(K,f) with eigenspaces U* and V*, respectively, then 
E=P,@P.@P3;@ Ps, where =U+*N Vt, P2=U*N V-, P»=U- 
and P,—U-M V-. The subspaces P; are orthogonal and nonisotropic when 
they are not zero. If ¢ in PZ,(K) anticommutes with u, then ¢ maps the eigen- 
spaces U/* and U- onto one another. In this case, dim U+ = dim U- = n/2 =m 
That is, no element t of TL,(K) can anticommute with an involution u of 
U,,.K,f) except if u is a m-involution. 


*Dieudonné [2] has characterized the centralizers of projective involutions in 
TU, (K,f). The next four sections are an adaptation of this characterization to our 
case, 
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If two 1-involutions commute, their 1-dimensional eigenspaces are ortho- 


gonal. Thus a maximal set of commuting 1-involutions consists of n 
involutions whose 1-dimensional eigenspaces are mutually orthogonal. When 
n> 2, no element of U,(K,f) anticommutes with a 1-involution. Conse- 
quently a maximal set of commuting 1-involutions of U,(K,f) determines 
a maximal set of commuting extremal involutions of PU,(K,f) which always 
contains n involutions. The product of » mutually commuting 1-involutions 
of U,(K.f) is easily seen to be a p-involution. Therefore, the product of p 
mutually extremal involutions is a p-involution or (n— p)-involution accord- 
ing as pS [n/2] or n—pS[n/2]. 

When F is commensurable, it is a direct consequence of Lemma 1.1 that, 
for each p, all p-involutions in U,(K,f) are conjugate. Then, for each p, 
all p-involutions of PU,(K,f) are conjugate. 


1.7. Involutions of the second kind. Let w* be an involution of the 
second kind in PU,(K,f) and choose a representative wu in u*. Then uv? =y, 
where y= A’, A is in Z, and AYA=—1. Then w’ is a linear involu- 
tion of TU,(K,f) with multiplier —1 and E—U*+ @U-, where U* and U- 
are the eigenspaces of u’ and of U for any wu in u*. The subspaces U* and 


are totally isotropic of dimension m = 1n/2; consequently n must be even 
[3, p. 225]. The conditions for ¢ in TL,(K) to commute with wu are the 
same as for involutions of the first kind. If v is a projective involution of 
the first or second kind, then we have F¥—P, @P?.@P: OP; where the 


subspaces P; are defined in Section 1.6. 


1.8. Involutions of the third kind. We shall consider th following 
generalization of projective involutions of the third kind, which arises in 
the subsequent developments. Let w be a projective semilinear involution of 
rU,,(K,f) relative to an involutive automorphism o with multiplier e such 


that u2=y in C,, where y=—AdA’ for some A in K. In case A7—A, we 
furthermore assume that A is not in Z. Then w’ =A-~1u is a semilinear involu- 
tion of TU, (K,f) relative to the automorphism o’ = (A-')*o = oA* and with 
multiplier e’ = (AA/)-te. It follows that o’?—1 and o’~1. Let K, be the 
fixed subsfield of K by o’. Then there exists an element 6 in K such that 
— § and K is the direct sum of the two K,-spaces: K —K, K,0. 
Thus # can be considered as a right vector space H* over K, and 


’ is a linear involution. So 


—2n. As a transformation of u 
E* —U+ @U-, where U* and U- are the eigenspaces of uw’. Furthermore 
U*; so dimg,U* = dimg,U- =n and E* = @ Thus a K,-basis 


for U*+ is also a K-basis for #. We shall sometimes denote U* as F. 


JOHN WALTER. 


Now we associate with f another nondegenerate sesquilinear form defined 
on E,. In general, we have ¢/” = e’‘¢/e’ for in K,. Dieudonné [2; chap. 
I, §14] shows that e can always be taken to be 1 by multiplying the form f 
by an element d-* of K such that e’ = d'-* and d/ = +d. In fact, if e’ A—1, 
it suffices to take d=1-+e’. If e’——1 and there exists an element uv 
of such that ~—y, take d=y-+y/’. In both these cases d/ =d and 
so the form g=—d-'f is a hermitian sesquilinear form relative to the anti- 


automorphism Jd*. 

However, if y’ = —~y for all elements y of K,0 and if ¢ is any element 
of K,, we have (dy)’ =— dy = w/¢/ =— yd’. So the restriction of J to 
K, is the automorphism ¢—y"'¢y where yw is any element of A’,6; hence K, 
is commutative. Now take any element of K,6 for d. Then = —1 
But now g is a skew hermitian sesquilinear form relative to the antiauto- 
morphism —Jd*. Furthermore, since d* is in K,, 6? =d-'¢/d = = 
for @ in K, and thus the restriction of T to K, is the identity. 

Now we have that TU,(K,g) =TU,(K,f) and U,(K,g) =U,(K,f). 
In TU,(K,q), uv’ has multiplier 1; so if x and y are in F,, 


(x), u’(y)) =g (2, 


and g(.,y) is in K,. Thus we can restrict g to a sesquilinear form f, such 
that f;:#, K #,->K,. In ease g is hermitian, f, is hermitian and we form 
the groups U,,(K,,f,) and TU,(K,,f,) acting on F;,. 

In case g is skew-hermitian, f, is alternating and we form the group 
Spn(K,,f1). Let 2 and y be in such that g(x,y) =f, (z,y) =1. Then 
g(2,y) =9(u(z).u(y)) =ATAg(z,y)™. So ATA=1. In case AX A is 
in K, and we have A2=1. But we have excluded the case that A7—A and 
A is in Z. Hence f, can be alternating only if A*4A; and thus when w is 
linear, this case is excluded. 

An element ¢ of TU,(K,f) relative to an automorphism +r, where A7 =A 
and with multiplier e, which commutes with uw commutes also with wu’. It 
then follows that o’r = ro’; so K,7—=K,. Thus f can be restricted to a semi- 
linear transformation ¢, acting on #,. Furthermore, ¢ is in TU,(K,g) with 
multiplier —=d-e,d. But then 


g(u't(x), u’t(y)) g(x, = g(tu’(x), tu’(y)) = erg (a. 


Since ro’ = o'r, e;/% =e, and e/ is in K,. Thus the restriction ¢, of ¢ to F; 
is in TU,(K,,f,) or SP,(K,,f,) relative to the restriction of + to K,. as the 
case may be. We shall say that ¢, represents t in TU,(K;,.f;). 


K can be shown to be either commutative or a sfield of generalized quaternions 
in this case. 


W 
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In general, an element of TU,(K,,f1) cannot be extended to an element 
t of TU,»(K,f). But if ¢, is in U,(K,i,f,) or Sp,(K,,f,) this can be done 
by setting t(y) —¢,(x)@ for y in U-, where x is the vector in Ut=E, such 


that = 0. 
To summarize we have the following remark. 


An element t of TU,(K,f) which is relative to an automorphism + such 
that 7 =A and which commutes with the projective semilinear involution u 
is represented by its restriction t, to H, m TU,(K,,f1). An element of 
U,(Ky,f:) or Spn(K,,f1) represents an element of U,(K,f) which commutes 


with u. 


Let Z, be the center of K,. For ¢ in K,, we have 670" = ¢"; 
so 6* leaves K, and Z, invariant. Since 6? is in K,, the restriction of @* to 
Z, is an involutive automorphism of Z,. Thus either every element of Z, 
commutes with @ (in case the restriction of 6* is the identity) or by Galois 
theory Z,; = Z, where = — 4)’ and every element of Z, commutes 
with 

Let Z’ be the subfield of Z, which is left fixed by 6*. Since K — K, @ K,0, 
Z’CZ. On the other hand, K,.nZCZ’. So as Z’CK,, Z7’=K,NZ. 
Therefore if 6* is the identity on Z,, Z,—K,NZ. If 6* is order 2 on Z, 
with fixed subfield Z,, Z. 

In the important case where wu is a projective involution of the third 
kind in U,(K,f), o’ = (A*)* and sod is in Z;. But A*—— A. So 6* is not 
the identity on Z,. We can take Then as Ki, NZ =Z; 
that is, Z,=Z(A). 

In general, when o’ leaves Z, fixed and 6* does not, we have Z, = Z(2’). 
In this case, K, is an interior Galois subsfield of K, and, according to a resuit 
by Dieudonné [3, p. 182], K = K, ® K,.y, where yw is an element of K whose 
square is in Z. However, this implies that Indeed 
=a-+by with a and b in K,. Therefore + by. 
Thus 6=-+1. If }=1, then a=0 and y” —y, which contradicts the fact 
that y is not in K,. Therefore, y* —a-—ywy and 


=a? + — (ya +- ay) = =a. 


This implies a—=0 and y* =—y. Since 6 was chosen arbitrarily to satisfy 
the condition 6% ——6, we can henceforth assume that 6—vwy so that 6? = 
is in Z and (@*)2—1. 

Now we consider the case that ¢ in TU,(K,f) anticommutes with w, 
where wu is now a projective involution of the third kind in U,(K,f). Let + 


13 


814 JOHN H. WALTER. 


be the automorphism of K associated with ¢ and let e; be the multiplier of t. 
Assume A7=A. Then ¢ commutes with h)- and hence anticommutes with uw’, 
As 6° — 6, hgu’ =— why. Sot’ is a projective semilinear involution 
of rU,,(K,f) relative to the automorphism 76* and t’u’ =w’t’.. The multiplier 
of ¢’ in TU,(K,g) is d-*0/e,6d7® which again must be in K, by the argument 
given previously in this section. Furthermore K,7"—K,; so ¢’ can be 


restricted to a transformation ¢, of TU,(K,,f,) acting on /#,. We say that 
in this case t, represents t. 

In summary: Let t be a projective semilinear involution of TU,(K,f) 
relative to an automorphism + of K. Then if ut =—tu and r»7=), ft 1s 
represented by a transformation t, in TU,(K,,f,), which is semilinear with 


respect to the automorphism 70* 


1.9. Involutions of the fourth kind. Let w* be an involution of the 
fourth kind in PU,(K,f) and choose a representative wu in u*. Then u? = y 
in C,, where now y is not a square in K. Again we consider a generalization. 
Let u be a projective semilinear involution in TU,,(K,f) relative to an involu- 
tive automorphism o of K and with multiplier e such that wu? = +, where y 
is in C and is not of the form AX? for A in K. 

Dieudonné [2, chap. I, §13] has shown that there exists a quadratic 
extension L of K obtained by adjoining a square root p of y such that dp = pd” 
for ¢ in K. (Obviously Z is not commutative when o1, even though K 
may be. So the consideration of sfields is necessary at this point.) Now 
EF can be considered as a right vector space F' over LZ by setting tp =u(z) 
for z« in #. The L-dimension of F is m—n/2. Consequently nm must be 
even, if this type of projective involution is to exist in TU,(K,f). The 


antiautomorphism J can be extended to LZ by setting p’ = pe%y" 


=p’. 
Corresponding to f, we define a new nondegenerate hermitian sesquilinear 
form g by setting g(x,y) + pf(a,u(y))%y7. In TU,(L,g) is 
the homothetic transformation fp with multiplier e = p/p. 

It is easily seen that if ¢ is an element of TU,(K,f) which is relative 
to an automorphism +7 of K and which commutes with uw, then ¢ can be 
considered to be in TU,,(L,g) relative to the extension of the automorphism 
7 to L obtained by setting p7 =p. Conversely, if ¢ is an element of TU,(L, g) 
which is relative to an automorphism ; such that K7=K, then ¢ can be 
considered as an element of TU,(A./) which is relative to the restriction 
of + to K and which commutes with w. 

Let o be the automorphism of Z leaving K fixed which is defined by 


the relation o,:p——p. Clearly o, commutes with any automorphism + 


( 
} 
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of L such that K7 = K and p’ = np with 7 in K. Therefore, if ¢ is an element 
of TU,(K.f) which is relative to an automorphism +r of K and which anti- 
commutes with u, ¢ can be considered to be in TU,(L,g) relative to the 
automorphism oor =709, Where now 7 is extended to L by setting p’ =p. 
Conversely, any element ¢ of TU,(L,g) which is relative to an automorphism 
of the form oor, where p’ =p and Kt=K, can be considered as an element 
of TU,(K.f) which is relative to the restriction of + to K and which anti- 


commutes with w. 

Denote the center of LZ by Zz. If ¢=€&-+ py is in Z, with € and y in K, 
the condition that ¢ should commute with every element of K implies that é 
and » are in Z. Hence ZC Z,CZ(p). Now if o=—1, p is in Z,=—Z(p). 
However, if «1, Z,=—Z as Z(p) is a quadratic extension of Z. 

In Section 4.2, we make reference to the case where U,(K,f) is the 
orthogonal group O,(K,f) and wu is a projective involution of the fourth 
kind in O,(K,f). Then K is commutative and J is the identity by definition 
of O,(K,f). If y= u?, we have now y/y—y?—1. As y is not a square in 
K, y=—1, p=iand L=K(i), where i= Y—1. In this case, the exten- 
sion of the identity automorphism J to L is obtained by setting 7? = 71? = —i. 


1.10. A result on fields. The following remark is a special case of a 


well-known result on fields. 


Let Z’ be the splitting field of an irreducible equation x? —a=—0 over 
a field Z. Then if B is an element of Z’ such that B? is in Z, etther B ts in 
Z or B=Ap, where pts a root of x?@—a=—=0 and dX 1s in Z. 


1.11. Some preliminary lemmas. The lemmas of this section apply 
to sfields K which will be identified with the sfield, subsfields, or extension 
sfields which we associate with the projective unitary group under investigation 


in the following sections. 


Lemma 1.4. If K ts not of characteristic 2, then for every pair of 
orthogonal nonisotropic vectors x and y and for any a in K, at least one of 
the vectors x+y(a—1), e+ ya, and r+ y(a+1) ts nonisotropic. 


Clearly, as x and y are nonisotropic, f is not alternating and hence is 


hermitian. Compute first 


(1.1) f(x + yB) =f(x,r) + BF (y, y)B. 


The lemma is trivial if «0 or «+1. So suppose «0 and a~+1 


816 JOHN H. WALTER. 


and that ya and y(a+1) are all isotropic. Then (1.1) vanishes 
for B=a and B=a+1. Setting é—f(y,y) 40, we have 


— f(x, 2) =olfa=—= (a +1)/&(a +1). 


(1.2) 


From this it follows that €=-+ (a/&+ é«), which is clearly impossible as 
€0. This proves the lemma. 

Let r be a projective semilinear involution in a group of semisimilitudes 
U,(K,f) relative to an involutive automorphism o of K such that r? =e and 
eisin Z. Let Ko be the subsfield of K left fixed by o. We must assume that 
K,~GF(3) in the following lemma. In the applications of this lemma, 
this is assured, of course, if c—1 or if K is not commutative, whence K and 
K, are infinite. In the remaining cases, the sfield K, will be identified with 
the sfield of the projective unitary group which we investigate; so the 
assumption that this latter sfield is not the field GF'(3) is all that will he 
required in order to apply this lemma. 


Lemma 1.5. Let S be a nonisotropts subspace of dimension s = 
Assume that the characteristic of K is not 2 and that Ky, ~AGF(3). If, for 
every nonisotropic vector x in 8, r(x) = 25, where 8, 1s in K, then r(x) = 78 
for every x in S where § is independent of x. Furthermore o =8*. 


It is an immediate consequence of this lemma that if o—1, 8 is in Z. 
In all cases o leaves Z fixed. 


Proof. Let x be an arbitrary, nonisotropic vector in S. Then 
r(%o) = Let Let K, be the subsfield of K left fixed hv 
n=68*o. Then r?—e implies that 88’—e, which is in Z. From this it 
follows that 7*7=1. Then [K:K,]—1 or 2 according as r—1 or not. 
This means that K,GF(3). For, if K is infinite, this is clearly the case ; 
if K is finite, it is commutative and to whence K,—K,~GF(3). 

Let 2,’ be a nonisotropic vector of S§ orthogonal to zx). Then 
= Set By Lemma 1.4, there exists an element in 
K, such that -+2,’a is also nonisotropic. Because K,;GF(3), we can 
choose «0. Then r(a% + = + On the other hand 
+ = + So = (8a? — 
Because x and 2,’ are linearly independent relative to K, it follows that 
Sx = 5 and then that But as is in K,;. So 
== §-108 and a8 Thus —6. 

As 29’ was chosen to be an arbitrary nonisotropic vector orthogonal to z,, 
for in K. So = 286% Thus and 
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o=68*. Let form an orthogonal nonisotropic basis for S. 
By the above argument r(a;) =28. Then for 


g-1 8-1 
in 8S, r(x) = Dr (a) = 
4-0 i=0 


which completes the proof of the lemma. 


Lemma 1.6. Let 8 be a subspace of E of dimension greater than 1 
and let t be an element of TU,(K,f1) relative to an automorphism 7+ of K. 
Then if t(x) = 28, with 8, in K for every vector x of S, t(x) = 28, where 8 
is in K and is independent of x in S and 7 is the inner automorphism 8* of K. 


The proof is an obvious simplification of the proof of Lemma 1.3. 
This lemma includes the case that f, is alternating. 


II. Involutions of the First Kind. 


Henceforth we shall assume that K AGF(3). 

In this part u* will represent an involution of the first kind in PU, (K, f). 
The usual restrictions on K shall hold. In accordance with Section 1.6, we 
choose the representative wu of u* which is a p-involution with pS [n/2]. 
Then H =U* @U-, where U* and U~ are the eigenspaces of uw. 


LEMMA 2.1. Assume n>2. If u* is an extremal involution and v* 
an involution commuting with u*, then a projective involution v in v* must 
commute with any projectixe involution u in u* and v* ts etther of the first 


or third kind. 


That v in v* must commute with u in u* is the result at the end of 
Section 1.6. Thus v(U+) =U*. If is in U*, v(x) =28,. If v? = 8, then 
If 6, is in Z, then 8,/8,f(z,x) =f (v(x), v(z)) =f(z,z) #0. So 
8,78, 1. This shows that v and v* are either of the first or third kind. 


2.1. Extremal involutions commuting with involutions of the first 
kind. Assume n > 3. Let u* be an extremal involution and let v* ~u* be 
an involution of the first kind commuting with u*. Let v be the p-involution 
in v* with pS[n/2] and with eigenspaces V+ and V-. We then have 
L=P,@P:@®P;@Ps, where the subspaces P; are orthogonal and non- 
isotropic or Q-dimensional. As dimU*=1 one of P,;=U*NV* or 
V- contains only the 0 vector. As u*~v*, uv, and 
So U-=P; Ps, where dim P; > 0 and dim P, >0. Thus is decomposed 
into the direct sum of three orthogonal nonisotropic subspaces U+, P, and P,. 
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As dim FE > 3, at least one of the P; is of dimension greater than 1. 
Let x be a nonisotropic vector in P; where dimP;>1. Let w be the 1- 
involution with subspaces W*==2K and W-=(2#K)+; w is in U,(K,f) by 
Section 1.6. As W* is in P,, it is left invariant by u and v. Then W-=—(W*)+ 
is left invariant by uw and v, and, consequently, wu and v commute with w. 
That is, w is in c(u,v); so any r in c(c(u,v)) must commute with w, as w 
is a 1-involution. Then r(z) —7é, and this must hold for every nonisotropic 
vector z in P;. Consequently by Lemma 1.5, r(a) = 28; with 4; in Z. 

Furthermore, r must commute with uw and commute or anticommute with 
v, as u and v are in c(u,v). However, r cannot anticommute with v, for 
then would r(P;) =P2, whereas dim P,;~dimP,. So r must leave all P; 
invariant. Consequently if dimP,—1 and z is in Py, r(z) =78,. But 
r?(x) =e for all in with ec in C. Therefore As « can have 
but two square roots in Z and hence in K, 6, +8; and 8, is in Z. Set 
Then as & is in Z, r(x) for all in Px, where 6, = = §,. 
If dim P; > 1, the above argument for P; shows r(x) = 8, for x in P;, and 
again 6,— +6; There are thus two choices in sign for r(a) when @ is in 
the two nonzero subspaces P, ~P;. There are thus but four possibilities 
for r, each of which is a representative of 1* w*, v*, or u*v*. Therefore 
v(u*,v*) = 4, 


2.2. Extremal involutions commuting with involutions of the third 
kind. Assume n>2. Let u* be an extremal involution. Let v* be an 
involution of the third kind and let v be in v*. Then v?= is in C,, where 
&8=p’ and »is notin Z. With regard to v, form the group U,(K,,f,) acting 
on the space #, where K, is the centralizer of » in K (cf. Section 1.8). The 
center of Z, of K, is Z(yz). As v, is linear, the form f, is not alternating 
(cf. Section 1.8). Then w is represented in U,(K,,f,) by its restriction u, 
to and in U,(K,,f1), is a 1-involution with eigenspaces U,* = U* 
and U,,—U-f #,. For the remainder of this section, we assume merely 
that u,; is of the first kind in U,(K,,f,;). This generalization is needed in 
Part IIT. 

The K,-subspaces U,* and U, are orthogonal and nonisotropic (with 
respect to f,), at least one of which, say U,*, is of K,-dimension greater than 
lasn>2. Let x be a nonisotropic vector in U,* and w, be the 1-involution 
of U,(K,,f:) with subspaces and W, = (27K,)+. Then w com- 
mutes with u, and its extension w to # is a 1-involution of U,(K,f) com- 
muting with uw and v. Consequently w is in c(u,v) and r in c(c(u,v)) must 


commute with it. 
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Let @ be the element of K chosen in Section 1.8. so that 0“ —=—6. 
Then r or 7” =h,r commutes with =p 'v. Since hgw—why, 1” as well 
as r commutes with w. Then the restriction 7, of r or 7” to FE, commutes with 
w, Therefore 7,(W,+*) =W,* and =28,. If commutes with v’, 
then clearly r, is a projective involution of U,(K,,f,) such that 7,* =e where 

=r, If ranticommutes with v’, then r, is a projective semilinear involution 
relative to the automorphism 6* of K, and r,*=e6*. But 6 was chosen in 
Section 1.8 so that 6?—«a is in Z. So r,?>=ez is in Z and (6*)*=1. In 
both cases, 7, satisfies the hypothesis of Lemma 1.5. Consequently 1,(2) = 26 
with 8 in K, for all x in U,*. Furthermore, since 6* is not an inner auto- 


morphism of K,, 7, cannot be semilinear with respect to 6*. Consequently 1, 


is a projective involution in U,(K,,f;) and is in Z(p). As =e, —e, 
where is in Z. But then by Section 1.10, we have that is in Z or 8 = 8 
with 8, in Z. 

If > 1, the same argument shows that with & in 
for in U,-. Again (8&)?—8*; so If dimU, —1, then 
as in Section 2.1, 7,(U,-) =U,- and r(x) = 28, for in U,-. But 6,? =8?; 
so == +6 and is in Z(u). This implies that 6, is independent of z in 
so we set 6, —=3d. 

As 7, is in U,(K,,f,) and U,* and U,- are nonisotropic, 8781. If § 
is in Z, then 8? =8/. The extension of r, to F is r and is seen to be in 1* 
or u* according as & or & =—6. If by looking at v,-'r,, we 
similarly conclude that 8576,’ and that the extension of v,"'r, to H is vr 
and is in 1* or u*. Sor is in v* or u*v*. This yields 


THEOREM 2.1. If the dimension of EF ts greater than 3, and u* is an 
extremal involution in PU,(K,f), vue = 4. 


2.3. Nonextremal involutions of the first kind. 


THEOREM 2.2. If the dimension n of E is greater than 4 and not 6, 
then vye > 4 for nonextremal involutions of the first kind in PU,(K,f). If 
n= 6, vy4+ > 4 for all 2-involutions u* ; and if, furthermore, E is not commen- 
surable, vy» > 4 for all 3-involutions. 


First take n > 4 andn+6. Let u* be a p-involution of PU,(K,f) with 
1<ps[n/2] and let wu be the p-involution of U,(K,f) contained in u*. 
We shall exhibit an involution v*4u* commuting with u* such that 
v(u*,v*) > 4. Let P; be a 1-dimensional nonisotropic subspace of the eigen- 
space U* of u and P, a 2-dimensional nonisotropic subspace of the eigenspace 
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U- of u. Set Vt—P, @P;, V- = (V*)4, P2=U*N V-, and Py =U-NV-~. 
Then dim P,=p—1>0 and dimP,=n—p—2. Since pS[n/2] and 
n=5, dimP,>0. So P,, P2, Ps, and P, are orthogonal nonisotropic sub- 
spaces whose direct sum is #. Let v be the 3-involution with positive and 
negative eigenspaces V* and V-, respectively ; then clearly v commutes with w. 

Let 7;, 1=1,2,3,4, be the involution of U,(K,f) with eigenspace 
R; =—P;. Each of u,v, and uv has a positive eigenspace which contains two 
subspaces P;; so 7;* is not one of 1*, u*, v*, or u*v*. Now if ¢ is in c(u,v), 
t must commute with v as n~6. If ¢ should anticommute with wu, then 
would ¢(P,) = Ps, which is impossible as dim ?,; ~dimP;. So ¢ commutes 
with uw and v; hence ¢ leaves invariant Pj, 11, 2,3,4. Consequently ¢ com- 
mutes with wu and v; thus 7; is in c(c(u,v)), which means that vy > 4. 

Now let n =6 and u* be a 2-involution. As above let wu be the 2-involu- 
tion in u*, and choose P;, P., P;, and P, to be orthogonal nonisotropic 
subspaces of the eigenspaces U* and U~ of wu such that U*—P, @ P,, 
U-=P,@P, and dim P,—dim P?,—dimP,;—1. Then dimP,;=—3. Let 
v be the 2-involution of U,(K,f) with eigenspaces V*=P,@P,; and 
V-=P,.@P,. Clearly uww—vu. Define the involutions 7; as above. Then 
¢ in c(u,v) must commute with wu and v as they ave 2-involutions. Hence 
t(P;) = Pi, 1, 2,3,4; that is, =R;* and Therefore 
r,is in c(c(u,v)) and vys > 4. 

Finally take n 6 and u* to be a 3-involution. Furthermore, assume 
E to be not commensurable. Then by Lemma 1.3, there exist nonisotropic 
1-dimensional subspaces P, and P, of U* and U-, respectively, which are not 
commensurable to each other. Let U* and P, =P,ANU-. Then 
E=P,@®P.2@® Ps; @® P, and the 3-involution v with subspaces V* = P; ® P, 
and V-=P,@P, commutes with u. Since dimP,—dimP,—1 and 
dim P, = dim P; = 2, it follows that ¢ in c(u,v) either commutes with both 
u and v or anticommutes with both of them. However, in the latter case, 
t(P,) =P, in contradiction to the noncommensurability of P, and P,. Thus, 
t leaves P;, t= 1,2,3,4, invariant, and 7; is in c(c(u,v)). So in this case, 
vye > 4. This proves the theorem. 


III. Involutions of the Third Kind.’ 


In this part, u* will represent an involution of the third kind and ua 


projective involution contained in u*. Then u?=y in C, and y =A? where 


*It is not necessary to determine whether involutions of the second kind are in Q*. 
The argument in Part V allows us to pass over this case. 


J 
] 
] 
8 


PROJECTIVE UNITARY GROUPS. 


is not in Z. Form the group TU,(K,,f,) acting on the space £, —U* 
as in Section 1.8. Since wu is linear, f, will be hermitian in all cases. Let v 
be a projective involution of U,(K,f) which commutes or anticommutes 
with w and let v, be the projective semilinear involution of TU,(K, f:) 


which represents v. We first distinguish four cases when v commutes with 
u and v, is in U,(K,,f;) in accordance as to whether v, is of the first, second, 
third, or fourth kinds. Then we treat the case where v, is semilinear with 
respect to the automorphism 6* described in Section 1.8. 

We have already dealt with the case that v, is of the first kind in 
U,(K,,f1) in Section 2. 2. 


Proposition 3.1. Let v be a projective involution in U,(K,f) com- 
muting with u such that its restriction v, to Ey is a projective involution of 
the first kind in U,(K,,f,). If n> 38, then v(u*, v*) = 4. 


3.1. Commuting projective involutions whose restrictions are of the 
second kind. Assume n> 4. Let v, be of the second kind in Un(K,,f;). 
Then v,>=8 in C,, B=p? with p in Z(A) and p7™——1, where T is the 
antiautomorphism defined in Section 1.8. Thus #, =V,* @ Vi, where V,* 
and V,~ are the totally isotropic eigenspaces of v,, and dimg, V,* = dimg, Vi-. 
Let « be in V,* and pick y in V,- such that f,(2,y) #40. Then the plane 
generated by 2 and y is nonisotropic. Set W,-=(W,*)+ and 
define w, to be the 2-involution of U,(K,,f,) with subspaces W,* and W,-. 
As W,*=2«k, @ yk,, v, leaves invariant W,* and consequently W,-. Thus 
w, commutes with v, and its extension w to F is a 2-involution commuting 
with w and v. The choice of y in V,- is not unique. Indeed, let y” be in 
W, and set y =y+y”. Then f,(2,y’) =f: (z,y) #0, and y and 7’ 
are linearly independent. Let w,’ be the 2-involution of U,»(K;,,f,) with 
= 2k, y’K, and W,” = (W,’*)— as its eigenspaces. Then as above 
w,’ commutes with v, and its extension w’ to FE commutes with wu and v. 

Now let r be in c(c(u,v)). As n > 4, r commutes with both w and w’. 
If r anticommutes with u, we form 7’ —h,7; 7” also commutes with w and w’. 
In any case, the element r, of TU,(K;,f,) which represents 7 commutes with 
w, and w,’. Thus r,(W,*+N W,’*) = W,* W,’t; that is, r(z) =28,. Fur- 
thermore, as 7, is linear or semilinear with respect to 6*, we have by Lemma 
1.6 that r,(2) 268 for all x in V,*+, where 6 is in K,. Furthermore, the 
possibility that 7, is semilinear relative to @* is eliminated as 6*, not leaving 
Z(A) fixed, is not an inner automorphism of K,. So r, must be linear and 
is in Z(A). Similarly r,(a) for all « in V,-, where & is in K,. 
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Now in Z implies that = =e. Hence & +6; and by 
Section 1.10, § is in Z or 8=8,A, where 8 is in Z. Now 


y) =filri(z), 1 (y)) = 878-f,(z, y) 


for z in V,* and y in V,. As we can further stipulate that f,(z,y) 40, 
we have that 678 + 1 according as = +68. 

If 8 is in Z and & —8, then 6? = 8 and 8 is in C. If 8 is in Z and 
§ — — 6, by replacing r, by v,7, in the above argument we obtain that 
v,7,;(z) =axdp for x in V,* and V, and that du is in C. If 56d, we 
replace r, by or to obtain, respectively, that = or 
(2) = for in V,* and V,-, where 8A or is in In any case, 
we see that there exists an 7 in C such that yr, coincides with the restriction 
of 1, u, v, or uv to H;. Hence r* is one of 1*, u*, v*, or u*v*. Thus we 


have shown: 


Proposition 3.2. Let v be a projective involution in U,(K,f) com- 
muting with u whose restriction v, to FE, is a projective involution of the 
second kind in U,(K,,f:). If n> 4, v(u*,v*) =4. 


3.2. Commuting projective involutions whose restrictions are of the 
third kind. Assume n> 2. Let v be a projective involution of U,(K,f) 
commuting with wu whose restriction v, to /, is of the third kind in U,(K,,f,). 
Then v,27= 8 is in C, and B—p?*, where pw is not in Z(A) but is in K,. 
Let K,. be the fixed subsfield of K, by »*; then by Section 1.8. K, = Kz @ Koy, 
where y“" —=—y and y” is in Z(A). As in Section 1.8, consider FH, to be a 
vector space over Ky. Then H,*—V,+*@V,, where V,* and V, are 
the eigenspaces of v,. We form the group TU, (K2,f.) acting on F,=V,". 
Since v, is linear in U,(K,,f,), f. is always hermitian. 

K,’ be the fixed subsfield of K by =yp*. Then K = K,’ @ 
By Section 1.8, the center of K,’ is Z(u). As p =p, A** =A; and J is in 
K,’. But Z(u) ~AZ(A) as they are both quadratic extensions of Z and yp is 
not in Z(A). Sod is not in Z(z). Hence by Section 1.8, K,’ K,’ @ Ky’y, 
where x is an element of K,’ such that y? is in Z(~) and y” —=—-. Noting 
that K,6 = K, x, we shall replace @ by y. Then we have the following relations: 


(i) K=K,@ Kw Koy 
(iii) y? is in Z(p); y’ is in Z(A). 
Since v, is of the third kind in U,(K,,f;), we have by Section 1.8 that the 
center of is Z(A,p). 
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Now let ¢ be in c(u,v). Then if ¢ commutes with u, ¢ is represented in 
U,(K:,f:) by its restriction to #,. In accordance with whether ¢ commutes 
or anticommutes with v, t, is represented by a projective semilinear involu- 
tion t2 in TU,(K2,fz2) which is linear or semilinear relative to the auto- 
morphism y* of Furthermore, ¢? with in Z(m). If ¢ anticommutes 
with u, then ¢ is represented in [U,(Ki,f:) by a projective semilinear involu- 
tion ¢; which is relative to the automorphism y* of K,. In this case, t,7=m, 
where 7; is in Z(u). Then, as ¢, in turn is represented in TU,(K,2, fe) 
by a projective semilinear involution ¢, which is relative to the automorphism 


x* or x*y* according as ¢, commutes or anticommutes with v,. Finally 


= 2, Where is in Z(A,p). 

The extension w of a 1-involution w, of U,(Ke, fz) to # is a 1-involution 
in c(u,v). Consequently, a projective involution r of c(c(u,v)) commutes 
with w as n> 2. Therefore, if r. represents r in TU,(Ko, fe), r2 commutes 
with w.. This means that r, leaves every 1-dimensional nonisotropic space 
of #, invariant. Furthermore, 7, is a projective semilinear involution relative 
to an involutive automorphism of K, and r.?=e with e in Z(A,p). So by 
Lemma 1.5, 7.(z) = 28 with 8 in K, for all x in Moreover, r, must be 
semilinear with respect to an inner automorphism of K.. Since x*, ~* and 
x*y* are not inner automorphisms, we have that 7. must be linear. ‘There- 
fore, r commutes with uw and v; so 7, is the restriction of 7 to FE, and « is in Z. 
Furthermore, § is in Z(A,u) and 8*=«. We now apply the result in Section 
1.10 twice. First either § is in Z(A) or 858, with 8, in Z(A). Then 
the square of 8 or 6,, respectively, is an element in Z. This implies that 5 
is Z, 8 or with 6; in Z. Let and vz be the restric- 
tions of wu and v to Let be that one of 12, Uo 412, Vo %2, OF Us 
such that r.’(x) for in and some 1—1,2,3,4. Since r, is in 
U,(Ke, fo), is in Z, and is nonisotropic, we have There- 
fore, the extension 7” of r.’ to EF is in C, and r is in one of the cosets 1*, u*, v* 
or u*y*, This gives us the following resuit. 


Proposition 3.3. Let v be a projective involution in U,(K,f) com- 
muting with u such that rts restriction v, to E, is a projective involution of 
the third kind in U,(K,,f:). If n> 2, v(u*,v*) = 4. 


3.3. Commuting projective involutions whose restrictions are of the 
fourth kind. Let v, be of the fourth kind in U,(K,,f,). Assume n> 4. 
Then v,2=£8 with B in C and B not a square in K,. As in Section 1.9, 
extend the sfield K, to a sfield LZ, by adjoining a square root p of 8. The 
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center L, is then Z(A,p). Then EH, can be considered as a right vector space 
F, over L, by setting rp =v,(x) and f, can be extended to a nondegenerate 
hermitian sesquilinear form g, defined on F,. We then form the group 
TU», (L;,9,) acting on F;. 

Let t, be the restriction of a projective involution in U,(K,f) which 
commutes with uw or the representation of a projective involution which anti- 
commutes with u, in which case ¢, is semilinear with respect to the auto- 
morphism 6* of K,. If, furthermore, ¢ commutes or anticommutes with v, 
t, commutes or anticommutes, respectively, with v, Then ¢, can be con- 
sidered as a projective semilinear involution in TU,(J,,9,) relative to one 
of the automorphisms 1, 6*, o or 6*o where o is the automorphism of L, 
leaving K, fixed and defined by o:p——p. It is easily verified that o and 
6* commute; so all these automorphisms are involutive. The projective 
involutions wu, v, and uv are represented in U,,(Li,9g:) by the homothetic 
transformations hy, hp, and hyp, respectively. 

Every 1-involution w, of Um(Z1,9:) extends to a 2-involution w of 
U,(K,f) in c(u,v). If 7, in TUm(L4,9:) represents a projective involution 
r in c(c(u,v)), then 7 must commute with w as n> 4 and r, must commute 
with w,. So 7, leaves invariant every 1-dimensional nonisotropic subspace 
of F,. Furthermore, r, is a projective semilinear transformation relative to 
an involutive automorphism of L, and 7,7 —e« with e in Z(A). So by Lemma 
1.5, = 28 with 6 in L, for all in F,. However, 7, cannot be semi- 
linear with respect to the automorphisms, 6*, o, or 0*o as none of these are 
inner automorphisms. Consequently, r, is linear and must be the repre- 
sentation of a projective involution 7 commuting with u and v. Therefore, 
eis in Z and 6 is in Z(A,p). Also &*—e. So applying the result of Section 
1.10 twice as in Section 3.2, we have that = =8,p, 8 = or § = 583Ap, 
where 6; is in Z and 8/8;—1. Thus 1, is the representation of a projective 
involution in 1*, u*, v*, or u*v*. This yields the following result. 


Proposition 3.4. Let v be a projective involution in U,(K,f) com- 


muting with u such that its restriction v, to E, is a projectwe involution of 
the fourth kind in U,(K,,f,). If n> 4, v(u*,v*) =4. 


Now we consider the case that v anticommutes with wu. Then as in 
Section 1.8, we set v’=hgv; v’ is a projective semilinear involution in 
rU,(K.f) which commutes with The restriction v, of v’ to 
is a projective semilinear involution in TU,(K,,f,) relative to the auto- 
morphism 6* of K,, and 8 with in Z. First note that if v,(2) = zp 
for any in v,7(x) =app™ Therefore, we distinguish two cases: 
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Case I, where 8 = pu” for some » in K;, and Case II, where B is not of the 


form for any in K;. 


3.4. Anticommuting projective involutions. Case I. Assume n > 2. 
Let v be a projective involution in U,(K,f) anticommuting with wu such that 
y is represented by a projective semilinear involution v, in TU,(K,,f1), 
where v,2==8, and B=pp™ is in Z with p in K,. Let Kz be the fixed 
subsfield of K, by 0*u*. Since is in Ki, and so 
K,=K.@® K.r. Let Z, be the center of K,; then an element in Z, commutes 
not only with every element of K, but also with A and therefore with every 
element of K,. So Z,C K.MZ(A) =Z. Since Z is left elementwise invar- 
iant by 0*n*, ZCZ,. Therefore Z—Z,. In the manner of Section 1.8, 
form the group TU,,(K>, f.) acting on Hz = V*. The form f. will be hermitian 
or alternating. 

Now an element ¢ of c(u,v) which commutes with u and v commutes 
also with h,v and so can be represented in U,(Ke2,f2) or Sp,(K2, fs) by the 
restriction ¢, of ¢ to H.. If an element ¢ commutes with w and anticommutes 
with v, then ut will commute with both uw and hgv and hence ut can be 
restricted to a linear transformation in U,(Ke,f2) or Sp, (Ke, Similarly, 
if ¢ anticommutes with w and commutes with v, form vt; if £ anticommutes 
with both wu and v, form uvt. 

In the case f. is hermitian, for every 1-dimensional subspace of 7, which 
is nonisotropic relative to the form f., there exists a 1-involution w, in 
U,,(Ko, fe) which can be extended to a 1-involution w of U,(K,f) that com- 
mutes with uw and v. Denote by 7” that one of r, ur, vr, or wvr which commutes 
with wu and v. Then as n> 2, 7 will commute with the 1-involutions w in 
c(u,v), and its restriction r, to F, will commute with the 1-involutions w, 
of Un(K2,f2). Hence by Lemma 1.5, r2(%) =28 with § in Z for every 
vector in #,. Furthermore 6781, where H is the antiautomorphism of 
K, corresponding to f.. As § is in Z, 8! —8/. So the extension 1’ of r. to 
FE is a homothetic transformation of F in U,(K,f). Therefore, r is in one 
of 1*, u*, v* or u*v* and v(u*,v*) = 4. 

In the case f, is alternating, any plane in FH, generated by two non- 


orthogonal vectors will be nonisotropic. So if x is any vector in F., pick 
two linearly independent vectors y and y’ not in (2K) and call W and W’ the 
nonisotropic planes generated by « and y, and zx and y’, respectively. Then the 
2-involutions w, and w.’ with W and W’ as their respective positive eigenspaces 
can be extended to 2-involutions w and w’ in c(u,v). If 1’ is the projective 
involuticn chosen in the previous paragraph, 7’ commutes with both w and w’ 
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, 


when n > 4 while w and w’ are 2-involutions. Then the restriction r, of r 
to FE. commutes with w, and so r.(WNW’)=WOW’. That is, 
r.(z) for each in E,. Then by Lemma 1.5, r2(z) =26 with 5 in 
Z for all « in F,. As it was argued in the above paragraph, r is in one of 


Proposition 3.5. Let v be a projective involution of Un(K,f) anti- 
commuting with wu such that v is represented by a projective semilinear 
involution v, of TUn(K,,f1), where v:2>=B and B=pp™. If n>2 when f, 
is herimitian and n> 4 when f, is alternating, v(u*,v*) = 4. 


3.5. Anticommuting projective involutions. Case II. Assume n > 4. 
Now consider the case that v anticommutes with w and is represented by a 
projective semilinear involution v, acting on F, such that v,;* = 8, where £ is 
not of the form py»™ for » in K,. We then adjoin a square root p of 6 to K, 
forming a sfield 1,—K,(p) and form the group TUm(Jn,g.) acting on the 
space F’, as in Section 1.9. Now p satisfies the relation ¢p = p¢™ for all ¢ 
in K,. In particular if ¢ is in Z,, the center of Z,, then 6” = p-'¢p = ¢. 
On the other hand, py) = for all € and y in K,. This 
implies that — = p(n6— So d must commute with and 7; hence 
Z,CZ(A). This implies that Z, = Z. 

Again an element ¢ in U,(K,f) which commutes with wu and v commutes 
with h,v and hence can be restricted to a projective involution ¢, in U,(K,, f;) 
which commutes with v,. Hence ¢, can be considered to be in Um(In, 91). 
If ¢ in c(u.v) anticommutes with one or both of u, v, or wv, then one of ut, 
vt, or uvt will commute with both wu and v. 

Now let w, be an 1-involution of Um(Z1,g,). Then w, can be extended 
to a 2-involution w in U,(K,f) which commutes with u and v. Since n > 4, 
rin c(c(u,v)) must commute with w. Denote by 7’ that one of r, ur, vr, or 
uvr which commutes with wu and v. Then 7” commutes with w and is repre- 
sented by a linear projective involution 7,’ of TU,,(Z,4,9,) commuting with w,. 
Hence 1,’ leaves invariant every 1-dimensional nonisotropic subspace of F;. 
Therefore, by Lemma 1.5 r,’(~) = 28 with 8 in Z for all z in F,. Again as 
in Section 3.4, this implies that 6’8—1 and thus that 7’ is in 1*. Hence r 
is in one of 1*, u*, v*, or u*v*. This yields the following result. 


PROPOSITION 3.6. Let v be a projective involution of U,(K,f) anti- 
commuting with u such that v is represented by a projective semilinear 
involution v, of U,(K,,f:), where v,2=8 and 8B is not of the form pp® for p 
in K,. If n> 4, v(u*,v*) 4. 
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Now Propositions 3.1 through 3.6 yield the following theorem. 


THEOREM 3.1. If the dimension of I is greater than 4, and if u* 1s 
an involution of the third kind in PU,(K,f), then = 4. 


IV. Involutions of the Fourth Kind. 


In this part, w* will represent an involution of the fourth kind in 
PU,(K,f). We shall assume n> 4. Pick a representative wu in u*; then 
u2>=y in Cp, where y is not a square in KX. As in Section 1.9, form the 


stield L = K(p), where p?=y. The center of L is Z(p). We consider # 
to be a right vector space F' over L by setting zp—wu(a), and we form the 
group TUm(L,g). Let o be the automorphism of L leaving K fixed such 
that p’——p. Then an element of U,(K,f) which commutes or anti- 
commutes with wu can be considered to be an element of TU,(K,f) which is, 
respectively, linear or semilinear relative to the automorphism o. 

We shall designate by v a projective involution commuting or anti- 
commuting with u. We distinguish various cases and in each show that 
y(u*, v*) = 4, 


4.1. Projective involutions of the first kind in U,,(L,g). Let v bea 
projective involution of the first kind in U,(L,g). Then v? = with B in C, 
where » is in Z(p) and As in Section 1.6, P=V* 
where V* and V~- are the orthogonal nonisotropic eigenspaces. Since m > 2, 
one of V* and V-, say V*, must be of L-dimension greater than 1. Let z be 
a nonisotropic vector in V* and w the 1-involution of U»(Z,g) with cK as 
its 1-dimensional subspace W*. Since W+C V+ and v is in Um(L,g), v leaves 
invariant W* and W-== (W*)+. Consequently, w commutes with v, and thus, 
wis in c(u,v). Let r be in c(c(u,v)). Then as an element of TU»(L, 9), 
r is linear or semilinear with respect to the automorphism o. Furthermore, 
r must commute with w as m > 2; hence r(x) = 28, with 6, in Z for each 
nonisotropic vector x in V*. So by Lemma 1.5, r(x) 28 with 6 in LD for 
«in V*. Also, r must be semilinear with respect to an inner automorphism 
ot L. But o does not leave fixed the center Z(p) of L and, therefore, is not 
an inner automorphism of Z. So r is linear and § is in Z(p). Also r?—e 
with e« in Z; so 8° =e. It then follows from Section 1.10 that 8 is in Z or 
with in Z. 

If dim, V- > 1, it follows in a similar manner that r(x) = 28 with & 
in for in V-; and as we have (8&)?=8=e. If 


dim; V-=1, then r(z) for x in V-. Again, 8.2=8?; so 
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So 8, is in Z(p) and hence is independent of 2 in V. Set 6,8. Since g 
is sesquilinear with respect to the antiautomorphism J extended to L, and V" 


is nonisotropic, we have that Thus if 8 is in Z, 8 isin C. If &= 8p, 
8,78) = 1 as p’ =p; so 8) is in C. In any case r considered an element of 
U,(K,f) is in one of the cosets 1*, u*, v*, or u*v*. So we have proved the 
following result. 


Proposition 4.1. Let v be a projective involution of the first kind in 
Um(L,9). If n> 4, v(u*,v*) = 4. 


4.2. Projective involutions of the second kind in U,,(L, g). Let v be 
a projective involution of the second kind in U,,(L,g). Then v? 8 with 
B in C, B=yp? with p in Z(p), and p/»—=—1. As in Section 1.7, 
F = V+ @V-, where V* and V~ are totally isotropic subspaces of L-dimension 
m/2. 

Let x be an arbitrary vector in V* and pick y in V~ such that g(z,y) 40. 
Then @ yL is nonisotropic and the 2-involution w in U,,(L,q) 
with W* and W-—(W*t)+ as its eigenspaces commutes with v. Also 
where W-N V* and W-/N V- are totally isotropic 
subspaces of L-dimension m/2—1. Since m > 2, these subspaces are not zero; 
so there exists a vector b in W-M V-. Set y’=y+5; then g(2,.y’) = g(a, y) 
~0. Let w’ be the 2-involution of U,(L,g) with W*=a¢l @y’L and 
W*’ = (W’)- as its eigenspaces. Both w and w’ can be considered to be in 
c(u,v) when considered as transformations of U,(K,f). 

If n= 8, we can conclude that r in c(c(u,v)) commutes with w and w’. 
We shall show that this is still true when n=8, Then 


dim; W* V* = dim, }=1. 


We first assume that 7 commutes with w; then we show that 7 commutes 
with w’. Indeed, if 1 anticommutes with w’, then r(x) is not in 
V+ = and so is in W*n as r must also commute or 
anticommute with v. Thus r(x) =yd¢ with ¢ in L. But also r(z) is in 
W’ and so is orthogonal to x. This is a contradiction as g(x,y) +40; hence 
r commutes with w’ in this case. 

A similar argument shows that if r commutes with w’, r commutes with 
w. So there remains to consider only the case that r anticommutes with w 
and w’. We shall exclude this case by showing that there exists a third 
involution w” in c(u,v) with which r commutes. Then the argument of the 
previous paragraph will yield an obvious contradiction. 
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Inasmuch as 6 is orthogonal to a, y, and y’, we have that 6 is in 
W-A W-OV-. It then follows that (2) = by, where y is in L. We replace 
by by 6 so that r(z) =6. Because x and r(x) are in V* and V-, respectively, 
r anticommutes with v. Thus it follows that there exists a vector a in 
W- such that r(a) =y. Set then r(z) =y’. Also if e—?’, 
r(y) =de and r(b) 

Of course, it may result that z and r(z) are orthogonal. However, we 
shall now show that there exists a vector z= 2x- ad with ¢ in L such that 
g(z9, 7(z¢)) ZO. If + is the automorphism related to r, then r(z¢) = + 
Setting g(a, y) ~0, we have 


(4.1) 9 (29,7 (26) ) = EG" + 
If for all ¢ in LZ, we have 


Setting ¢=1 in (4.2), we obtain &Je*——€" and 
(4.3) = = 


Thus LZ must be commutative as J is an antiautomorphism. Then it 
follows from (4.3) that J=7. There are two possibilities for +: either 
7=1lorr=co. In either case, J is the identity on K. Consequently U;(K, f) 
is the orthogonal group Os(K,f). Then by Section 1.9, p=i1— V—1 and 
Thus But B is in C; so It is easily seen 
that if B=1, then p4»—1. If B—=—1, then +1; and again p/p—1. 
However, the condition that v is a projective involution of the second kind 
in Um(L,g) requires that p/u——1. Thus we can conclude that there 
exists an element ¢ in LZ such that g(2¢, r(z) ) 40. 

Clearly then the subspace = @ r(z¢)LZ is nonisotropic. So the 
4-involution w” of U,(K,f) with W”* as its positive eigenspace is in c(u,v). 
Clearly r(W’”*) = W”*; so r must commute with w”. Therefore, w” is the 
involution which we seek. 

Consequently when n > 4, r(W*N W’t) that is, r(x) = 28, 
for all gin V*. Then by Lemma 1.6, = 28 with 8 in for all x in V*. 
Furthermore, r cannot be semilinear relative to o as o is not an inner auto- 
morphism of LZ. Therefore, r is linear and § is in Z(p). Furthermore, 8? —e 
is in Z, where «7°. So by Section 1.10, 8 is in Z or 8 8p, where 8) is 
in Z. A similar argument shows that r(x) = 28 with 8 in Z(p) for all 
in V-. We then have & = +6. 

If 8 is in Z and 8 =8, r is the homothetic mapping hs; and as F is 


14 
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nonisotropic, Thus r* 1* in this case. If is in Z and & 
then vr is the homothetic mapping So in this case r*—v*. If 
and —8, then similarly r*=—u*. Finally, if =8op and & ——86, then 
r* —u*v*, Thus we have proved: 


Proposition 4.2. Let v be a projective involution of the second kind 
in U,,(L,g). If n> 4, v(u*,v*) = 4. 


4.3. Projective involutions of the third kind in U,,(L,g). Let v be a 
projective involution of the third kind in U,,(L,g). Then v?=,, B=vp’, 
where uw is in LZ but not in Z(p). As in Section 1.8, let L, be the fixed 
subsfield of L by p* and let @ be an element of Z such that 6“"*=——6@ and 
6 isin Z(p). Then L=L,@L,6. The center of L, is Z(p,p). F can be 
considered as a right vector space F* over L,, and F*=—V*@V-. Set 
F,—V*, and take the form g, as in Section 1.8. Then form the group 
rU,,(1;,9;,) acting on the space F;. As v is linear, g, is hermitian. 

If ¢ is a projective involution of U,,(L,g) which commutes with v, then 
by Section 1.8, ¢ can be restricted to a projective involution ¢, of Um(L1} 9:). 
Conversely, if ¢, is a projective involution of Um (Z4,9:), t, can be extended 
to a projective involution ¢ of U,(Z,g). If ¢ anticommutes with v, then ¢ 
is represented by a projective semilinear involution ¢, of TU(Z,,91) which 
is semilinear relative to the automorphism 6* of L,. 

The situation is not quite so simple if ¢ is a projective semilinear 
involution of TU»(L,g) relative to the automorphism o. If we can show that 
pw? =p, then by Section 1.8 we can restrict ¢ to a semilinear projective involu- 
tion ¢, of TU,,(L1, 91) which is semilinear with respect to the automorphism o. 
Indeed, as we shall see, this is true if ¢ is in e(c(u,v)) and ¢ commutes with v. 
Furthermore, if ¢ is such a projective semilinear involution in c(c(u,v) ) 
which anticommutes with v, then »% =—vy; but then we show that ¢ has a 
restriction ¢, to F, which is a projective semilinear involution of TU» (J, 91) 
relative to the automorphism o of L. 

Therefore, let ¢ be a projective semilinear involution of TU,,(L,g) 
relative to the automorphism o of L which is in c(c(u,v)). Let x be a vector 
of F, which is nonisotropic with respect to the form g,. Set W,*—<aL, and 
W, = (W,*)4, and let w, be the 1-involution of Um(Z,,g,) with W,* and 
W, as its eigenspaces. As m> 2, a projective semilinear involution r in 
c(c(u,v)) must commute with the extension w of w, to F. In particular, 
é commutes with w. As a transformation of F, w has positive eigenspace 
Wt=2L, Therefore —78, with 8 in L. Set 
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Since =e in Z, we have 88° =«. Then it is easily verified that = ; 
so the automorphism += 68*o is an involution. Let Ly be the fixed subsfield 
of L by Then is of index 2 in ZL. Furthermore, p™ = p? = — p. 
So L = Ly ® Lop. 

We next show that L,—=K. Let ¢ be in K; then ¢=4¢,-+ pde, where 
¢, and ¢, are in Ly. But so —pd2’ —¢1-+ This implies 
that and ¢.7=—d,. So ¢, is in K and ¢2—pd¢s with ¢; in K. 
Thus ¢=—¢,-+ ¢sy =—¢1+pd2, and the representation of ¢ is unique only 
if do = 0 and 

But then the restriction of z to L,—K coincides with the restriction 
of &* to Ly. But also w is the identity on L,; so § commutes with every 
element of K. Also § will commute with every element of Kp; so 8 is in Z(p). 
Now t(v(xz)) and v(t(xz)) So if ¢ com- 
mutes with v, »7—y and the method of Section 1.8 applies and we can 
restrict ¢ to 

If ¢ anticommutes with v, then p7=-—yp. Therefore, p*o—op* and o 


leaves L, invariant. Furthermore, ¢ also anticommutes with h,«; so ¢ 
commutes with v’=h,-v and consequently can be restricted to a semilinear 
projective involution of TU,,(Z1, 91) acting on F, relative to the automorphism 
o of En. 

So in general, a projective semilinear involution r in c(c(u,v)) can be 
restricted to or is represented by a projective semilinear involution 7, in 
TU »(Z,,9:) which is linear or semilinear with respect to the involutive 
automorphism 6* or o of L,;. Since the choice of a nonisotropic vector z in 
F’, was arbitrary, 7, must commute with every 1-involution in U,,(Z,9:). 
Hence r, leaves invariant every 1-dimensional nonisotropic subspace of F,. 
Since r,° =e with « in Z(p,u), Lemma 1.5 yields that r(z) = 28 with 8 in L, 
for all x in F;. Furthermore, r,; must be semilinear with respect to an inner 
automorphism of Z,. However, neither §* nor o is an inner automorphism. 
Consequently, 7; must be linear; 8 is in Z(p,u); and 8*=e with e in Z. 
Then, as it was argued in Section 3.3, r is in one of 1*, u*, v*, or w*v*. 
This yields the following result. 


ProrosiTion 4.3. Let v be a projective involution of the third kind 
in Un(L,g). If n> 4, v(u*,v*) = 4. 


4.4. Projective involutions of the fourth kind in U,,(L,g). Let v be 
a projective involution of the fourth kind in Um(Z,g). Then v?= 8 in C, 


and 8 is not a square in LZ. We adjoin a square root p’ of 8 to L forming 
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the sfield M=L(p’) = K(p,p’). The center of L is Z(p,p’). As in Section 
1.9, the space F can be considered as a right vector space G over M of 
dimension g=m/2=—n/4. The form g can be extended to a nondegenerate 
hermitian sesquilinear form h defined on G@ relative to the extension of the 
antimorphism J to M. We then form the group TU,(M,h). An element in 
U,,(K,f) which commutes with u and v can be considered to be in U,(M,h) 
and conversely. An element in U,(K,f) which anticommutes with wu and 
commutes with v, or which commutes with wu and anticommutes with v, or 
which anticommutes with both u and v can be considered to be in TU,(M,h) 
relative to the automorphisms o, o’, or oo’, respectively, where o:p—>—p, 
a:p'—>p’, o':p—p, and o and o’ leave K fixed. 

Now let w be a 1-involution in U,(M,h); w can be considered as a 
4-involution in U,(K,f) which commutes with both w and v. If r is in 
c(c(u,v)) then 7 commutes or anticommutes with w. If n> 8, we can 
conclude immediately that 7 commutes with w.. Let n—8 and assume r 
anticommutes with w; then r, as an element of TU,(4/,h), is such that 
r(x) =y, where z is in W*, the positive eigenspace of w, and where y is in 
W-, the negative eigenspace of w. The vector y is orthogonal to z and is 
nonisotropic as h(y,y)=h(a,r)~0. Also r?=e with « in Z, so 
r(y) =1°(z) =ae. By Lemma 1.4, for every element ¢ of J, there exists 
an element y—¢, ¢+1, or ¢—1 such that z—2x-+ yy is nonisotropic: 
and 7 commutes or anticommutes with the 1-involution wy in U,(M,h) with 
zyM as its positive eigenspace. In the first case r(zy) = 2zyd. This yields 
y+ = roy + where —1,0,0’, or ao’ is the automorphism of 
associated with r. Due to the linear independence of x and y, we obtain first 
that 8y = y* and then that y7y =e", which is in Z. If r anticommutes with 
wy, then r(zy) is orthogonal to zy. Hence h(zy,r(zy)) = a&7e + Wé=0 
where =h(y,y) This yields = — éy7é"e. 

Now by the proper choice of ¢, we shall obtain contradictions to two of 
the equations of the above paragraph and thus conclude that 7 commutes 
with w. We first note that Z~AGF(3); otherwise B=-+1 and y=+1. 
This is impossible inasmuch as neither 8 nor y can be equal to 1 without 
wu and v being of the first kind in U,(K,f) while if 8 =y——1, then » 
would be of the first kind in U,(Z,g). So we choose o~0,+1 in Z 
and take ¢=p+p’+o,. Then Y—p+o’+o where »0 and is in Z. 
Computation shows that 


(4.4) = (w? + p’p + + (op + op’) 
+ (wp’ + + (p7p’ + 
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where the terms have been collected to give the components of yy according 
to the direct decomposition MW = K @ Kp @ Kp’ © Kpp’. Now if r is to com- 
mute with wy, then y7y~ must be in Z. Hence the last three components in 
(4.4) vanish. As oA0, p’ =—p and p’7 =—p’. But then (p’p’ + p’"p) £0. 
Thus y7y is not in Z and r cannot commute with wy. 

If r anticommutes with wy, we have shown that yi =—&p7&"*e. Since 
is in Z(p., = Also p? = py" and == == p81. So 


we now have 


The antiautomorphism J when restricted to Z is either the identity automor- 
phism or an automorphism of order 2. Let Z, be the fixed subfield of Z by J; 
then either Z=Z, or Z=Z,+Z yx where y’—=—y. In the first case, 
o/ =o. Furthermore o7 ~w as o is in K; so from (4.5), e——1. In the 
second case, where o, and are in Now (4.5) yields 
e=+1. Also from (4.5), we have that py"! =— and p’B-'=—-p’"e. So 
if =1 or roo’, then B=y — + this is impossible as y is a square in 
I, while B is not. If or then B=—y=+e. But e—+1; 
so one of 8 or y equals 1, which is a square in K, contrary to the choice 
of w and v. This means that r cannot anticommute with wy, which is in 
c(u,v). As we have also shown that r cannot commute with wy, the assump- 
tion that r anticommutes with w yields a contradiction. 

This means that r commutes with every 1-involution in U,(M,h) and 
hence leaves every 1-dimensional nonisotropic subspace of G invariant. Then 
by Lemma 1.5, r(x) = 28 with 6 in M for all « in G. If r is linear, then 8 
is in Z(p,p’). If r is semilinear with respect to an automorphism ra, o’. 
or oo’ of M, then z, to be an inner automorphism, must leave Z(p, p’) element- 
wise invariant, which it does not. Hence 8 is in Z(p,p’) and 6?=—e in Z. 
Again applying the result of Section 1.10 twice, we obtain that § = 8), 6 = 8,p, 
8 = d.p’, or with 6; in Z. As r is a homothetic mapping in U,(M,h), 
it follows that 6/81 and hence that §/8;—1. Then one of r, ur, vr, or wvr 
is a homothetic transformation hy in U,(M,h), where y is in C. So hy can 
be considered in C, and r is in one of the cosets 1*, u*, v*, or u*v*. There- 
fore, we have the following result. 


Prorosition 4.4. Let v be a projective involution of the fourth kind 
nm Un(L,g). If n> 4, v(u*, = 4. 


Now we treat the case that v considered as a projective involution of 
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U,(K,f) anticommutes with u. Then v considered as an element of 
TUm(L,g) is a projective semilinear involution relative to the automorphism 
o of L. If v?= 8 where £ is in C and if there exists a vector x in F such 
that v(x) = zp, then v?(x) app’. We therefore distinguish the two cases: 
B is of the form pp’ with » in L (Case I) and £ is not of the form py’? with 
py in (Case II). 


4.5. Projective semilinear involutions in WU,,(L,g). Case I. Let 
v be a projective semilinear involution in TU,(L,g) relative to the auto- 
morphism o of Z such that v? =f and B=ypyp’? with » in L. Then as in 
Section 1.8, form the subsfield LZ, of Z consisting of the elements of L left 
fixed by the automorphism o’ = (y"')*o. L=L, @ L,0, where 6 is an arbi- 
trary element of Z such that 6° ——6. In particular, we pick =p. By 
the argument in Section 1.8, it follows that the center Z, of L, is contained 
in Z(p) NL,. But also ZC Z,, and as p is not in Jy, it follows that 7, = Z. 

Now F when considered as a L,-vector space decomposes into the direct 
sum V*@V- of the eigenspaces of v. Set F,—V* and form the group 
TU,(Li,9:) acting on F, as in Section 1.8. An element ¢ which commutes 
with both w and v can be restricted to be in Um(Li,9:) or Spm(Li, 91), and 
conversely. If ¢ anticommutes with wu and commutes with v, then vf com- 
mutes with both wu and v and so can be restricted to F,. Similarly in the 
other cases ut or uvt can be restricted to F;,. 

In case g, is herimitian, let w, be a 1-involution in U,»(Z,,9,). Then 
the extension w of w, to # is then a 2-involution in c(u,v). Then if r is 
in c(c(u,v)) and 7’ is that one of r, ur, vr, or uvr which commutes with u and 
v, r and 7” commute with w. The restriction 7, of 7” to F, commutes with w,. 
Thus it follows that 7, leaves invariant every 1-dimensional subspace of F,. 

In case g, is alternating, let x be a vector of F,. Then z lies in a 
maximal totally isotropic subspace v; and, corressponding to V, there exists 
a complementary totally isotropic subspace V’ (cf. Dieudonné [4; p. 6]). 
Now it is clear that we can apply the argument in Section 4.2 to conclude 
that = 

Consequently, by Lemma 1.5 or Lemma 1.6, we can conclude that 
r,(z) = 28 with 6 in Z for all z in F,. Furthermore, as F, is nonisotropic 
relative to g,, —1, where is the antiautomorphism of L, corresponding 
to g:. Since 8 is in Z, 8? =8/; so § is in C and the extension 7’ of r, to FE 


is in C,. Thus r is in one of 1*, u*, v*, or u*v*. 


Proposition 4.5. Let v be a projective semilinear involution in 
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TUm(L,g) relative to the automorphism o of L such that v? = 8B and B ts of 
the form pp? with pin L. If n> 4, then v(u*,v™*) = 4. 


4.6. Projective semilinear involutions in WU,,(L,g). Case II. Let 
v be a projective semilinear involution of TU,,(L,g) relative to the auto- 
morphism o of L such that v? =, where B is not of the form 8 = pp? with 
win L. Then, as in Section 1.9, adjoin a square root p’ of B to L forming 
the sfield 1 —L(p’) =K(p,p’). li is in L, the relation dp’ = holds; 
in particular pp’——p’p. Let Zy be the center of M. Then clearly 
ZCZyCZ(p) as Z(p) is the center of L. Furthermore, p is not in Zy; 
and since [Z(p):Z2] =2, Zy=Z. 

Now form the M-space G by setting xp’—v(x) and extend the anti- 
automorphism J to M by setting pp’. Then, as in Section 1.9, extend 
the form g to a hermitian sesquilinear form h defined on G and form the 
group TU,(M,h), where g=m/2—n/4. An element ¢ of Un(K,f) which 
commutes with both w and v can be considered to be in Ug(M,h) and con- 
versely. In the other cases, ut, vt, or uvé will commute with both w and v; 
and so one of them can be considered to be in U,(M,h). 

A 1-involution w, in U_(M,h) can then be extended to a 4-involution w 
in U,(K,f) which commutes with wu and v. Then r in c(c(u,v)) commutes 
or anticommutes with w. If n> 8, it follows immediately that + must com- 
mute with w. If n=8, the argument of Section 4.4 shows that r must 
commute with w.8 Let 7” be that one of r, ur, vr, or uvr which commutes 
with both uw and v. Then 7 commutes with w and its restriction r, to @ 
is a linear projective involution commuting with w,. That is, r, commutes 
with every 1-involution of U,(M,h) and so must leave invariant every 
1-dimensional nonisotropic subspace of G. Then by Lemma 1.5, r,(2) = 28 
with 6 in Z for every vector x of G. Since 7, is in U,(M,h), &&—1 and 
the extension 7” of 7, to # is a homothetic mapping of #. Thus 7’ is in 1*, 


and 7 is in one of 1*, u*, v*, or u*v*. 

® The argument of Section 4.4 should be altered at two points. First, it should be 
remarked that 7 can be taken to be the identity automorphism, for we can replace r by 
that one of r, ur, vr, or uvr which commutes with uw and v. The extension of this 
transformation to U,(M,h) is linear. Second, we should remark that it is possible to 
choose +1 by replacing, if necessary, by = h(wa,va) where a=p-+p’ or 
a=1+p+p’. Then take ¢=£ so that or Hence y+0 and 
If Y =e", it follows that Y= +1 as e’e = 1. But we can assume that ¥ ~ 1 by a 
replacement of £ by avéa if necessary. So e=e'=Y=—]. If Ye", then 
ye. So againe=—1. Now choose ¢=p. Clearly ~ —1; 
so = &~é". This means that p’ = Similarly p’ = and (pp’)? = 
This implies that (pp’)” = p’p’? = (p’p)’ and thus that pp’ = p’p, which is a contra- 
diction. 
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Proposition 4.6. Let v be a projective semilinear involution in 
rU,,(L,g) relative to the automorphism o of L such that v?=B£, where B 
is not of the form B=pp? with pin L. If n> 4, then v(u*, v*) =4. 


Propositions 4.1 through 4.6 yield the following Theorem. 


THEOREM 4.1. If the dimension n of E is greater than 4 and if u* 
is an involution of the fourth kind in PU,(K,f), then vy = 4. 


V. Characterization of Extremal Involutions. 


We now characterize the extremal involutions of PU,(K,f) when n> 4 
principally by the group-theoretical invariant o,+. When n=6 and £ is 
commensurable, we use other methods. 


5.1. Extremal involutions. 


THEOREM 5.1. If the dimension n of E is greater than 4 and E is not 
commensurable when n==6, then wy»==8 for extremal involutions u* of 
PU,(k,f). 


Lei wu be the 1-involution in u*. Let v* and w* be the distinct involu- 
tions of &* commuting with u* such that v*¥w* = w*v* ~u*, v* Au*, and 
w*~u*. Let v and w be in v* and w*, respectively. By Lemma 2.1, it 
follows that every projective involution in c(u,v,w) and c(c(u,v,w)) is of 
the first or third kind and commutes with wu. By Theorems 2.1 and 2.2, 
we have that v* or w* is an extremal involution if it is of the first kind. 

Any element ¢ in U,(K,f) which commutes with wu can be restricted to 
a transformation ¢, of U-, the (n—1)-dimensional eigenspace of wu. As U- 
is nonisotropic, the form f can be restricted to a nondegenerate hermitian 
sesquilinear form fy on U-. The group of restrictions to U- of elements of 
U,(K,f) is then the group U,.,(K.fo) acting on U-. The sets c(u,v,w) 
and c(c(u,v,w)) reduce to the sets c(v,Wo) and c(¢(vo,Wo)) of projective 
involutions of U,,(K,f,). As elements of U,,(K,fo), vo and wy are the 
same kind of involutions that v and w are. When n—1 > 4, it follows from 
Theorems 2.1 and 3.1 that c(c(v,w,)) contains representatives from only 
the four cosets 1*, v*, wo*, and vo*w,* of (K;, fo). 

A closer investigation shows that this is even true when n—1=4. 
Indeed, this follows from Theorem 2.1 if v)* or w,* is an extremal involution. 
If and v* are of the third kind, then £8 and where B= p" 
and » is not in Z. By Section 1.8. #, considered as a right vector space 
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over K,, the centralizer of » in K, is the direct sum of the A-subspaces V* and 
V-, where v(x) = + zp for x in V* or V~ respectively. Similarly V-, con- 
sidered as a K,-space, is the direct sum Vo‘ @ Vo-, where vo(xz) = + wp for 
ain Vo* or Vo", respectively. As in Section 1.8, we form the group Un(K,, fi) 
acting on the subspace #, = V* and U,-4.(K,,f,’) acting on V,*. The form 
f,’ is the restriction of f, to Vo* since 


E,=U*N V+ @U-NVi=UNV 


If w commutes with v, then by Lemma 2. 1, w restricted to #, must commute 
with the restriction u, of u to #, as u, is a 1-involution in U,(K,, f,). Further- 
more, then w is of the first or third kinds in U,(K,,f,). So it follows that 
wy is of the first or third kinds in U,_,(K,,f:’). Hence by Propositions 3. 1 
and 3.8, c(¢(Vo,Wo)) again contains projective involutions from only four 
cosets. 

Finally if w anticommutes with v, it is represented by a projective 
semilinear involution w’ in TU, (K,,f,) relative to an automorphism 6* of K,, 
where @ is an element of K such that 64° ——6. Then as w’ commutes with 
u,, =U+N £,; so w(x) for some z in U*NE#,. This 
means that where y=AA™. 

As in Sections 1.8 and 3.4, #;, when considered as a right vector space 
over Ko, the fixed subsfield of K, by 6*A*, is the direct sum of the eigenspaces 
W* and W- of w’. Since w’ commutes with u, and U+/N #, is a K,-subspace, 
it follows that U+*N #,=U*N @U+NW-. If is in certainly 
f(a,«) 0. But then, if f, is the sesquilinear form defined on W* and 
derived from f, in the manner of Sections 1.8 and 3.4, f, is but a scalac 
multiple of the form f restricted to Wt. So f2(a,2) 40. This means that 
f. is not an alternating form. Hence the form f,’ derived from f,’ as in 
Sections 1.8 and 3.4 is also not alternating inasmuch as f,’ is the restriction 
of f. to W*M U-. Then by Proposition 3.5 in this last case the projective 
involutions of ¢(¢(vo, Wo) ) come from only the cosets 1*, vo*, wWo*, and vo*wWo*. 


Let r* be an involution of c(c(u*,v*,w*)). Then r in r* can be 
chosen so that its restriction to U- is one of 1o, Uo, Wo, OF VoWo. Denote by 7” 
that one of 1, v, w, or vw whose restriction to U- coincides with that of r. 
Then r’?—7?—e in C,. Furthermore e = 8? where 8 is in Z’, the center of 
K’, a subsfield of K of index 1 or 2 according as r is of the first or third kind. 
Let R* and R- be the K’-subspaces of r and R’%* and R* be the K’-subspaces 
of r’. Then since r and 7” coincide on U-, we have U-M R*=U-/N R” and 
U-N Furthermore 
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One of these summands may be zero. Indeed, if 7 and 7” are of the 
first kind, then R* or R- and also or 
Therefore for z in U*, = + and (x4) = + 28. Thus 
there are but two possibilities for when is in U*:r(a%) (x) or 
r(x) 

If r and 7’ are of the third kind, then dimg U*+N R’* 1. Since r is in 
c(c(u,v,w)) while 7’ is in c(u,v,w), r and 7” must commute or anticommute. 
As they coincide in U-, they commute. Therefore, U*M R* is equal to U* NR”, 
or U+ R’-, and R- is equal to U*+ or N R”, respectively. That 
is, for in Ut=Ut*NR r(x) (2) or r(x) (2). 
Consequently 1,*, vo*, wo*, and v,*w,* are the restrictions of at most 8 
involutions in c(c(u*,v*,w*)). Since w(u*,v*,w*) = 8, we have proven 
the Theorem 5.1. 

We shall denote by J* the set of involutions of &* for which oy = 8. 


5.2. Involutions of the second kind. We assume that n> 4. It can 
be shown that the involutions of the second kind are not in f* providing 
n>6. To treat the case » 6, we consider the set K* of involutions of 
PU,(K,f) each of which is not conjugate to the product of itself with two 
other distinct commuting involutions with which it commutes and to which 
it is conjugate. 


THEOREM 5.2. Let the dimension of FE be greater than 4. Then the 
set K* contains the extremal involutions of PU,(K,f) but not the involu- 
tions of the second kind. 


Let u*, v*, w* be distinct commuting and conjugate extremal involu- 
tions. Then by Section 1.6, u*v*w* is a 3-involution and hence not conjugate 
to an extremal involution. 

Let u* be an involution of the second kind in PU,(K,f). Pick u to be 
an involution of U,(K,f) in u* with totally isotropic eigenspaces 7+ and U- 
of dimension m =n/2. Dieudonné [2; p. 7] has shown that if U,* and U,- 
are any two maximal totally isotropic subspaces whose sum U,* @ U,- = E, 
then there exists an element ¢ of U,(K,f) mapping U* onto U,* and U- 
onto U,. The proof of Dieudonné is stated for the symplectic groups but 
applies in this case as well. Thus if u?—y, where y =A’, we define uy such 
that = + 2d according as z is in or Uy. Then u and up are 
conjugate in U,(K,f). Since every involution uo* of the second kind in 
PU,(K,f) contains an involution u, as defined above, u* is conjugate to the 
involution w,*. 
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Now pick a basis for U* and %ms2,° * for U- 
such that f(2j,z;) =0 except when in which case f(2,2;) = 1. 
and Pg As all subspaces P; are not zero. 
Let 


Then V*, V-, W*, and W- are all totally isotropic since the summands P; in 
the decomposition of these spaces are all orthogonal. Let v and w be the 
projective involutions of the second kind in U,(K,f) whose eigenspaces are 
V* and W*, respectively, and which are conjugate to u. Then wu, v, and w 
all commute and u* =v? =w? Thus —uvw is a projective involution 
of the second kind as uo? = 6°. Hence uo*, v*, and w* are conjugate to u*. 
Since u*, v*, and w* commute, Theorem 5.2 is proved. 


5.3. Involutions of the third kind. Let now wu* be an involution of 
the third kind in PU,(K,f) and assume that n>4. We shall show that 
wye > 8. Let wu be a representative of u*. Then u?—y with y in C and 
y =*, where A is not in Z. As in Section 1.8, let K, be the fixed subsfield 
of K by A*. Then K—K, @ K,6, where 6 is an element of K which anti- 
commutes with A. Then E£ can be considered as a K,-space H*, and 
E* = U*+* @ U-, where U* and U~ are the positive and negative eigenspaces 
of wu. Set H,—U* and form the group TU,(K,,f,) acting on F. 

If 3* is a set of involutions in PU,(K,,f,), let c*(3*) denote those 
involutions of PU,(K,,f,;) which commute with every involution of 3*. 
If v,* and w,* are distinct commuting involutions in PU,(K;,,f,), denote 
the order of c*(c*¥(v,*,w,*)) by v*(v1*, w.*). 

By Theorem 2.2, Section 2.3, there exist two involutions of the first 
kind in PU,(K,,f:), which we here denote by v,* and w,* such that 
v{v,*,w,*) > 4. So we can find an involution r,* of the first kind (which 
is one of the 7;* of Section 2.3) in c*(c*(v,*,w,*)) which is not one of 
1*, v,*, w,* or v;*w,*. The restriction of u to #, is a homothetic mapping hy 
in the center C,,* of U,(K,,f,). Let v.’, wi’ and r,’ be the p-involutions 
(p[n/2]) contained in v,*, w,*, and r,*, respectively; set v,—=hyv,’ and 
w,=h)w,’. We still have v, in v,* and w, in w,*; so 7,* is in c*¥(c*(v,*, w,*)). 

We can extend r, to an involution r of U,(K,f) by setting r(z0) = 1,(x)6 
for in This defines on U- =U/*6 and consequently on F as 
E* =U*@U-. Similarly. we can extend v, and w, to projective involutions 
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v and w in U,(K,f). But now v?—w*=—y; so v and w are projective 
involutions of the third kind in U,(K,f). Therefore, by Theorem 3.3, v and 
w are in &. 

Since hy), v,; and w, all commute, their extensions u, v, and w must all 
commute. So form c(c(u,v,w)). We shall show that r is in c(c(u,v,w)). 
It will then follow that w(u*, v*, w*) > 8, as the restriction r, of r to HZ, does 
not coincide with the restriction of any of the elements of 1*, u*, v*, w*, u*v*, 
v*w*, w*u*, and u*v*w*, which are in the cosets 1*, v,*, w,* and v,*w,* 
of PU,(K,,f:). 

If ¢ is a projective involution in c(u,v,w) which commutes with u, then 
the restriction ¢, of ¢ to #, will be a projective involution in c(v, 1). 
By Section 2.3, t,7,—71,t,. Let x be in U* so that 2@ is in U-. Then 
t(r(x0)) =t, (71 )0= r(t(z6)). Since = U* @ U-, com- 
mutes with r. If ¢ is a projective involution in c(u,v,w) which anticommutes 
with w, then set t? ht. Thus ¢ will commute with uw and commute or 
anticommute with v and w. The restriction ¢, of t’ to #, will then commute 
or anticommute with v, and w;. But the subspaces P; were chosen in Section 
2.3 so that no transformation could anticommute with v, or w;. So ¢; 
commutes with v, and w, and hence leaves the eigenspaces of r, invariant. 
Thus ¢,r,—7r,t,. Again let « be in U* so that 20 is in U-. Then 
t’(r(a0)) =t, (7, This means that ?’ com- 
mutes with r and so ¢ commutes with r. Thus r is in c(c(u,v,w)) and 
w(u*,v*,w*) > 8. 


THEOREM 5.3. If the dimension of L is greater than 4 and tf u* 1s an 
involution of the third kind in PU,(K,f), oye > 8. 


5.4. Involutions of the fourth kind. We assume that n> 4 and # is 
not commensurable when n= 6. We can show that J* contains no involu- 
tions of the fourth kind when n> 12. However, the following argument 
yields a more general result. 

Theorems 5.1, 5.2, and 5.3 imply that J*M K* contains only the 
extremal involutions and possibly the involutions of the fourth kind. We 
denote by Yt(u*) a maximal set of mutually commuting involutions of 
J*O K* containing u*. By Lemma 2.1, every involution of M(u*) is 
extremal or none is. By Section 1.6, every maximal set It(wu*) of extremal 
involutions contains n elements. Furthermore the product of any two or 
three such involutions is a 2- or 3-involution. Consequently these products 
are not in &* by virtue of Theorem 2.2. We therefore define * to be the 
subset of §* M K* consisting of the elements w* such that the sets M(u*) 


PROJECTIVE UNITARY GROUPS. 841 


always possess n elements and such that the product of any two or three 
involutions in a set Mt(u*) is not in &*. Our principal result is the 


following theorem. 


THEOREM 5.4. If the dimension n of E is greater than 4 and E ts not 
commensurable when n = 6, then the set £* is the set of extremal involutions. 


In view of the preceding remarks, it shall suffice to show that if u* is an 
involution of the fourth kind and 2t(u*) contains n elements, then there exists 
a product of 2 or 3 involutions of M(u*) in Let uo*,- +, Un* 
be the elements of Yt(u*) and u; be representatives for 1,2,°--,n. 
Then ujuj— + uu, and u?—-+y, where y is not a square in K. Set 
(ujuj)? =i; = + yiy;. First consider that there is a pair t and j, 14j, such 
that yi; is not a square in Z. Then wu; is a projective involution of the third 
or fourth kinds and is consequently in & by Theorems 3.1 and 4.1. 

On the other hand, suppose y4j = ij? with A;; in Z for all + and j, where 
ix43. If then there exists a projective involution u;,, k > 2, which commutes 
with u,%s, then w,u.t;, is of the fourth kind as A,.?y,; cannot be a square in K. 
Finally suppose that all uz, & > 2, anticommute with u,u,. Since n> 4, 
there exist two uz, say Us and u, which commute with one, say w;, and anti- 
commute with the other. But then u, commutes with uzu,, and by the 
previous argument u,u,u, is in &. This proves the theorem. 


5.5. E commensurable and n= 6. Designate by z,+ the maximum of 
the numbers of involutions in the sets Jt(u*) of mutually commuting and 
conjugate involutions containing u*. 


THEOREM 5.5. If EH is commensurable and n=6, then my+=—=6 for 
extremal involutions u* in PU,(K,f) and m+ >6 for nonextremal involu- 
tions u* of the first kind. 


Because # is commensurable, all extremal involutions are conjugate to 
each other. By Section 1.6, the maximum number of such involutions in a 
set of mutually commuting involutions is 6. Therefore 7,+—6 if wu* is 
extremal. 

Similarly, all 2-involutions [3-involutions] of PU,(K,f) are conjugate. 
Dieudonné [5; p. 5] has shown that there exist 15 2-involutions [20 3-involu- 
tions] in a maximal set of commuting 2-involutions [3-involutions] of GZ,(K). 
The same result is true for U,(K,f) by the same argument. These 2-involu- 
tions [3-involutions] come from 15 [10] distinct cosets as there is but one 
[two] involutions in a coset which is a 2-involution [3-involution] of 
PU,(K,f). Thus m+ >6 when u* is a 2-involution [3-involution]. 
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THEOREM 5.6. When the dimension n of E ts 6 and E is commensur- 
able, then the set of extremal involutions in PU,(K,f) can be characterized 
as the set of involutions u* for which 


(a ) = 6. 

(b) The product of u* with any two other involutions from any set 
N(u*) of mutually commuting involutions conjugate to u* is never conjugate 
to u*. 

(c) Any product of k distinct tnvolutions from N(u*) ts conjugate to 
any other product of k distinct involutions from N(u*). 


(d) The product of all the involutions in N(u*) is 1*. 


(e) For any three involutions v,*, and v3* in N(u*), V2*, Vs*) 
= §. 

We first mention that extremal involutions u* satisfy the above con- 
ditions. Indeed, Theorem 5.5 guarantees (a) is satisfied. Theorem 5.2 
justifies (b). From Section 1.6, we see that any product of k distinct 
extremal involutions is a p- or (n— p)-involution, and from Section 1.5 all 
such involutions are conjugate. The justification for (d) is in Section 1.6. 
Finally, in the proof of Theorem 5.1, we established (e); the assumption 
that # be not commensurable was used there only to exclude 3-involutions 
from the set §* from which we chose the involutions v* and w* commuting 
with u*. 

Theorem 5.5 states that the 2- and 3-involutions of PU,.(K,f) do not 
satisfy (a). Theorem 5.2 states that the involutions of the second kind in 
PU,(K,f) do not satisfy (b). So we must only consider the cases where w* 
is an involution of the third or fourth kind. We show that not all the 
conditions of Theorem 5.6 are satisfied. 

We assume that u* satisfies (a), (b), (c), and (d). Thus since zy+ = 6, 
we can pick a set 2(u*) of 6 mutually commuting involutions conjugate to u*, 
one of which is u*. Let u,* —w*,u.*,- - -,ue* be the elements of Mt(u*). 
Pick representatives u; in u;*. By (d), we have that = hy in C,,. 
This means that u, commutes with w.w3%4u;%, and thus commutes with one 
u,t>1, say u,. It then follows that w,—=u,u, is a projective involution of 
the first kind. Consequently by (c), w.—uju, and w,—=UsU, are in cosets 
w.* and w,*, respectively, which are conjugate to w,* when considered as 
elements of PU,(K,f). Since w,*w,*w;* = 1*, it is possible to choose the 
representatives w; and w; so that w;, i=1,2,3, are involutions of U,(K,f) 
and w,w.w,—1. 


PROJECTIVE UNITARY GROUPS. 843 


We shall show that the involutions w; are 2-involutions. Indeed, as they 
come from conjugate cosets, they are all either 1-involutions, 2-involutions or 
3-involutions. However, we have that w, = . 

In the case that the involutions w; are 1-involutions or 3-involutions, 
w.W; is easily verified to be a 2-involution while w,;—w,w;. So it follows 
that w;, are all 2-involutions. Then by (c) u;*u;* is a 2-involution for any 
two distinct involutions u,*, u;*. Thus uu; is a projective involution of the 
first kind in U,(K,f) which is in the coset of a 2-involution; that is, uu; 
have a 2-dimension eigenspace. As n=6, no element ¢ in U,(K,f) anti- 
commutes with uu; This means that all the projective involutions uj; com- 
mute; for, should then would u,(wu,) = — Ui. 

Let now w* be an involution of the third kind, and form the group 
rU,,(K;,f,) acting on the K,-subspace of £ defined in Section 1.8. Since 
ujtt;, 1 > 1, is in the coset of a 2-involution of PU,.(K,f), ui is represented in 
U,(K;,f:) by a projective involution u,’ of the first kind with a 2-dimensional 
eigenspace U;* of H#, and 4-dimensional eigenspace U;. As there are five 
such involutions u;’, we can find two, say uw. and us, such that U,*N U;* is 
1-dimensional. It then follows that none of the spaces U.* 
Hence by the argument of Section 5.3, w(u,*, u.*,u3) > 8. Thus u* does 
not fulfill condition (e). 

Now assume that u* is of the fourth kind in PU,(K,f). As in Section 
1.9, form the group TU;(L,g) acting on the L-vector space F. In U,(K,f) 
the projective involutions uu, have distinct 2- and 4-dimensional eigenspaces. 


are zero. 


Considered as elements u,’ of U;(L,g), they are 1-involutions as the L-dimen- 
sion of a subspace is half its K-dimension. Furthermore, u;’ and u,;’ always 
represent distinct cosets u;* and u;* from PU;(L,g); for, otherwise, their 
eigenspaces would coincide as subspaces of F. This would mean that the 
eigenspaces of uju, and uju, would coincide as subspaces of EF. Then we 
would have u;*u,* —u;*u,*; that is, u;*uj*—1*, which is contradiction 
to (c). 

This implies that w’,*,u’,*,- - -,u’.* form a set of distinct mutually 
commuting extremal involutions in PU;(Z,g). Since the maximum number 
of such involutions is 3 by Section 1.6, we have a contradiction. This 
establishes Theorem 5. 6. 
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ON THE LOCAL EMBEDDING PROBLEMS IN THE DIFFERENTIAL 
GEOMETRY OF SURFACES.* 


By AUREL WINTNER. 


Let D be an open, simply connected domain in a (u',u*)-plane. For 
the purposes at hand, it can always be assumed that D is sufficiently small, 
in the sense of being a sufficiently small neighborhood of a given point, say 
of (u',u?) = (0,0). If the elements gi, = of a binary, symmetric 
matrix (gix) of non-vanishing determinant are given on D as functions of 
class C*, then 


(1) giz wu?) dutduk® 


will be called a C*-metric (on D). Then, since g** = (gi)! and the first 
and second derivatives of gi,(u*,u*) exist and are continuous, (1) has a 
continuous curvature K =K(u',u?). Suppose that, for some reason, the 
curvature K turns out to be of class C1 (rather than just continuous) on D. 
Then the C?-metrie (1) will be called a regular C?-metric (on D). 

It was shown in [12] that, whereas certain theorems in differential 
geometry are false for C*-metrics, they become true for regular C?-metrics. 
The purpose of this note is to show that the notion of a regular C?-metric 
(or of the corresponding notion of a regular (’"-metric, where n = 1) leads to 
improved formulations of certain solved, and to corresponding sharp formu- 
lations of certain unsolved, problems in the theory of local embeddings. 

It will be assumed throughout that the metric (1), instead of being just 
of non-vanishing determinant, is positive definite, that is, 


(2) det giz > 0 and gi > 0. 


Let S be a surface of class C* in an (2, y, z)-space and let S be a “small,” 
simply connected, open piece of a surface (“small” in the same sense in 
which the domain PD was defined to be “small”). Then S has a one-to-one 
parametrization, 


(3) S: X =X (u', u’*), X == (2, 9,2), 


which is a C®-parametrization (so that (u',u*) varies over a D on which 
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the vector function XY is of class C* and has, with respect to uw’ and wu’, a 
(3 by 2) Jacobian matrix of rank 2 or, what is the same thing, the first 


fundamental form 
(4) | dX |? = gin (u', uw?) dutduk 


is of non-vanishing determinant on ))). Only such parametrizations (3) of 
the C*-surface will be used as satisfy these conditions. Corresponding defi- 
nitions and conventions will be used in connection with C”-surfaces S for 
any 

The considerations will center about the following fact: 


(i) If (3) is a C%-surface, then its first fundamental form (4), instead 


of being just a C?-metric, is a regular C*-metrie. 


The truth of this fact (i) becomes clear if the theorema egregiwum is read 
in the direction opposite to that emphasized by Gauss (cf. [12], p. 686). 

If a metric (1), rather than a surface S, is given, then by an embedding 
of (1) is meant any surface (3) satisfying (4) (provided that there exists 
such a surface). Clearly, (i) can be interpreted as follows: In order that 
a metric admits some C*-embedding, it is necessary that the metric be a 
regular C?-metric. It is natural to ask whether this necessary condition is 
sufficient as well, at least if the given metric has no parabolic points, that is, 
if the curvature K(u',u?) of the given regular C?-metric is either positive 
throughout or negative throughout. It turns out that this converse of (1) 
is false, even if 


(5) K (wu?) €0 on D. 


The failure of the converse of (i) would be less surprising if it were not 
claimed even under the assumption (5). In fact, if K(u',w?) changes sign 
on D, then the Monge-Ampére equation, on which the problem of embedding 
depends, is in a state of transition from the elliptic (K > 0) to the hyperbolic 
(K <0) type of a partial differential equation of second order, and there 
are no general existence theorems in such a situation of the Tricomi type 
(except in the analytic case of Cauchy-Kowalewski). A corresponding remark 
holds if the metric (1), given on D, fails to satisfy (5). but is either non- 
hyperbolic (K = 0) or non-elliptic (K = 0), without being parabolic (K =0). 

What is true in the case (5) is the following partial.converse of (i): 


(ii) Every regular C*-metric (1) which is of non-vanishing curvature 


(that is, which is either hyperbolic, 


(6) < 0. 
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or elliptic, 


(7) K(u',u?) > 0, 


on D) possesses C?-embeddings S (locally; that is, embeddings of Do, if Dy 
is a sufficiently small neighborhood of any given point of D). 
What is not true is a certain full converse (i) in the case (5), since the 


situation as follows: 


(iii) Under the assumptions of (ii) on the metric (1), a C?-embedding 
S. the existence of which is assured by (ii), can fail to be a C%-embedding 
not only in the hyperbolic case but also in the elliptic case. 


It will remain undecided whether a complete converse of (i) in the case 


(5) is false in the following sense also: 


(iii ?) Under the assumptions of (ii) on the metric (1), must there 
exist some C*-embedding S in the hyperbolic case and/or in the elliptic case? 


Actually, the answer to the questions (iii ?) does not seem to be known 
even if (1) is not restricted by the assumption (5). But if (5) is omitted, 
then nothing is known, except in the analytic case. In fact, even the following 
question (representing the weakest form of anything like (ii) when (5) is 
not assumed) is unanswered: 


(ii?) Does every C*”-metric possess some C*-embedding or, at least, 
some C?-embedding ? 


It is understood that (1) is called a C%*-metric if the three functions 
gi.(u,u*) possess continuous partial derivatives of arbitrarily high order 
(then the same is true of K (u*, wu?) ; so that every “C*-metric” is a “regular 
C*-metric”). The trouble is that there is not available an existence theorem 
(not even with suitable, rather than with arbitrary, Cauchy data) for a 
system of partial differential equations which has the same form as a 
Cauchy-Kowalewski system but in which the coefficient functions, instead of 
being analytic, are just of class C”. As a matter of fact, such an existence 
theorem seems to be doubtful even in case of linear Cauchy-Kowalewski sys- 
tems with coefficient functions of class C@. 

In the analytic case, the answer to the analogue of question (ii ?) is 
known. In fact, every analytic metric (1) possesses analytic embeddings. 
This follows from the Cauchy-Kowalewski theorem, since the latter can be 
applied to the problem of embedding so as to avoid any reference to 
assumption (5). 


In the elliptic case of question (iii ?), there is an affirmative answer 
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under a “restriction of comparison.” This is the content of the following 


criterion (iv): 


(iv) Jf an elliptic, regular C*-metric possesses a C*-embedding, then 


all of its C*-embeddings (which, by (ii), exist) are C*-embeddings. 


It is clear from the case K ==—1 of an analytic metric that (iv) becomes 
false if its assumption (7) is replaced by (6). The following question will 
remain unanswered : 


(ivbis ?) Does (iv) remain true if its C* ts reduced to C* ? 


In (iv ?) below, the regularity of a C'-metric is meant in the sense of 
the existence of a continuous curvature K = K (u,v?) for the C'-metrie (1), 
when K is defined in the sense of Weyl [9], pp. 42-44; cf. the comments 
preceding (8) below. 


(iv) suggests a question concerning an elliptic analogue of (ii). But 
this question remains undecided: 


(iv?) Must every elliptic, regular C'-metric possess an embedding 
which is a surface S of class C? ? 


A positive answer to this question (iv ?) would be important, since if 
the answer were in the negative, it would follow that, for local reasons, Wevyl’s 
embedding problem in the large cannot be solved with that generality with 
which he has stated it originally (cf. [6], p. 485 and p. 487, and the footnote 
in [12], p. 685). 

Corresponding to the two cases, (6) and (7), of (ii), there is a hyperbolic 
counterpart of (ivbis ?). Since no potential-theoretical re-enforcements can 
be forthcoming in this hyperbolic case, it appears that the answer to this 
counterpart of (ivbis ?) is in the negative (a counterexample, if any, seems 
to be harder in the elliptic case). 

The following pair of problems is of quite another character. 


(+ ?),(—?) Let S be a C'!-embedding of a metric (1) on D which is 
an analytic metric or, for that matter, just a regular Ct-metric (so that (1) 
defines a continuous curvature). Must then S be a convex surface or a saddle 
surface over D according as the curvature of (1) satisfies (7) or (6)? 


It is understood that convexity and saddle character of C'-surfaces are 
defined in terms of the tangent plane (which, locally, supports S in the first 
case but not in the second). If S is a C?-surface, then it has a (continuous) 
second fundamental form, and so the questions are trivial. But if S is of 
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class C’ without being of class C*, then (7) or (6) cannot be expressed in 
terms of a second functional form, since the latter fails to exist. 

It will be clear from the proofs that both (ii) and (iii) remain true if 
(? and C® are replaced by C” and respectively, where n= 2. A corre- 
sponding remark holds, of course, in (i), where n = 1, whereas the truth of 
the analogues of (ii) and (iii) will remain undecided if n—=1. It is under- 
stood that by a regular C"-metric is meant a C"-metric possessing a curvature 
K (u',u*) which is a function of class C"-1. 

The general concept and the name of a regular C1-metric are due to 
H. Weyl and H. Cartan, respectively ; for references, cf. [2]. For metrics (1) 
which are given in an isothermic form (that is, in a form in which 


(3) = J22 and Jiz = 0 


hold), the concept of a regular C'-metric is contained already in a paper of 
Lichtenstein [8], pp. 87-88 and 96-100 (in fact, cf. the relation to which 
formula (15) in [12] reduces in the isothermic case). This is the more 
interesting since, as it turned out in the meantime, there is no loss of 
generality in assuming (8). In fact, it was shown in [2] that, after a suit- 
able (w',u*)-transformation (which is of class C? and of non-vanishing 
Jacobian), every regular C'-metric (1) becomes a regular C?-metric satis- 
fying (8). 


Proof of (ii). Consider Darboux’s differential equation (cf. [1], pp. 240- 
241) for an unknown function z—2z(u,v) of class C? of the embedding 
problem, where, if (1) is the given metric (to be embedded), 


(9) v= 

Let p,- denote the partial derivatives Darboux’s differential 
equation for z=z(u,v) is a Monge-Ampére equation, 

(10) (rt—s*) + ar+ 2bs+ ct+d=—0, 


in which the coefficients g? = det gix > 0, a, b, c, d do not contain z, are 
polynomials in p, g, contain the independent variables u, v only in terms of 


the (given) functions 
(11) (Us 0), Jikv (u,v), K (u,v), 


and are polynomials in the latter. It is also well-known that the bicharac- 
teristic type of (10) is hyperbolic or elliptic according as the metric (1) is 
livperbolie or elliptic. In view of (5), this means that the partial diiferential 
equation (10) is of hyperbolic or of elliptic type according as 


(12—) K(u,v) <0, (12+) K(u,v) >0. 
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Since (ii) assumes that (1) is a regular C*-metric, all functions (11) 
are of class (' in (u,v). Hence, it is possible to apply to (10) Theorem (V), 
p. 849, of [4] on hyperbolic Monge-Ampére equations in the case (12—) 
and Theorem (§), pp. 316-317, of [5] on general (not necessarily Monge- 
Ampére) elliptic equations in the case (12+4-) (in which case, instead of the 
C}-character of the functions (11), their C*-character, where A is a Holder 
index satisfying 0 <A <1, would suftice; cf. (§), loc. cit.). Thus, the pair 
of existence theorems, just quoted, leads to the following result: 

If (1) isa regular C*-metric on a (u, v)-domain D, where (u, v) = (u', wu’), 
then, corresponding to every non-parabolic point (Uo, vo) of D, there exists a 
neighborhood Dy of (Uo,v¥o) on which Darboux’s equation (10) posesses 
solutions z=z(u,v) of class C*. In addition, since such a ('*-solution 
z==2(u,v) belongs to every sufficiently smooth choice of Cauchy initial data 
in the hyperbolic case and of Dirichlet boundary data in the elliptic case 
(cf. loc. cit.), these initial or boundary data can be chosen so “small” that, 
if the corresponding C?-solution z(u,v) is subjected to the first Beltrami 
operator Y of the given metric (1), then the resulting function Yz(u, v) 
(which clearly is a function of class C* on D, and, since (1) is positive 
definite, attains non-negative values only) will satisfy the inequality 


(13) Vz(u,v) <1 
at every point (u,v) of Dy (if the neighborhood D, of (uo, vo) is small enough). 


The existence of a surface S having the properties claimed by (ii) now 
follows, by Darboux’s procedure (cf. the first italicized statement in [1], 
p. 241), from the eixstence of functions z—z(u,v) of class C? satisfying 
both (10) and (13) on Dp. 

It should be noted that, in view of that device in Darboux’s procedure 
which is expressed by the italicized statement in [1], p. 240, recourse must 
be had to a certain lemma on “euclidean” mappings. The lemma in question 
is, however, contained in the statements (I*), (II*) of [12], p. 681. 


Remark. Owing to the freedom in choosing the (smooth) Dirichlet data 
in the case K > 0 above, the C?-solutions z z(u,v) of (10) can be chosen 
so as to satisfy, besides (13), other inequalities also (on Dy, if D, is small 
enough). Since such an inequality is AK, where (u,v) denotes 
the mean curvature of a surface S, to be supplied by (ii), and K = K (u,v) 
is the Gaussian curvature, hence a function given along with (1), it follows 
that, under the assumptions of (ii), the C?-embedding S can be chosen so 
as to be free of umbilical points. 
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Proof of (iii). Let (1) be given by (du)? + (edv)?, where (u, v) = (u', wu’) 
and ¢ = const. Then the curvature K (u',u?) is —e, hence K =—1 if c—1. 
Since K <0, the Monge-Ampére equation (10) belonging to this analytic 
metric (1) is of hyperbolic type, i.e., it has distinct real bicharacteristics, and 
possesses therefore solutions z(u,v) which are of class C” without being of 
class C"*1, where n= 2 can be chosen arbitrarily (for details, cf. a corre- 
sponding construction in [5], pp. 329-330). 

Thus (iii) is clear in the hyperbolic case (K <0). An example proving 
(iii) in the elliptic case is less straightforward. Such an example (K > 0) 
was given in [6], p. 486. 


Remark. \t would be desirable to decide whether such an example 
(K > 0) is possible also when it is required to be free of umbilical points (in 
fact, a perusal of the example given in [6], p. 486, shows that the condition 
H*?~ K is violated at the crucial point of the surface obtained there). 


Proof of (iv). The following concepts will be needed: 

Two metrics, say (1) and 
(14) E(u.v)du? + 2F(u,v)dudv + G(u, v)dv?, 
are C'"-isometric (for a fixed m > 0) if there exists a local transformation T, 


in which the functions u, v are of class C™ in (u',w?), have a non-vanishing 
Jacobian, and are such that (1) and (14) become identical by virtue of (15) 
(or, equivalently, of its inverse, 7-1). Thus, if (14) is a regular C”-metric 
for a fixed n > 0 (that is, if the coefficients of (14) are functions of class C” 
and if, in addition, (14) possesses a curvature K = K (u,v) which is a func- 
tion of class C™*), then (14) is C"*'-isometric to a regular C"-metric (1) 
satisfying (8). This was proved for n > 1 in [12] and for the (more intricate) 


case n==1 in [2]. The necessity of dealing with the concept of C”-iso- 
metry was pointed out in [11]: cf. also [10]. The answer to the question 
raised in [11] was answered by Hartman [3] in the affirmative. It is readily 
seen that Hartman’s result contains the following fact: 

Every C'-tsometry T of two regular C"-metrics is a 
isometry (n> 0 is arbitrarily fixed). 


If (' and n > 0 in this Lemma are reduced to C? and n > 1, respectively, 
then a simple proof results from [10]; ef. [12], pp. 681-682. This reduced 
formulation would suffice in the applications of the Lemma below. 
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If the C”-isometry (15) belongs to (1) and to the case 


(16) E = 911, F = G = oo 


of (14), let T be called a C"-autometry (of (1) or, since 7’ can be replaced 
by 7-1, of (14)). Clearly, the lemma contains the following corollary: 


Corotuary. Hvery C'-autometry T of a reqular C"-metric is a 
] 


autometry (n > 0 is arbitrarily fixed). 


Consider two embeddings, say S and S*, of one and the same metric (1). 
If one of these two surfaces, say S*, is of class C” for a fixed m > 1, then 
its first fundamental form (1) is a regular C”-!-metric. Since S and S* have 
the same first fundamental form, it follows from the corollary that the 
correspondence, induced between S and S* by their autometry, is represented 
by a C™-transformation (15) of non-vanishing Jacobian. Hence (iv) follows 
from the theorem italicized at the end of p. 612 in [7], if use is made of 


the Lemma above. 
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ON INDEFINITE BINARY RIEMANNIAN METRICS.* 


By WINTNER. 


1. The following considerations were suggested by a theorem which, 
in the nomenclaiure used in [14], can be formulated as follows: 


(in) If a binary, definite C"-metric 
(1) giz (u', dutdu* 


is a regular C"-metric, then it is isometric to a C"-metric having the conformal 


normal form 


(2) A(u, v) (du* +- dv*) (AA0) 


(und (2) is, of course, a regular C"-metric). 


Here and in the sequel, all assertions are of a local nature, that is, the 
(w',u*)- or (u,v)-domain is meant to be sufficiently small (in the sense 
specified at the beginning of [14]). 

(i,) was proved for n>1 in [13], where the limiting case n 1 was 
left undecided. It was proved in [2] that (i,) can be extended to this 
limiting case (which is more intricate than are the cases n = 2,3,- - -). 

In view of the comments made in [13], pp. 686-687, the case n =2 of 
(i,) contains a justification of a tacit assumption made by H. Hopf in 
connection with his elegant formulation of the Codazzi equations (cf. [6], 
p. 240, formula (4), and p. 234, line 5). 

In order to deal with parametrizations of a surface in terms of its lines 
of curvature and, when the Gaussian curvature is negative, of its asymptotic 
lines, there is needed an analogue of (i,) for the case in which the given 
metric (1) is indefinite; so that what formally corresponds to the normal 
form (2) is 
(3) 2A(u, v)dudv (A¥0) 
(in this connection, cf. [11], pp. 204-205). It will be shown in Sections 7-12 
that both parametrization problems, just mentioned, can actually be dealt 
with on the basis of the following theorem: 


(ii,) If a binary, indefinite C"-metric (1) 1s a regular C*-metric, then 


* Received July 27, 1955. 
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“non-euclidean conformal” normal 


it is isometric to a C"-metric having the 
form (3) (and (38) 1s, of course, a regular C"-metric). 


(in) deals with a problem in partial differential equations of elliptic 
type. Correspondingly, the proof of (i,) depended on potential-theoretical 
arguments. No such analytic reinforcement can be forthcoming for the 
problem in (iin), since the underlying partial differential equation becomes 
of hyperbolic type. Thus it is quite unexpected that the counterpart (ii,) 
of (i,) turns out to be true. 

What is more, the example given in [4] seemed to indicate that in 
the applications to theory of surfaces, mentioned above, two degrees of differ- 
entiability must be sacrificed before the normal form of the parametrization 
can in general be reached. That actually only one degree is lost, will turn 
out to be a consequence of (ii,) and of the fact that, in the applications in 
question, the regularity assumption of (ii,) happens to be satisfied; ef. the 
Appendix to [13]. 

Corresponding to the restriction n > 1 on (i,) in [13], the proof of (iin) 
will be given under the restriction n >1. The limiting index n=—1, dealt 
with in the case of (i,) in [2], leads in the case of (ii,) to the same technical 
complications as in the case of (i,) ; complications which undoubtedly can be 
overcome along the lines of considerations carried out in [2] in the elliptic 
case and in [5], pp. 357-361, in a similar but hyperbolic (Chebyshev para- 


metrizations). 


2. The proof of (ii,) will be given for n=2. The proof will be such 
as to make clear its validity for every higher n-value. 

Let D be a simply connected, open (u',u?)-domain; it can be assumed 
to be a sufficiently small neighborhood of the point (u',u?) = (0,0). The 
assumptions of (ii) are that, on D, the coefficients of (1) are functions of 
class C?; that det giz, <0; finally, that the curvature K = K(u',u?) of (1) 
is a function of class C* (rather than just of class C"-? = C**, i.e., just con- 
tinuous ; in fact, the regularity of the C?-metric (1) means, by definition, this 
increase in the degree of differentiability of K). 

For the present, only the C*-character of (1) will be used (so that 
K (u',u*) can, for the present, be just continuous). Then, since det gi,(u', u?) 
<0 on D, it is clear that the condition 


(4) u?) dutdu® = 0 
can be split into a system of the form 


(5) du1/du? = f(u',u?), = g(u', u?) 
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in which f and g are real-valued functions of class C?. Hence (5) has a pair 


of (local) first integrals, say 
(6) u(u', =const., v(ut, u?) = Const., 


where the two functions u,v of (w',w?) can be chosen to be of class C* and 
of non-vanishing Jacobian. Hence, if T denotes the (local) C?-transformation 
(u!,u?) — (u,v) which results if const. and Const. in (6) are denoted by u 
and v, respectively, then 7-1? exists and is of class C?. Since (4) is equivalent 
to the system (5), it is clear from the definition of T that T transforms (1) 
into the normal form (3), and that 


(7) A(u, v) Ct (A#+0) 


in (3); in fact, the transformation 7 (along with its inverse 7-*) and the 
mertic (1) are of class C?. The parenthetical assertion of (7) follows, of 
course, from det gi, 

By using the assumption that (1) is a regular C?-metric, an assumption 
which was not used thus far, it will be shown in Sections 3-5 that (7) can be 
improved to 
(8) A(u, v) C? (A¥0), 


provided that the C*-transformation T is suitably chosen. Since (8) means 
that (3) is a C*-metric, this will prove (ii.). In fact, the parenthetical asser- 
tion made after (3) is clear from the invariance of the scalar K(u?, wu?) eC 


under the mapping 7. 


8. According to the result (7) of Section 2, the regular C?-metric (1) 
is C?-isometric to a regular C'-metric (3). If K(u,v) denotes the curvature 
of (3), then 
(9) K(u,v) eC 


(by invariance; cf. the end of Section 2). But since (8) is not known, the 
classical representation of the curvature of (3), the representation supplied 
by the formula 


(10) (log A) = — Kd, 


where .=0 /dz (cf., e.g., [1], formula (IV) on p. 52), cannot be applied. 
What can be applied to the (’-parametrization (3) of the C?-metric (1) is 
the integrated form of (10), that is, Weyl’s definition ([10], pp. 42-44) 
of the curvature of a regular C'-metric; cf., e.g., formula (15) in [13], p. 682 


(cf. also the theorem (I1) in [5], p. 348, which deals with a more general 
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situation). In the case of the indefinite metric (3), that “integrated form ” 
of the definition of K reduces to 


(11) f { (log A), dv — (log A), du} = ff — 2K dudv 
(cf. (10) or the formula just quoted). Here J denotes any positively 
oriented, piecewise smooth Jordan curve which, along with its interior domain 
B = B(J) which occurs on the right of (11), is contained in the (uw, v)-domain 


under consideration. 

Choose J to be the boundary of the rectangle B having two points (u,v), 
(w+ Au,v-+ Av) as opposite vertices. Then the line integral in (11) is 
readily seen to reduce to 20 log, if O¢ is defined by 


(12) Au, v + Av) —9$(u,v + Av) —o(u+ Au, v) + $(u, 0). 

Hence (11) is equivalent to the following identity in (u,v) and (Au, Av): 
u+Au 

(13) OlogA = f | — Ki dudv. 

Since A and Xd are continuous, (13) implies that, as (Au, Av) > (0,0), the 

limit relation 

(14) (DO log A)/(Au- Av) K(u, v)A(u, v) 


holds at every point (u,v) of the (u,v)-domain under consideration. 
Actually, it is clear from (7), (9), (13) and (12) that (logA),, exists 
and satisfies (10) (so that, in particular, A,,—A;,, exists and is continuous). 
What remains to be shown is that, if the (v,v)-parametrization is suitably 
chosen, then (10) and (9) improve (7) to (8). 
4. To this end, define a function y of (u,v) by placing 


(15) ff — Kd 


where the choice of the lower limits of integration will be immaterial. It is 
seen from (7), (9) and (15) that 


(i6) y(u,v) 


On the other hand, it is clear from (15) that y,,—— Ka. It follows there- 
fore from (10) that the difference 


(17) ¢ = logA— y 


& 
» 
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satisfies the relation 
(18) duv = 0. 

Since (18) means that 6—¢(u,v) is of the form a(u) + B(v), it 
follows from (17) that 
(19) log A(u,v) = (u,v) +a(u) + Br). 
Hence, from (7) and (16), 
(20) a(u) eC’, B(v) 

If (19) and (20) are compared with (7) and (16), it follows again 
(cf. the end of Section 3) that 


Auv (U,V) =Avu(u,v) exists and is continuous. 


5. Since (10) is a partial differential equation of hyperbolic type, (7) 
and (21) together contain much less than (8), the assertion to be proved. 
But it will now be shown that the goal (8) can be reached by an adaptation 
of a device repeatedly used in [12]. 

Let the notation be changed in such a way that logy, loga, log 8 become 
the functions which in (19) are denoted by y, a, 8, respectively. Then (16) 


and (20) hold for the new functions also, the new functions are positive, 
and (3) gues over into 


(22) 2y(u, v)a(u)B(v)dudv, 


since (19) becomes A = yaf. 
Next, since a(u), B(v) are positive and satisfy (20), it is clear that 


(23) = a(u)du, v= B(v)dv 


defines a C*-transformation (u, v) > (u’, v’) of non-vanishing Jacobian. Hence, 
if a function A’ of (u’,v’) be defined by placing ’(u’, v’) =y(u,v) (by virtue 
of (23)), then (16) implies that 


(24) v’) C?, 
whilst (23) shows that (22) is identical with 
(25) (u’, v’) du’dv’ (’ > 0). 


Finally, if the primes are omitted, then (25) and (24) go over into (3) 
and (8), respectively. The proof is therefore complete. 


(21) 
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6. Applications of (ii,) to the classical parametrization problems of 


surfaces 


(26) S: X=X(u,v), where X = (z,y,2z), 


will now be given. The following terminology will be used: 

By a surface S will be meant a sufficiently small piece of a surface, 
that is, some neighborhood of any given point of the “surface.” If S has a 
parametrization (26) in which the vector X(u,v) is, for some m=1, a 
function of class C”™ on a (sufficiently small) (u,v)-domain D, and if the 
vector product of the partial derivatives X,, X, does not vanish on D, then 
(26) will be called a C”-parametrization of S, and S will be referred to as a 
surface of class C™ (in symbols: SeC™). 

Note that k < m is quite possible if (26) is a C*-parametrization of an 
SeC™ (even if the best possible value of & is chosen for the given para- 
metrization (21) of SeC™”). It is precisely this possibility which creates 
the issues treated below. 


7. The following theorem will first be proved: 


(iii,) If the Gaussian curvature is negative on an SeC™, then 8S 
possesses C”™-parametrizations (26) in which the parameter lines 


27) u = const., v = Const. 
are asymptotic lines of 8. 


The proof of (ili,) will depend on the case n= m— 2 of (iin). Hence 
(iii,,) will follow for m > 3, since (ii,) was proved for n> 1. Correspond- 
ingly, (ili,) is true if (i,) is. On the other hand, (ii) is false (in every 
sense) ; cf. [4]. This failure will be seen to be due to the fact that nothing 
like the result of the Appendix of [13] on an SeC”, where m > 2, can even 
be formulated if m= 2. 

It is an immediate consequence of the case n = m—1 of (i,) that every 
SeC™ has an isothermic C”-parametrization ; cf. [13], pp. 686-687. In con- 
trast, the “non-euclidean isothermic” parametrization, dealt with by (iii,,). 
replaces the given C™-parametrization of S by a C™'-parametrization, and so 
one might expect that (iii,) is not of a final nature. But such is not the 
case, since the assertion of (iii) is as sharp as it can be: 


(ili, bis) If an S possesses a C™1-parametrization (26) in which the 


parameter lines (27) are asymptotic lines, then Se C™. 


In fact. this converse, (iii, bis), of (iii,,) is known to follow, for every 
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m > 1, from Codazzi’s equations (if m > 2, and from the “integrated form” 
of Codazzi’s equations if m = 2); ef. [3], p. 139. 


8. In order to prove (iii), consider, for a fixed m>1, an SeC™ on 
which the Gaussian curvature does not vanish, and let (1) be the second 
fundamental form of S with reference to a C™-parametrization, 


(28) S: X=—X(u',u’), 


of 8S. Then it is clear that (1) is a C™?-metric of non-vanishing det gix. 
Let m>2. Then, according to the Appendix of [13], the C™-*-metric (1) 
is a regular C”-*-metric. In addition, this metric is indefinite if the Gaussian 
curvature of S is negative. Hence (iin 2) is applicable. 

Accordingly, the parametrization of SeC™ can be chosen in such a way 
that the second fundamental form becomes a regular C™?-metric having the 
normal form (3). But the parameter lines (27) are asymptotic lines of S 
precisely when the second fundamental form is of the form (3). Hence, in 
order to conclude (iii,,), it is sufficient to appeal to a known general theorem, 
for which various proofs are available (cf. [13], pp. 681-682, where further 
references are given, and the finer result contained in (IL) of [5], p. 348).* 


9. In what follows, the problem of those surface parametrizations (26) 
will be treated in which the parameter lines (27) are required to be lines of 
curvature. No restriction will now be placed on the sign of the Gaussian 
curvature (the latter will even be allowed to change sign on S) but umbilical 
points will, of course, be excluded from S. 

Let (26) be a C”-parametrization of an SeC™ and let m>1. Then 
there exist a first fundamental form 


(29) E(u, v) du? + 2F (u,v) dudv + G(u, v) dv? 


and a second fundamental form 


(30) L (u,v) du? + 2M (u, v)dudv + N (u, v) dv, 


* On p. 360 of the paper [5] of Dr. Hartman and myself, the passage “ Hence,.. . 
above.” is erroneous but can easily be rectified by correcting the first four lines as 
follows: 

“Hence dx + igdy = e-*w is regular. If (ix) is applied to w and R=e® in 
(u, v)-coordinates, it follows from the choice g(R) =iR log R that ge-*w is regular. 
Since ge~'*w = o(dx + igdy), the real forms ¢dzx, ¢gdy are regular. Consequently, 
(vii) implies that ¢, and (¢g), exist and are continuous. Thus g > 0 and the existence 
and continuity of g, imply that ¢ is of class C'.” 

In line 9, p. 357, of [5], the relation y = p™ should be read as follows: y = p™e. 
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and the coeflicients of (29) and (30) are functions of class C™? and C™?, 
respectively (in terms of the given C™-parametrization (26) of 8). 
From the coefficients of (29) and (30), the “ Dupin form,” say 


(31) A (u,v) du? + 2B(u, v)dudv +- C(u, v) dv’, 


can »e obtained, by placing (31) equal to 


dv? —dudv du’| 

E G 

L M N 

(the factor 1/(£G— F*)# is attached to the determinant in (32) in order to 
make the coefficient matrix of (31) a tensor). At the point (u,v) of S, 
the Dupin form (32) is identical with the geodesic torsion in the direction 
(du,dv). The coefficients of (31)-(32) are functions of class C”-? in (u,v), 
since those of (29) and (30) are. 

The definition of the lines of curvature of a surface S shows that the 
parameter lines (27) of a parametrization (26) of S will be lines of curvature 
if and only if the coefficients of du? and dv? in (31)-(32) vanish for all (u,v). 
(Cf., e. g., [1], pp. 98-99). On the other hand, if (26) is any parametrization 
of S (so that A=0 and B=0 are not assumed), then, since the quadratic 
form (29) is positive definite, the quadratic form (32) is indefinite at all 
those points (u,v) at which the proportions 


(33) L:M:N=E:F:G 


1 


(32) (EG— 


do not hold. But (33) is equivalent to the definition of an umbilical point 
(u,v) (provided that a “flat” point (u,v), a point at which all three coeffi- 
cients of (30) vanish, is considered to be an umbilical point). Hence it is 
clear that if an S is free of umbilical points, then (ii,) supplies conditions 
which assure the existence of certain parametrizations in which the parameter 
lines are lines of curvature. What is missing in this plan is the result which, 
in the application of (ii,) to the problem of asymptotic parametrizations 
(Section 8), was supplied by the Appendix of [13]. But this will be settled 
in Sections 11-12. 


10. What follows in this manner is the following counterpart (ivm) 
of (ilim): 

(ivm) If there are no umbilical points on an SeC™, then S possesses 
C™*-parametrizations (26) in which the parameter lines (27) are lines of 


curvature of 8S. 
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Since the proof of (iv,,) depends on the case n==m—2 of (iin), the 
situation with regard to the m-values which are allowed in (iv) is exactly 
the same as specified in the comments which follow the wording of (iiim) 


in Section 7 above. 

The proof of (iv,) proceeds as follows: If an SeC™, where m > 1, is 
free of umbilical points, then, in terms of a C”-parametrization of S, the 
Dupin form of S is an indefinite C’™*-metric (Section 9). It will be shown 
in Sections 11-12 that, if m > 2, then this C’-*-metric is a regular C™-*-metric. 
Hence it is clear from Section 9 that (iv,,) follows from the case n =m — 2 


of (ii,) in the same way as (iil,,) did. 


11. Let an Se C”, where m > 2, be free of umbilical points. Then (32) 
is a C™*-metric of non-vanishing determinant (in terms of any C-para- 
metrization of S) and has therefore a curvature which, if m > 3, is a function 
of class C™-* (in terms of parameters (u,v) which supply a C”-parametriza- 
tion of S). The fact announced in the last paragraph of Section 10 is that 
this function of class C™-* happens to be of class C™-°, if m>2. This is 
what will now be verified. 

The explicit calculations (which, although they have their geometrical 
meaning, cannot be avoided) can be simplified by using an isothermic para- 
metrization of S; that is, a parametrization (26) in which (29) reduces to 


(34) EB (u,v) (du? + dv?) (G—=E,F—0). 


This assumption involves no loss in the degree of differentiability since, 
according to [13], p. 687, every Se C™ has a C”-parametrization (26) satis- 
fying G=F# and #0. Then the Dupin form (32) simplifies to 


(35) M du? + (N — L)dudv — M dv?. 


The standard representations of the mean and Gaussian curvature, H = A(u, v) 
and K = K(u,v). of S reduce to 


(36) H=4(L+N)/E, (37) K—=(LN—M?)/F? 


(cf., e.g., [1], p. 104, where H is the present —2H). Finally, as observed 
by H. Hopf [6], p. 240, the Codazzi equations can be written in the form 
of an inhomogeneous Cauchy-Riemann system, as follows: 


(38) M,—4(N—L),=FA,, 4(L—N),—M, =— FH,. 
As in the Appendix of [13], suppose first that m 4. Then the assertion 


is that, if points (u,v) satisfying (33) are excluded, the (indefinite) C*-metric 


16 
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(35) has a curvature which is a function of class C’ in (u,v). This is what 
will be verified in Section 12. The verification will be such as to make it 


clear that the proof applies not only for m= 4 but also for m= 5,6,- - - 
and, if Weyl’s “integrated form” for the curvature of a regular C'-metric 
is applied (cf. [10], pp. 42-44), for m—3 also (cf. the corresponding situa- 
tion in the Appendix of [13]). 


12. First, since (26) is a C*-parametrization., 


(39) E(u,v) eC 0) 


holds for the first fundamental form, whereas the coefficients of (36), and 
therefore those of (35), are functions of class C?. According to (36)-(37), 


(40) H(u,v) eC?, (41) K (u,v) 


Next, if (31) is any C*-metric, then the explicit form of the prepresenta- 
tion of its curvature (cf., e.g., [1], p. 51) shows that the principal part of ' 
the curvature, that is, the part in which only the contributions of the second 
derivatives of the coefficients of (31) are retained, is 


(41) (A (Cy — By) 


On the other hand, if (31) is identified with (35) and if only the contribution 
is retained which, in the preceding sense, corresponds to the “ principal part” 
by virtue of (39), then (41) can be reduced to 


(42) 4(N—L)u)y + (—M,—4(N—L)»)u. 


Accordingly, the curvature of (35) will be proved to be of class C? if it 
is ascertained that the function (42) is of class C’. But (38) shows that 
(42) differs from 
(43) (Hu) — = — = 0 


only in “non-principal” terms (cf. (39)); so that the proof is complete. 


13. If not only the “principal part,” but all terms, of the curvature 
of a C*-metric (31) are taken into account, then the details of the calculation 
lead, via (36)-(37%) and (38), to the result that the curvature of the case 
(35) of (31) is 
(44) (H?— K)-?0(H. K) /0(u, v) 
to a trivial factor. The denominator of (44) does not vanish, since (36)-(37) 


and (34) imply that H* > K fails to hold only in the excluded case (33). 
Clearly, (40)-(41) and (39) imply that (44) is a function of class C’. 
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The result (44) can be verified to be equivalent to a classical formula 
of Weingarten, used by Lie; ef. [1], pp. 234-235. But since Weingarten’s 
proof assumes that the parametrization is in terms of lines of curvature, it 
leads to a considerable loss in the necessary degree of differentiability. This 
is the reason why a direct proof had to be given above. 


Remark. It is clear that if S has no umbilical points (i.e., if the 
denominator of (44) does not vanish), then (44) can be a function of class 
C-3 not only if (26) is a C™-parametrization (in which case He C™? and 
Ke"). In fact, it is sufficient that (26) be a C™1-parametrization and 
that the functions H, K, which are then of class C”-*, be such that their 


Jacobian 
(45) K)/0(u, v) 
happens to be a function of class C”™°. Hence, the assumptions of (ivm) 


can be generalized so as to involve just the latter conditions. 


14. As an application of (iv), parametrizations in terms of the par- 


ticular parameters 
(46) u* == X-N, v*¥=X-X, where X (z,y,2), 


will now be dealt with. Here NN (u,v) is the unit vector of the oriented 
normal to S; so that N(u,v) eC™", if (26) is of class C™. The parameters 
(u*,v*) on S, defined by (46), are intrinsic from the point of view of 
euclidean geometry, if the indeterminancy of a translation or a rotation of 
S in the (2, y,z)-space is disregarded. 

The replacement of arbitrary parameters (u,v) by the intrinsic para- 
meters (w*,v*) first occurs in a note of Weingarten on minimal surfaces [9] 
(not listed in [1], p. 541). In what follows, Weingarten’s somewhat unsym- 
metric formulae will be replaced by a more straightforward result, and its 
deduction will be such as to make clear the nature of the conditions to be 
imposed on S. 

It turns out that it is necessary to make the following two assumptions: 
S is free of umbilical points (i.e., 


(47) 


on 8) and S does not have a certain “special” position in the X-space, where 
X = (a,y,2z); ef. (55) below. Note that, whereas (47) is an invariant 
assumption, the assumption made after (47) refers to the choice of the origin 
and of the direction of the coordinate axes x,y,z. Such a choice will always 
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be possible, since S is supposed to be a sufficiently small piece of a surface. 
(It may be mentioned that the assumptions thus imposed on the position 
of the surface in the X-space, assumptions expressed by (55) below, correspond 
to what, in connection with the “median surface” of two surfaces, is a 
“general position” of the latter; cf. [7], p. 757.) 

Finally, (ivm) will be needed in order to specify the conditions under 
which the classical equations defining lines of curvature, that is, the equations 


(48) 


(Rodrigues; cf., e.g., [1], pp. 97-98) are valid with a specified degree of 
differentiability. In (48), the scalars a—a(u,v), B= £8(u,v) denote the 
principal curvatures of S; so that 


(49) H=3(a+ 8), K =af. 


15. It will be concluded from (iv,) that, if an SeC™ satisfies the 
conditions mentioned in Section 14, then S possesses a C™-'-parametrization 


(50) X = X (u*, v*) 


in terms of the “euclidean” parameters (46) of Weingarten. Incidentally, 
Weingarten used v* =| X |, instead of the vt =| X |? of (46); cf. [9] and 
the rediscovery of (46) in [8] (and, concerning certain results of [8], the 
comments in [3], pp. 128-129). 

First, since SeC™, it follows from (ivm) and (47) that S possesses a 
C™-t-parametrization (26) in which (48) is valid. Next, since the normal 
N is attached to Se C™ in a parametrization-invariant manner, 


(51) N (u,v) 

(even though only 

(52) X (u,v) eC™ 

holds; from (52) alone, only N(u,v) ¢C™-?, rather than (51), would follow). 
It is clear from (51), (52) and (46) that both functions 


(53) u*—=u*(u,v), v* —v*(u,v) 


are of class C™*. Hence, if the Jacobian of (53) does not vanish, then the 
substitution (53) has an inverse of class C™1. On the other hand, (50) 
results if the inverse of (53) is substituted into X¥(u,v). It follows therefore 
from (52) that the C™-?-character of (50) will be proved if it is ascertained 
that the Jacobian of (53) does not vanish. 
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In view of (46) and (48), the Jacobian matrix of (53) is 


ry BX -X, 

(94) vt, ot) \ 2X-X, 

since the scalar products N-X,, N-X, vanish identically (N is normal to 
(26)). But (49) and (47) imply that a4. Hence the determinant of 
(54) does not vanish if 

(55) X -X, 

The pair of conditions (55) is the assumption indicated after (47). 
Clearly, (55) will be satisfied at every point of any given S if the origin 
and the direction of the coordinate axes x, y,z in the X-space are chosen in a 
“non-special ” manner (provided that S consists of a sufficiently small neigh- 
borhood of any given point of a surface). 


16. A parametrization (26) closely related to (50) is 
(56) S: X=X(a,B), 
where a, are the principal curvatures. (56) is substantially equivalent to 
the parametrization 
(57) S: X=X(H;K), 
provided that umbilical points are excluded from S (i.e., that the sign of 
equality never holds in the inequality 
(58) H*?—K 0, 
an inequality which, in view of (49), is always true). In fact, (49) shows 
that the transition from (56) to (57) is analytic and has therefore an analytic 
inverse (locally) provided that the Jacobian of (49) does not vanish. But 
the latter proviso is equivalent to a8, i.e., to 


(59) H* 3K, (hence H?>K), 


since a= is equivalent to 


(599) H? = K. 


Qn the other hand, the situation with regard to (57) is as follows: 
Suppose that SeC™, where m > 2, and let (26) be a C”-parametrization 


of S. Then 


(60) H—H(u,v), K=—K(u,v) are of class (™-? (m > 2). 
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Hence, an Se C™ possesses a C™*-parametrization (57) whenever the Jacobian 
(45) does not vanish. In fact, the substitution (60) then possesses an inverse, 
(H, K) — (u,v), which is of class C™*, and (26) is identical with (57) by 
virtue of this substitution. 

It seems to be peculiar that only 


(61) 0(H, K)/0(u, v) 40, 


rather than (61) and (59), was used in this deduction. The explanation is 
that (59,) cannot hold unless 


0(H, K)/@(u, v) =0. 


17. Let a point (u,v) of an SeC® be called a W-point if, in some (but 
then, of course, in every) C%-parametrization (26) of S, the Jacobian (45) 
vanishes at that point. By covariance, the same must then hold if (26) is 
any C'-parametrization (for instance, any C*-parametrization) of SeC*. It 
is also clear that an SeC* is what in a customary sense of the word is a 
W-surface (Weingarten) if and only if every point of S is a W-point. 

Every umbilical point of an SeC* is a W-point. In fact, a comparison 
of (58) with (59,) shows that, if (u,v) is an umbilical point, then the func- 
tion H?—K acquires a (local, not necessarily isolated) minimum and has, 
therefore, a stationary value. But then the gradient of H?—K vanishes. 
This means that the vector (2H,—1) is a solution of two homogeneous, 
linear equations having the determinant (45), which proves that (61,) is 
satisfied. 

The converse of this deduction is not possible, i.e., a W-point need not 
be a stationary point of the function H*—K. In fact, the latter is known 
to be stationary at every point of (that is, constant on) an SeC®* only if S 


is a plane, a sphere or a circular cylinder, whereas (45) will vanish identically 


on every surface of revolution. 
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ON THE GALOIS THEORY OF DIFFERENTIAL FIELDS.* 


By E. R. 


Introduction. 


1. Summary. In a preceding paper [7] there was presented a Galois 
theory, for a certain kind of differential field extension called strongly normal. 
The Galois group of a strongly normal extension is endowed with a structure 
very much like that of a group variety, as studied by Weil [14]. In the 
present paper the study of such Galois groups is renewed for the purpose of 
clarifying their connection with group varieties on the one hand and with 
strongly normal extensions on the other. 

Consider a differential field ¥ of characteristic 0 with algebraically closed 
field of constants @, and a strongly normal extension § of # ; suppose given 
a universal extension #* of %, and denote the field of constants of F#* by @*. 
For reasons of convenience we use the term “Galois group of 9 over ¥” 
for the group of all (ipso facto strong) isomorphisms of § over #, and not 
for its subgroup consisting of all automorphisms of 9 over ¥. The field @*, 
being algebraically closed and of finite transcendence degree over 6, may 
be used as a universal domain for algebraic geometry (Weil [13], ch. I, §1); 
it is the group varieties of this algebraic geometry, defined over @ and slightly 
generalized to permit group varieties which are reducible (i.e. which have 
more than one component), which we consider. By an “algebraic group” 
we mean either a Galois group or a group variety as above. 

Chapter I is primarily a study of “ rational” homomorphisms of algebraic 
groups into algebraic groups; these seem to be the homomorphisms appro- 
priate to the consideration of algebraic groups. Rational homomorphisms of 
group varities into group varieties, without restriction to fields of character- 
istic 0, were considered by Weil [14] (who omitted the adjective “rational ”’). 

Specializing the concept of rational homomorphism we obtain that of 
birational isomorphism. In Chapter II it is shown that every Galois group 
is birationally isomorphic to a group variety, and conversely that every 


irreducible group variety is birationally isomorphic to a Galois group; this 


* Received June 29, 1955. 

Some of the results in this paper were obtained in connection with a contract 
with the National Science Foundation, and some while the author was a Guggenheim 
fellow. 
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answers a question raised in [7], p. 759. The first of these results has already 
heen proved by Matsumura [8] for irreducible Galois groups (the extension 
to reducible Galois groups is fairly trivial); the present proof, although 
shorter, makes use of a special theorem due to Weil and refined by Rosenlicht 
(see Chapter II, §1 below), whereas Matsumura’s proof has the merit of 
being more self-contained. The proof of the second of these results makes 
use of the fact that the vector space of derivations of the field of rational 
functions on an irreducible group variety has a base consisting of invariant 
derivations (see Chapter II, §2 below); this fact, which is central in the 
proof, was pointed out to me in this connection by Chevalley. Whether or 
not the result can be extended to reducible group varieties remains open. 
Chapter IT also contains certain consequences of these two results. 

In Chapter III the concept of a rational homomorphism of the Galois 
group & of & over ¥ into a group variety @ is generalized to obtain that of 
a rational crossed homomorphism, or a cocycle of dimension 1, or a 1-cocycle, 
of ®% into G. This leads, in much the usual way, to the set H'(G,G) of 
cohomology classes of dimension 1 of & into G. Since @ is not assumed to 
be commutative, H'(G,G@) is not in general a group. It is proved that 
HI’ (@, G) is trivial provided either G is a full matric group or ¢ is alge- 
braically closed; also, if G is commutative (so that H*(G, G) is a group) then 
every element of H'(@,G@) has finite order. Using the first of these results, 
it is shown that the strongly normal extension 9 of # is a Picard-Vessiot 
extension if and only if its Galois group © is birationally isomorphic to an 
algebraic group of matrices; this answers another question raised in [7], p. 
759. Similarly, the last of these results is used to give a short proof of the 
characterization given in [7] of all strongly normal extensions of transcen- 


dence degree 1. 


2. Assumptions and notation. Throughout this paper ¥ denotes a 
differential field of characteristic 0 with derivation operators $,,° - -,5n and 
algebraically closed field of constants @, and § denotes a strongly normal 
extension of ¥. We fix a universal extension #* of Y and denote the field 
of constants of ¥* by @*; except when the contrary is explicitly stated, all 
differential fields considered are differential subfields of ¥*, so that every 
isomorphism of a differential field has image in #*. 

Because & is strongly normal over #, every isomorphism o of Y over 
F is strong; denoting the field of constants of &8<o¥> by @(c) (instead 
of by @o as in [7]), we can express this fact by writing 


§<0h> = $66 (0)> = (0) (a). 
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As in [7], we identify each such o with the unique automorphism of §¢<@*» 
over ¥<4*> which extends o; the set of all isomorphisms of 9 over F is 
thereby identified with the group of all automorphisms of §<@*> over 
F<4*>. We call this group the Galois group of & over F¥ and denote it 
by & (instead of by G* as in [7]); we recall that G is algebraic in the sense 
defined in [7]. The group of all automorphisms of § over # is a subgroup 
of If o1,- - we denote by @(01,- +, op) the field of constants of 
<0,4,- that is, the compositum of the p fields - -, 
It is easy to see that and 6 (or, 0) = = (or, t) for 
all o, 


Chapter I. Rational homomorphisms. 


1. Varieties. The field @* is an algebraically closed extension of @ 
of infinite transcendence degree, and therefore may be used as a universal 
domain for algebraic geometry. We find it convenient to deviate from Weil’s 
terminology, in order to permit varieties which are not irreducible. Speciti- 
cally, we adopt the following terminology, which is sufficient for our purpose : * 
we call irreducible variety what Weil calls abstract variety; we call variely 
any finite union of irreducible subvarieties of some irreducible variety (in 
Weil’s terminology, a bunch of subvarieties of an abstract variety), or the 
union of a disjoint finite set of such. Every irreducible variety of dimension 
>0 which we consider, except those for which the contrary is explicitly 
stated, is assumed to have @ as a field of definition. Similarly, when we 
speak of a specialization of a point it is always to be understood, except when 
the contrary is stated, that the specialization is over @. We find it con- 
venient sometimes to call a subset of a variety algebraic to indicate that the 
subset is a subvariety. What we mean by the components of a variety is clear. 

Let V and W be varieties, and denote the components of V by V,,---, Vi. 


* An intrinsic definition of abstract algebraic variety, encompassing the case of 
reducible varieties, has been given by Serre [12]. The present definition, which involves 
an imbedding in some irreducible variety, is adopted here in the interest of brevity. 
This is, of course, merely a difference of procedure and not of substance. However, in 
the discussion below of rational mappings, the definition adopted for what it means 
for a rational mapping to be defined at a particular point is weaker than the definition 
that naturally arises in developing farther the ideas of Serre. Specifically, the present 
definition leads to a notion of isomorphism of varieties such that two components of a 
variety can have different higher intersection properties from the corresponding com- 
ponents of an isomorphic variety; on the other hand, because tthe definition here is 
weaker, Proposition 1 below is stronger. Of course, when dealing with varieties for 
which the components are disjoint (which by Proposition 1 is the case for group 
varieties) this difference in the two definitions disappears. 
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By a rational mapping of V into W we mean any sequence f = (f1,° * -, fn) 
where, for each i, f; is a rational mapping of V; into some component of W 
(that is, f; is what is called by Weil [14] a function defined on V; with 
values in a component of W) ; by a field of definition of f we mean a common 
field of definition of f:,---,f,. All rational mappings except those for 
which the contrary is stated, are assumed to have @ as a field of definition. 
We say the rational mapping f is defined at a point se V if, for every point 
teV of which s is a specialization, there exists an index 7 such that te V; 
and f; is defined at ¢, and for all such indices 7 the value f;(¢) is the same. 
If f is defined at s then there exists an 7 such that f; is defined at s, and the 
point f;(s) is independent of the choice of 1; we call this point the value of f 
at s and denote it by f(s). This definition insures that if s’ is a specializa- 
tion of se V and f is defined at s’, then f is defined at s and (s’,f(s’)) is a 
specialization of (s,f(s)). If $ is a mapping (in the set-theoretic sense) 
of a subset of V into W, then we permit ourselves to say that ¢ is rational 
if there exists a rational mapping f of V into W such that f is defined at 
precisely those points se V at which ¢ is defined and f(s) —¢(s) at all such 
points s; in other words, we identify each rational mapping of V into W 
with a mapping, which we call rational. 

By a biregular birational mapping of V onto W we mean a one-to-one 
mapping f of V onto W such that f and f-* are both ravional and everywhere 
defined. 

By a group variety we mean any variety G with a group structure such 
that (when the group composition is written multiplicatively) the mapping 
(s,s’) of GX G into G and the mapping s—s* of G into @ are 
rational. Using an argument which is familiar in several special cases and 
analogous situations ([5], §2, Th., p. 10; Weil [14], §4, Prop. 9, pp. 39-40; 
Chevalley [3], Ch. I, §3, Th. 2, p. 86; [7], Ch. II, Th. 1, p. 788), it is easy 
to prove the following result. 


PROPOSITION 1. Precisely one component of any group variety G con- 
tains the unity element; this component G@° is a normal subgroup of finite 
index, and the cosets of G relative to G° are the components of G. 


Thus, the components of (@ are disjoint and all have the same dimension, 


which we call the dimension of G and denote by dim G. 


Proposition 2. If h ts a subgroup of the group variety G consisting 
solely of points rational over @, and II is the smallest subvariety of G con- 


taining 6, then H ws a suberoup of 
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Proof. For any seb, sH is the smallest subvariety of G containing 
sh—b, so that =H; therefore For every te H which is 
rational over @, Ht is the smallest subvariety of G containing ht, and 
ht C hH =H, so that Ht C H; this inclusion obviously continues to hold 
without the restriction that ¢ be rational over @, so that HH CH. Finally, 
is the smallest subvariety of G containing so that H*—4H. 


Therefore H is a group. 


Proposition 3. If g is a subgroup of the group variety G such that 
G—g is contained in a subvariety of G all the components of which are of 


lower dimension than G, then g=G. 


Proof. lt g were different from G, a coset sg of G relative to g would 
be contained in G—g and therefore in a subvariety of G all the components of 
which have dimension < dim G, and we obviously may suppose s rational over 
4; therefore g would be contained in such a variety, so that G=g U(G—4g) 
would, too, contradiction. 

The proofs of Propositions 2 and 3 are the same as those of the analogous 
propositions on algebraic groups of strong isomorphisms of a differential field 
(see [7], Ch. II, Props. 14, 15, p. 789, for the case of algebraic groups of 


automorphisms). 


2. Rational homomorphisms of group varieties. Consider two group 
varieties G and H, and a rational mapping f of G into H such that 
f(st) =f(s)f(t) whenever s and ¢ are points of G such that f is defined 
at s, ¢, and st (or what amounts to the same thing, whenever s and ¢ are 
independent generic points of components of G). We call such a rational 


mapping a rational homomorphism of G into H. 


PROPOSITION 4. A necessary and sufficient condition that f be a rational 
homomorphism of the group variety G into the group variety H is that f be a 
homomorphism of the group G into the group H having the two properties: 
1) for all seG, @(f(s))C @(s); 2) for all s, s’e G with s’ a specialization 
of s, f(s’) is a specialization of f(s). 


Proof. Let f be a rational homomorphism of G into H, and let s’ be 
any point of G@. Choose independent generic points s, ¢ of components of G 
such that s’ is a specialization of s; there exists a specialization ¢’ of ¢ such 
that ¢’ is rational over @ and f is defined at ¢’ and s’t’. Then f is defined 
at st’, and f(s) =f(st’)f(t’)-'. This makes it clear that f is defined at s’, 
that is, f is defined at every point of G. Thus, f is a homomorphism (in the 


E 
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group theoretic sense) of the group @ into the group H, and f obviously has 
the two required properties. 

Conversely, let f be any homomorphism of the group @ into the group H 
having these two properties. Letting s:,- --,S, be independent generic 
points of the n components of G, we see from 1) that there exists a rational 
mapping g of into H such that g(s;) =f(si) (1 Sth); we then see 
from 2) that g(s) =f(s) for every generic point of every component of G, 
so that g(st) —g(s)g(t) whenever s and ¢ are independent generic points 
of components of @; in other words, g is a rational homomorphism of G@ 
into H. Therefore g is everywhere defined and, by 2), g(s)=f(s) for 


every seG. 


Proposition 5. Let f be a rational homomorphism of a group variety 
G into a group variety H. If N is any algebraic set in H then f*(N) ts an 
algebraic set in G. If M is an algebraic subgroup of G then f(M) as an 
algebraic subgroup of H. 


Proof. Let A be the smallest algebraic set in G@ containing f'(\), 
let Ay be any component of A, and let s be a generic point of Ay. If f(s) 
were not a point of N there would exist a proper algebraic subset A, of Ay 


, 


such that every specialization s’ of s with s’¢A, has the property that 
f(s’) €N, that is f-4(N) would be contained in the algebraic set obtained 
from A on replacing the component A, by A;, so that A would not be the 
smallest alegbraic set in G containing f'(N). Therefore f(s) eN, so that 
f(Ay) C N, whence f(A) Thus =A, which is algebraic. 

Let B be the smallest algebraic set in H containing f(J/); obviously B 
is also the smallest algebraic set in H containing f(M/’), where JJ’ is the 
group of all points of M which are rational over @, so that by Proposition 2 
B is an algebraic group. Let s,,- - -,s, be generic points of all the com- 
ponents of M, and let B; be the irreducible algebraic set in H with generic 
point j{s;). Clearly B=B,U --UB,. For each 7 there exists a proper 
algebraic subset OC; of B; such that every specialization ¢; of f(s;) with t/2C; 
has the property that ¢/—f(s;) for some specialization s;’ of s; Thus, 
B—f(M) is contained in an algebraic set every component of which is a 
proper subset of a component of B. It follows from Proposition 3. that 
f(M) 


Corotuary. The kernel and the image of a rational homomorphism 


are algebraic. 


We call a rational homomorphism of a group variety G into a group 
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variety H a birational isomorphism of G onto H provided the kernel is trivial, 
the image is H, and the inverse is a rational homomorphism of H into G. 
It follows from Proposition 4 that f is a birational isomorphism of G onto H 
if and only if f is an isomorphism of the group G@ onto the group H such 
that: 1) @(s) = £6(f(s)) for every seG; 2) for all s, s’ in G, s’ is a 
speci: lization of s if and only if f(s’) is a specialization of f(s). 


3. Rational homomorphisms in general. Henceforth we use the term 
“algebraic group” to mean either a Galois group (of a strongly normal 
extension of a differential field with field of constants @), or else a group 
variety. We generalize to arbitrary algebraic groups the notion of rational 
homomorphism previously defined for group varieties. 

By a rational homomorphism of an algebraic group G into an algebraic 
group /1 we mean any homomorphism f of the group G into the group H 
having the two properties that whenever seG then @(f(s)) C @(s), and 
whenever s, s’e G and s’ is a specialization of s then f(s’) is a specialization 
of f(s). If in addition the kernel of f is trivial and the image of f is H, 
so that f is an isomorphism of the group G onto the group H, and if f” 
is a rational homomorphism of H into G, then we say that f is a birational 
isomorphism of G onto H. In other words, a birational isomorphism of G 
onto H is an isomorphism f of the group @ onto the group H such that 
@(f(s)) = @(s) (seG@) and s’ is a specialization of s if and only if f(s’) 
is a specialization f(s) (s,s’eG@). 


Example 1. Let & be a differential field between ¥ and % which is 
strongly normal over ¥, and denote the Galois group of & over F by $. We 
know ([7]. Ch. III, Th. 4, p. 797) that the algebraic subgroup G(H#) of G 
corresponding to the intermediate differential field 9 is normal. and that 
the mapping r which to each oe corresponds the restriction of o to # is 
a homomorphism, with kernel (9) and image §, of the group & into the 
group . For every the field of constants of = 
is obviously contained in the field of constants of %<o%)>, that is, 
B(r(c))C B(c). Also, if (0’%)geg is a specialization of over & 
then is a specialization of = ae gy 
over #. that is, if o’ is a specialization of o then r(o’) is a specialization of 
r(o). Therefore r is a rational homomorphism of & into §. 


Hrample 2. If & isa Picard-Vessiot extension of ¥ then ([5] and [6]) 
& has a fundamental system of generators, that is, a finite number of elements 
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ms’ linearly independent over constants such that § = F<m,° -, 
and such that for every ce @ there exists an invertible matrix of constants 


= (ci;(o) 


for which 


onj (o) (1955). 


The mapping c:0—>c(c) (oe @) is an isomorphism of © onto an algebraic 
subgroup of the group variety GZ(n) of all invertible square matrices of 
degree n with coordinates in @*. It is not difficult to see that c is a birational 


isomorphism. 


It is obvious that if f is a rational homomorphism of an algebraic 
group G@ into an algebraic group H and g is a rational homomorphism of H 
into an algebraic group J, then gof is a rational homomorphism of @ into J. 


Proposition 6. Let f and f’ be rational homomorphisms of an algebraic 
group G into group varieties H and H’ respectively. If f and f’ have the 
same kernel and have respective images H and H’, then the isomorphism 
of H onto H’ such that oof =f’ is birational. 


Proof. Letting s be any element of G we see that for a generic 
specialization s’ of s, f(s) f(s’) if and only if f’(s) —f’(s’); this means 
that an isomorphism of @(s) leaves invariant each element of @(f(s)) if 
and only if it leaves invariant each element of 4(f’(s)), so that 
4(f(s)) = B(f’(s)); thus @(t) = @(¢(t)) for every te H. Now, if s is 
a generic point of a component of G then f(s) is a generic point of a com- 
ponent of H, and every generic point of a component of H is of this form; 
similarly for H’. If ¢@ is a generic specialization of t—f(s), then there 
exists a generic specialization s’ of s such that t’/ f(s’), and obviously f(s’) 
is a generic specialization of f’(s). Therefore there exists a rational mapping 
g of H into H’ such that g(t) —¢(t) for every generic point ¢ of a com- 
ponent of H. If t, ¢’ are independent generic points of components of H 
then we may write t=f(s), t’ f(s’), where s, s’ are independent generic 
elements of components of G, so that g(tt’) =g(f(s)f(s’)) =g(f(ss’)) 
= $(f(ss’)) =f’ (ss") =f"(s) f(s’) —g(t)g(t’). Therefore g 
is a rational homomorphism of H into H’. It follows that gof is a rational 
homomorphism of G into H’ coinciding with f’ at every generic point of 
every component of G and therefore at every point whatever, that is gof—f’. 


Therefore ¢—g, so that @ is a rational homomorphism of H into H’. 
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Reversing the roles of f and f’ we see that ¢- is rational too, so that ¢ is 
birational. 


Corotuary. If f is a rational homomorphism of a group variety G into 
a group variety H such that the kernel of f is trivial and the image of f ts H, 
then f is a birational isomorphism of G onto H. 


Proof. In the proposition set H’—G, f’ =the identity mapping of G. 


Proposition 7. Let G be an algebraic group, G, a normal algebraic 
subgroup of G of finite index, and K any normal algebraic subgroup of @. 
Then every rational homomorphism f, of G, with kernel G, K and image 
a group variety can be extended to a rational homomorphism f of G with 


kernel K and image a group variety. 


Proof. We extend f, in two stages; first to a rational homomorphism 
of G,K with kernel K and the same image as f,, and then to a rational 
homomorphism of G. GK is the union of its cosets relative to G,; these are 
finite in number and each is an algebraic set, so that G,K is a normal algebraic 
subgroup of G. Every element s of G,K is of the form s=s,a, where s,¢ G;, 
and ae K, and f,(s)) clearly depends only on s and not on the particular 
choice of s, and a. Therefore we may define a mapping g of G,K into the 
image H, of f, by the formula g(soa) —f,(s.). The computation g (s;’a’s,a) 
= 9 (S0'So = (S080) = fr f1 (80) = (S0'a”) g (Soa) shows that g 
is a homomorphism of G,K with image H,, and clearly g has kernel K. 
Now every coset of G,K relative to G, contains an element of K, and there- 
fore an element ae K such that @(a) = @. Therefore every element se G,K 
can be written in the form s = s,a with s.¢ G,, ae K, and @(a) = @, so that 
6(9(s)) = 6(f(80)) C B(s0) = B(soa) = B(s); furthermore, if s’ is a 
specialization of s then s’ belongs to the same coset as s, so that s’ = s,’a, 
where s’¢G,; obviously s,’ is a specialization of s , so that f;(s’) is a 
specialization of f,(so), whence g(s’) is a specialization of g(s). Thus, the 
homomorphism g is rational. 

Let s,,- - -,s, be a complete set of representatives of the cosets of @ 
relative to G,K; we assume without loss of generality that (si) = 4 
(1StSr) and s;, is the unity element of G. For each index i the mapping 
gi of G,K defined by ¢$;(s) =5;ss;1 is clearly a birational isomorphism of 
G,K onto G,K. For each pair of indices i,j there is an index k(i,7) and an 
element s(i,j)eG,K such that s;s;—= Let H»,- - -,H, be varieties 
biregularly birationally equivalent to H, such that H,,H.,---,H, are dis- 
joint, and let h; be a biregular birational mapping of H, into H; (1SiSr), 
where h, is the identity mapping of H,. 
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Since g and go4¢; are rational homomorphisms of G,K with the same 
kernel K and image H,, there exists by Proposition 6 a birational isomor- 
phism y; of H, onto H, such that ¥,og—god; Furthermore, the mapping 
py Of H, defined by p(t) =t-g(s(t,j)) is a biregular birational mapping 
of H, onto H,. Also, the law of composition, which we denote by ju, of the 
group variety H, is an everywhere defined rational mapping of H, X H, into 
H,. Consequently the mapping 

Hig = pig (hie? KX (Mio ) 
is an everywhere defined rational mapping of I/; x Hj; into the variety 
H=H,U--:-UH,, and it is easy to see that yi1—y,. There is a unique 
everywhere defined rational law of composition » on H which extends every 
Since p extends p, we may write p(t, t’) = td’ for eH. 

Let f be the mapping of G into H defined by f(ss;) =hi(g(s)) (se G.k, 
1isr). Clearly f has image H, extends f;, and because 


f (ssi 8’s;) =f (s+ - = f 7) ) 
= (9 (8) 9 (i(8’) 7) )) 
= © pig K (Woy) ) ), (9 (8) )) 
= ha(g(s) )hj(g (s’)) =F (ssi) f (s’s5), 
f is a homomorphism of the group G. Therefore H, with the law of com- 
position p, is a group. To prove that H is a group variety it remains to 
show that ¢—>¢-' (te H) is an everywhere defined rational mapping of H 
into H. Now, the mappings A; and p; of H defined by A;(¢) =f (s;)-*¢ and 
pi(t) =tf(s;)"* are everywhere defned rational mappings of H into H 
mapping #; into H/,, and the mapping v of H, defined by v(¢) =¢" is an 
everywhere defined rational mapping of H, into H; but the mapping t-¢ 
(te H) obviously coincides with A;°v°p; on H; and therefore is rational and 
everywhere defined. 
Finally, if se G,K then 
(f (ssi)) = (hi(g(s))) = B(g(s)) C B(s) = B (ssi), 
and if s’s; is a specialization of ss; then s’ is a specialization of s, g(s’) is 
a specialization of g(s), and f(s’s;)=hi(g(s’)) is a specialization of 
f (ssi) =hi(g(s)), so that f is rational. 
Corottary. A birational isomorphism of the component of the identity 
G° of the Galois group © onto a group variety can always be extended to a 
birational isomorphism of & onto a group variety. 
Proof. In the proposition set G=©G, G,=—@G°, and K=the group 
consisting of the identity automorphism. 
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Chapter II. Birational isomorphisms between Galois groups 


and group varieties. 


1. Galois groups onto group varieties. In this section we shall prove 


the following theorem. 


THEOREM 1. The Galois group & of the strongly normal extension § 
of the differential field F of characteristic 0 with algebraically closed field 
of constants @ is always birationally isomorphic to a group variety defined 


over 


Proof. By the corollary to Proposition 7 of Chapter I, we may assume 
that @ is irreducible. To prove the theorem under this added hypothesis, 
we use a theorem due to Weil ([14], Th. 15, p. 54), and later refined by 
Rosenlicht ([11], Th. 4, p. 511). To state this theorem we need the 
following definition due to Weil ([14], p. 51): If W is any irreducible 
variety, a normal law of composition on W is a rational mapping of W xX W 
into W which, if we denote the law of composition multiplicatively, has the 
two properties that 1) @(s,st) = @(t, st) = @(t,s) for independent generic 
points s and ¢ of W, and 2) (st)w s(tu) for independent generic points s, f, 
and u of W. Weil’s theorem is: If W is an irreducible variety with a normal 


law of composition, then there exists a birational correspondence T between 


W and a group variety G which transforms the normal law of composition 


on W into the group composition on G (T,G, and the group composition on 
G not necessarily defined over @). Rosenlicht’s contribution is to add: If 
the points of W which are rational over @ form a dense (Zariski topology) 
subset of W (which is true in the present case because @ is algebraically 
closed), then we may take G and T so that T, G, and the group composition 
on G are defined over @. 

Let o. r be generic elements of @ which are independent ([7], pp. 777- 
778); then or is also a generic element of &. Let y,,- - -,y, be constants 
such that @(c) = @(y1,- * *,yr). Each y; can be expressed as the quotient 
of two polynomials over 9 in a finite number of elements o7,° * *,o7,; Where 
each ye %; fixing two such polynomials, for each generic element p of & 
let ci(p) be the element obtained on replacing each on; by py; in the quotient 
of the two polynomials. Then c;(o) —+;, and for each generic element p of 
G, B(p) = B(c:(p),- -.¢-(p)). Also, writing c(p) = (¢:(p),° -.¢r(p)), 
we see that c(o) is a generic point of a certain variety W in r-dimensional 
affine space. that (c(o),c(r)) is a generic point of WX W, and that e(or) is 
a generic point of W with @(c(o-)) = B(or)C B(a,r) = B(c(c),c(r)). 
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Therefore there exists a rational mapping of WX W into W which maps 
(c(a),c(r)) onto c(er). It is now a simple matter to see that this rational 
mapping is a normal law of composition on W. Therefore, by the Weil- 
Yosenlicht result just mentioned, there exists a group variety G, and a 
birational mapping g’ between W and G, such that g’(c(or)) = g’(c(c))g’(c(7)) 
whenever o, 7 are independent generic elements of &. If for each generic 
element o of G we define g(¢) —g’(c(a)) then g is a one-to-one mapping 
of the set of generic elements of © onto the set of generic points of G, such 
that @(c) = @(g(o)) for every generic element o of &, and such that 
qg(or) =g(o)g(r) for all pairs o,7 of independent generic elements of G; 
it is easy to see, moreover, that if o, 7, o’, 7’ are generic elements of & then 
(o’, 7’) is a specialization of (o,7) if and only if (g(o’),g(7’)) is a specializa- 
tion of (g(c),g(7)). Every generic element o of & thus has the property 
that g(o-)g(7)~ has the same value for all choices of generic element + of & 
such that o, + are independent. It is now a simple matter to prove that 
every element o of & has this property. Indeed, if oe @ and if +, 7’ are 
generic elements of & such that o,7 are independent and o,7’ are independent, 
we may find a generic element 7” of © such that o,7,7” are independent and 


are independent generic 


a,7’,7” are independent; obviously then or”, + 
points of as are so that 


glor) g(r) = g lar" g 
= (or) (g(r) g (27) = g 


and similarly g(or’)g(7’)"! = whence = g(ar’) 

This being established, we may define a mapping f of © into G by the 
formula f(o) =g(or)g(r) (oe G), where 7 represents any generic element 
of @ such that o,7 are independent. If o,o’¢@ we may choose a generic 
element 7 such that each of the three pairs o,7 and o’,7 and o,o’r is indepen- 
dent, so that 


f(c0’) = = g(o’r) g(r) = f(o)f(0’) 


and f is a homomorphism of the group & into the group G. If v is any 
element of the kernel of f and + is a generic element of & such that v,7 are 
independent, so that vr is generic on @, then g(vr) =f(vr) =f (r) =g(r), 
whence vr 7 and v is the identity; thus, the kernel of f is trivial. For any 
a¢@% we may find a generic element 7 of ® such that @ (@(c), B(f(c))) 
and @(r) are linearly disjoint over @, whence in particular o,7 are indepen- 
dent; for such + we have 


= 9(r)) = B(g(or), 9(7)) = B(or, r) = B(o, 7). 


} 
’ 
& 
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Again, if o and o’ are any 


whence it easily follows that @(f(o)) = @(«). 
element of @ and we choose generic elements 7 and 7’ of ® such that each 


pair o,7 and o’,7’ is independent then ([{7], Ch. II, Props. 6, 8, pp. 777, 778) 


o’ is a specialization of o if and only if (7’o’,r’) is a specialization of (ro,7) ; 
this takes place if and only if (g(r’o’), g(r’)) is a specialization of (g(r), g(7)), 
that is, if and only if (f(7’)f(o’), f(7’)) is a specialization of (f(r)f(c), f(r)), 
which in turn occurs if and only if f(o’) is a specialization of f(a). To prove 
that f is a birational isomorphism of © onto G@ it remains to show that G 


is the image of f. Now, the image contains f(r), where 7 is a generic element 


of &, and f(r) is a generic element of G; therefore the smallest subvariety 
of G conaining the image is G itself. It follows (with the help of [7], Ch. IT, 
Prop. 9, p. 779) that the complement of the image in G@ is contained in a 


proper subvariety of G, so that (Ch. I, Prop. 3) the image of f is G. 


2. Irreducible group variety onto Galois group. We now prove the 
following partial converse to Theorem 1. 


THEOREM 2. Every trreducible group variety defined over the alge- 


braically closed field @ of characteristic 0 ts birationally isomorphic to the 


Galois group of a strongly normal extension of a differential field with field 


of constants @. 


Proof. 


r=dimG. The field 9,* of all rational functions on G (not necessarily 


Let G be an irreducible group variety defined over @, and set 


defined over @) is a finitely generated field extension of transcendence degree 
r of its subfield of all constant functions on G, which subfield we identify 
with @* by identifying each constant function with its value. The subfield 
H, of #,* consisting of all rational functions on G for which @ is a field 
of definition, is a finitely generated field extension of transcendence degree 


rof @. H&, and @* are linearly disjoint over @ (so that their intersection 
is @), and their compositum is #,*. ( 

For each point se G there exists a unique automorphism p, of the field , 
HX,* with the following property: if fe #,* and te G then p,f is defined at ¢ ( 
if and only if f is defined at ts and, when this is the case, (p.f) (t) =f (ts). | 
The computation 


((psps’)f) (t) = (ps (psf) ) (4) = (psf) (ts) =f (tss’) = (pas'f) (t) 
shows that 
(1) Pss' =psps' eG). 


Also, if p.f =f for every fe #o*, that is if f(ts) —f(t) for all fe #,* and 
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a generic point ¢ of G such that t,s are independent (over @), then obviously 
s is the unity element of G, that is 


(2) “p,— identity automorphism” implies unity element of G.” 


If se G, and if ¢ denotes any point of G (in particular, any generic 
point of G such that s,é are independent over @), then @(t, ts) = @(t,s) 
= @(ts,s). It follows that 


(3) Ho (psHo) = Ho( B(s)) = (B(s))- 


Also if s’e G and we take ¢ generic with s,¢ independent and s’,¢ independent 

then s’ is a specialization of s over @ if and only if s’ is a specialization of s 

over @(¢), which occurs if and only if (f(ts’))seg¢, is a specialization of 

of (f(ts) rege, over O(t), that is, 18 a specialization of 

((psf) (4) rege, over @(t); it follows that 

(4) (s’ is a specialization of s over @ if and only if 

4 
bites is a specialization of (psf)seg¢, over Mo. 

The set of all derivations of 9,* over @* is a vector space over Mo* 

of dimension r. It is known (for example, see Nakano [9]) that this space 

has a base D,,- - -,D, composed of derivations each of which maps #, into 

itself and is “right-invariant” in the sense that 


(5) ps° Di = ps (seG,lSisr). 


An element of #,* annihilated by D,,- - -,D, is annihilated by every deriva- 
tion of &®,* over @*, and therefore belongs to @*. 
Now let (wij) 1<isr, osj<o be a family of indeterminates, and let 


E = @ ( (Uy) 05j<0), = Ho( (uij) 5 


the fields @* ( (2ti;) and AL o* ( s<i<r, may then be denoted by 
€(6@*) and #(@*), respectively. For each seG@ the automorphism p, of 
H,* over @*, can be extended to a unique automorphism (which we also 
denote by p,) of &#(@*) over €(@*). For each 7 the invariant derivation 
D; of &H,* over @* can be extended to a unique derivation (which we also 
denote by D;) of &#(@*) over @* with the property that = ujo ui, 
and Du; 0 whenever 41 (0Sj For the extended automorphisms 
and derivations (1), (2), (5) continue to hold, and (3), (4) yield 


(6) = H(B(s)) = (psH) (B(s)) (se @) 


fe is a specialization of s over @ if and only if 


(7) 


(ps'%) ae ge is a specialization of (ps%)aeg¢ over #. 
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Furthermore, if « is any element of #(@*), then « may be written as a 
rational fraction with coefficients in 9 * in the indeterminate uj, and if « 
contains u,; effectively but for every l’ >/ fails to contain uxv effective then 
it is clear that u,,1,, is effectively present in D,«, so that D,a~0; thus the 
only elements of #(4@*) annihilated by every D; are the elements of @*: 


(8) 


Dw=0(1 if and only if ae @*. 


We now make #(@*) into a differential field (not necessarily con- 
tained in the universal extension ¥* of % introduced in Section 1 of Chapter 
I) with derivation operators 8,,- - -,5m by defining 


(9) = uj. Dia, km) 


for every ac H(@*). It is clear that @, €, #, @* all are differential sub- 
fields of #(@*), so that (@*) may now be written as H<@*>; further. 
more, if we denote by u; then so that 
we may write €= @<u,,: -,u,> and 

If ce H<@*> contains effectively but for every > 1 fails to contain 
ux, effectively, then contains effectively, so that 5,40. 
Therefore if then ae #,*, and from the equation and 
the fact that wyo,- - -,U%ro are linearly independent over 9%,* we conclude 
that Diw—0(1SisSr). It follows from (8) that the field of constants 
of the differential field H<@*> is @*; @* is therefore also the field of 
constants of E€¢@*>, and @ is the field of constants of 9 and of €. 

Before proceeding farther, we rid ourselves of the awkward circum- 
stance that #%<@*> is not in general a differential subfield of #*. In the 
first place, = +, Ur, Hod, so that HM is a finitely gen- 
erated differential field extension of @; since #* is a universal extension 
of @ (see [7], Ch. I, §5, p. 768), there exists an isomorphism over @ of # 
onto a differential subfield #’ of ¥*. Secondly, a family of elements of # 
linearly independent over @ is also linearly independent over @* (see [7], 
Ch. I, §4, Prop. 3 and remark following, pp. 766-767), so that ® and @* 
are linearly disjoint over @; it follows that the isomorphism over @ of & 
onto #’ can be extended to a unique isomorphism over @* of #<@*> onto 
By virtue of this isomorphism we identify with 
so that henceforth all our differential fields are differential subfields of #*. 

By (5) and (9) we know that p,d;¢ = (se G, 1 
so that each p, is an automorphism of #<@*> as a differential field (not 
merely as a field). This proves ([7], Ch. II, §3, Prop. 4, p. 775) that each 
ps, identified with its restriction to #, is a strong isomorphism of 9 over €. 
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It follows from (6) that if ¢ is a generic point of G then the transcendence 
degree of H<p,H> over H equals r, which in turn equals the transcendence 
degree of & over €. Consequently ({7], Ch. II, §2, Prop. 2, p, 773) pz is 
an isolated isomorphism of 9 over €. Since € is obviously relatively alge- 
braically closed in &, it follows ([7], Ch. II, §2, Prop. 3, p. 774) that every 
isomorphism of 9% over € is a specialization of p;, and therefore ({7], Ch. IT, 
§ 4, Prop. 5, p. 776) is strong. Thus & is a strongly normal extension of €; 
we denote its Galois group by §. 

By (1), the mapping f:s—>p, (se G@) is a homomorphism of G into 9. 
sy (2) the kernel of f is trivial. By (6) and [7], Ch. I, §4, Cor. 5 to Prop. 
3, p. 768, 

B (ps) = B(s) (se@), 


and by (7), py is a specialization of p, if and only if s’ is a specialization of s 
(over @). Therefore f is a rational homomorphism of @ into §. Since the 
Galois group is by Theorem 1 birationally isomorphic with a group variety, 
it follows from the corollary to Proposition 5 in Chapter I that the image of f 
is an algebraic subgroup of §. Since the image contains a generic point f(¢) 
of §, it follows that the image of f is © itself. Again making use of the 
fact that § is birationally isomorphic with a group variety, we conclude 
from the corollary to Proposition 6 in Chapter I that f is a birational iso- 
morphism of @ onto §. 


3. Applications. It follows from ‘Theorem 1 that many propositions 
about group varieties can be generalized by permitting each group variety 
in the statement of a given proposition to be any algebraic group (that is, 
either a Galois group or a group variety). For example (as we have already 
had occasion to observe in Section 2): 


Proposition 1. Proposition 5 of Chapter I and tts corollary, and 
Proposition 6 of Chapter 1 and tts corollary can be generalized to arbitrary 
algebraic groups. 


Another example: 


Proposition 2. If +,on€@ and if (01',- + ts a specializa- 
lion of *.0n), then (Wi(o's,: +,0n’))ier 18 @ specialization of 
where (Wi(X1,: -,Xn))icr 1s any family of words 
in n indeterminates 


This is an immediated consequence of the fact that the same proposition 


holds for group varieties. 
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On the other hand some propositions on group varieties can not be 


indiscriminately generalized in this way because such a generalization may 
depend on Theorem 2, which we have proved only for irreducible group 
varieties. For example, we have not the right to assert the generalization 
of Proposition 7 of Chapter I, or of its corollary. 

It is perhaps of interest to observe that not only can we prove results 
on Galois groups by appealing to previously proved analogous results on 
group varieties, but also we can work in the opposite direction. For example, 
we can prove that, roughly speaking, a factor group of a group variety is 


itself a group variety. More precisely: 


Proposition 3. If G is a group variety and K is a normal algebraic 
subgroup of G then, there exists a rational homomorphism of G with kernel 


K and image a group variety. 


This result is contained (except for the rather trivial extension here to 
group varieties which are not necessarily irreducible) in much stronger results 
of Nakano [10]; the novelty here lies in the fact that the result on group 
varieties is obtained as a consequence of theorems on algebraic differential 
equations. The proof runs as follows. By Proposition 1 of Chapter I, the 
result holds for a group variety G and kernel K provided it holds for the 
group variety G° (=the component of the unity of G) and kernel G°N K, 
that is, we may assume that G is irreducible. Making this assumption, we 
know from Theorem 2 that G is birationally isomorphic with a Galois group, 
say f is a birational isomorphism of G onto ©; f(K) is a normal algebraic 
subgroup of @G and therefore is the Galois group G@(#) of % over a differ- 
ential field 9 intermediate to ¥ and Y and strongly normal over F¥. There- 
fore (see Example 1 of Chapter I, §4) the mapping 7, which to each oe & 
corresponds the restriction of o to &, is a rational homomorphism of ® with 
kernel (9) and image the Galois group § of &# over F¥. By Theorem 1, 
there exists a birational isomorhpism h of § onto a group variety H. It is 
now immediate that the composite mapping horof is a rational homo- 
morphism of G with kernel K and image H. 

Similarly, we can prove the following result. 


Proposition 4. If a rational homomorphism of an algebraic group G 
has kernel K and image H, then dim G= dim K + dim H. 


This too is contained in results of Nakano [10]. Our proof uses the 
fact that the dimension of the Galois group of a strongly normal differential 
field extension equals the transcendence degree of the extension. We omit 
the details, which are rather obvious. 
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Finally, we generalize to arbitrary connected group varieties (but only 
in the case of field characteristic 0, of course) a theorem on algebraic matric 
groups (Chevalley [3], Ch. II, §4, Th. 1, part 2), p. 84, or Chevalley and 
Kolehin [4], §1, Th. 2). 

Proposition 5. The notation being as in §2, if W is a subset of an 
irreducible group variety G then a necessary and sufficient condition for W 
to be an algebraic subgroup of G is that there exist a finite subset S, of the 
field # of rational functions on G which are defined over @, such that W 
is the set of all points se G for which psx—a for every aeN. 


Indeed, we saw in the proof of Theorem 2 that 9% —€<H,> is a strongly 
normal extension of E= and s—>p;(seG@) is a birational 
isomorphism f of @ onto the Galois group § of # over €. W is an algebraic 
subgroup of G if and only if f(W) is an algebraic subgroup of §, that is, 
is the Galois group of 9 over a differential field €, intermediate to € and #; 
now every intermediate differential field is a finitely generated differential 
field extension, and it is easy to see that €,—€<a,,- - -,% > for some finite 
set S of elements a,- + +,» which belong to &#,. Therefore f(W) is the 
Galois group of # over €, if and only if W is the set of all elements se G 
such that (1 StS p). 


Chapter III. One-dimensional cohomology. 


1. Definition of H!(G,G). The universal extension ¥* of % is, like 
its field of constants @*, an algebraically closed field extension of @ of infinite 
transcendence degree and therefore may be used, like @*, as a universal domain 
for algebraic geometry. Furthermore, since @*C #*, every variety V in the 
algebraic geometry based on @* as universal domain determines in an obvious 
way a variety V7 in the algebraic geometry based on #* as universal domain, 
such that a point of Vt belongs to V if and only if the point is rational 
over @*. It is obvious that if V is a group variety in the algebraic geometry 
based on @* then V" is a group variety in the algebraic geometry based on #*. 

Now, a mapping f of the Galois group © of & over ¥ into a group 

variety G may also be regarded as a mapping of & into Gt; since @(f(c)) 
consists of constants for any oe &, the condition “ @(f(c)) C @(e)” is equi- 
valent to “9 (f(c))C &(cG),” for any the condition “f(o’) is a 
specialization of f(a) over @” is equivalent to the condition “f(o’) is a 
specialization of f(a) over § ” and the condition “f(oo’) =f(c)f(o’)” may, 
if we wish, be written in the form “f(co’) —f(c)-of(o’).” Therefore the 
following definition generalizes the notion of rational homomorphism of @ 
into G: 
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By a rational crossed homomorphism, or a cocycle of dimension 1, or a 


1-cocycle, of the Galois group © into the group variety G we mean any 
mapping f of G into Gi such that 9(f(c))C ¥(cG) for all oe G, such that 
“’ is a specialization of o” implies “f(o’) is a specialization of f(o) over 
%” for all o,o’ eG, and such that f(co’) =f(c)-of(o’) for all o,o’c &. 

As remarked above, every rational homomorphism of © into @ is a 
rational crossed homomorphism of & into G. Also, if a is any point of G' 
which is rational over %, then it is evident that the mapping o—>2 ‘oa 
(oe @) is a rational crossed homomorphism of into G: such a rational 
crossed homomorphism is said to be trivial, or to be a coboundary of dimension 
1 or a 1-coboundary of © into G. 

We denote the set of all 1-cocyles of © into G by Z1(G, @), and the set 
of all 1-coboundaries by B*(G,G@), so that B'(G,G)C Z7'(G,G). The 
mapping which to each element of © corresponds the unity element 1 of G 
is obviously a 1-coboundary (because 1-*ol —1 for every oe &); we denote 
it by 1. In general, as we have made no assumption of commutativity for G, 
Z'(G,G) and B'(G,G) are not groups under the law of composition 
(f,9) fg, where (fg)(c) =f(7)g(c), because fg need not be an element 
of Z'(G, G). 

If feZ'(G,G), and if aeG* is rational over Y, then the mapping g 
of & defined by g(c) =a "f(c)oa is obviously an element of Z1(G, G), which 
we call cohomologous to f. The relation “g is cohomologous to f” is an 
equivalence on Z'(©, @). An equivalence class with respect to this equivalence 
we call a cohomology class of dimension 1 or a 1-cohomology class of © into 
G; we denote the set of all these by H1(G,G). B'(G,G@) itself is a 1- 
cohomology class; when we think of this class as an element of H+(G, G) 
we frequently permit ourselves to denote it by 1, and we also permit ourselves 
to write H*(®,G) 1 when we wish to assert that B'(G,@) is the only 
1-cohomology class of & into G. 

Of course, if G is commutative then Z'(G,G@) and B'(G,G) are com- 
mutative groups, and H'(@,G) is the factor group G)/B'(G, G) ; 
we then call it the first cohomology group of & into G. 


2. Determination of H!(G,@) in some general cases. The compu- 
tation of H*(®,G) in various cases below is facilitated by the observation 
that two 1-cocycles f and g of & into G are equal provided f(c) ~g(c) for 
all se ® which are automorphisms of 9 over ¥); this follows from [7]. 
Ch. II, Cor. 2 to Prop. 9, p. 783. 

Our results on H'(G,G@) are summarized in the following theorem. 


We recall that @ is the Galois group of the strongly normal extension % 
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of the differential field ¥ of characteristic 0 with algebraically closed field 
of constants @. G denotes any group variety defined over @. We denote 
the group of all invertible square matrices of degree n with constant coordi- 
aates by GL(n); GL(n) is an irreducible group variety of dimension n’. 
THEoREM 1. 1) H'(G,GL(n)) —1. 
2) If ¥ is algebraically closed then H'(G, G) =1. 
3) If G is commutative then every element of the group 
H'(G, G) ts of finite order. 
Proof of 1). Let fe Z(G, G@L(n)), and let + be a generic element of 
the component of the identity G° of G. Since Y(f(r)) C ¥(7H), there must 
exist a finite number of elements 7é,- - -,7&»e7% which are algebraically 


independent over and a finite number of elements rm,- which 
are linearly independent over 9 (ré,- - -,7&), such that 


Therefore there exist matrices Aj = Aj;(X1,- -,Xp), 1 Sj Sq, square and 
of degree n, with coordinates which are polynomials over § in indeter- 
minates X,,- - -,X,, and there exists a nonzero polynomial 


such that 


This equation continues to hold, of course, if + is replaced by any generic 
element of &°. We assume without loss of generality that B does not have a 
factor of degree >0 which divides every coordinate of every A;, and we 
assume, too, that one of the coefficients in B is 1. For any ce &° which is 
an automorphism of 9, o'r is a generic element of ©°. On the other hand, 
f(r) =f(c)-of(o'r). Therefore by (1) 


q 
j=1 
j=l 


where Bo is obtained from B by replacing each coefficient by its image under 


o, and similarly for Ajo. Because r;,° * *,7q are linearly independent over 
(ré,,° 7&), it follows that 


=f (0) +, TE), 1S)Sp. 


= 
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Because ré,,° are algebraically independent over it follows that 


BoAj=f(c) BAyo, 1<jSp. 
Because no factor of B of degree >0 divides every coordinate of every A,, 
it fellows that Bo is a multiple of B by an element of 9, and because a 
coefricient in B is 1 we conclude that Bc = B, so that 


(2) A;=f(«) Ajo, 1SjSp. 
Now, it is a consequence of (1) that if Y,,- - -,¥q are additional indeter- 


minates then 
q 
j=1 


Therefore there exist element a,,- such that if we form 
the matrix «= then deta540; obviously the coordinates 
of « are elements of &. However, 

Therefore by (2) we have a—f(a)o%. Thus, if we let g be the 1-cocycle 
cohomologous to f defined by the equation g(o’) =a "f(o’)o’a for all o’ 
then g(o) =1 for every ce 

If o and o” belong to the same coset of @& relative to ©°, then 
g(o”) = =g(o’), so that g is constant on 
each coset. Since every coset contains an automorphism of §, g(o’) is always 
rational over but, for any oe we have g(o’) —g(co’) —g(c)ag(o’) 
=og(o’), so that g(o’), is always rational over the relative algebraic closure 
F° of F in Y. Of course, if o,,- - -,a, form a complete set of representatives 
of the cosets of @ relative to G°, then the restrictions of o;,:--,0, to ¥°® are 
precisely the elements of the Galois group of ¥° over F¥. Now, if T1,---,Th 
are indeterminates, then det(> Tig(oi)) is a polynomial in ¥°{T,,- - -, 
and is different from 0 (because, for example, at (1,0,---,0) it has the 
value det(g(o,))). Therefore (Bourbaki [1], Ch. V, §10, Th. 4, p. 157) 
there exists an element ae ¥° such that det(S(oia)g(o:)) 40. Writing 
B= we have for any o’ &, 

B => (oi) = > 9 (0’)-*g (0’0;) = 
Letting y= we therefore obtain y~'o’y = = ag(0’)o’a" 
=f(o’) for every o’ so that fe B'(G, GL(n)). 

Proof of 2). Since ¥ is algebraically closed © is irreducible. Let 
feZ'(G,G@), and let + be a generic element of &. Letting ,- - -,2n be 
elements of such that = we see that 
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also, (m:,° and (rm,° *,7) are independent over ¥ (because the 
transcendence degree of F(m,° Over F equals that of 
F(m,* over F plus that of F(rm,- - -, 7m) over #). 

Let f(r) denote a representative in affine space of the abstract point f(r). 
Because f(r) is rational over § (7%) there exist rational fractions Ri,- --, Ria, 
in 2n indeterminates, with coefficients in ¥ and denominators different from 
0 at (m15° such that 

For any «e®% which is an automorphism of §, the corresponding represen- 
tative of af (o'r) is obviously given by 
Since ¥ is algebraically closed, there exists an affine point (b,,- - -,b,) which 
is a specialization in the sense of algebraic geometry of (rm,° - -,7mn) over &, 


with each b;e # and with the denominator of each R,; different from 0 at 


b,, + +,6,) shows that the denominator of each Rj; is different from 0 at 
pendent over F, (m,° 01," *,6n) is a specialization of (m,° 
*> Tn) Over F, that is, (b1,- - -, bn) is a specialization of (rm,-° -, 


over §. Therefore if we set 


then (gi,09:) is a specialization of (f;(r),of(o'r)) over § for every i. 
Accordingly, the affine points g; are representatives of an abstract point g 
which is rational over 9, and (g,cg) is a specialization of (f(r), of (o'r) ) 
over §. But so that f(r) =f(o)of(o'r), and f(c) is rational 
over &. Therefore g=f(c)cg for all & which are automorphisms of 
hence for all oe @; that is, fe B'(G, @). 


Proof of 3). Let #’ be the algebraic closure of ¥. ¢F’ is a normal 
algebraic extension of ¥, and #’M G is the relative algebraic closure F° of 
J in §. Therefore every automorphism + of F’ over F° can be extended to 
a unique automorphism (which we also denote by +) of the compositum 
F’<G> = over (the group of automorphisms of F’ over F° thereby 
becoming identified with the group of automorphisms of &<#’> over G) ; 
also ({%], Ch. III, §3, Th. 5, p. 799) &<#’> is a strongly normal extension 
of ¥’, and every isomorphism o of & over ¥° can be extended to a unique 
isomorphism (which we also denote by «) of &<#’> over F’ (the component 
of identity G° of G thereby becoming identified with the Galois group of 
4<F’> over F’). Since every element of 8<F’> can be expressed as the 
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quotient of two elements of the form S yidi (ie ¥, oie F’), and since when 
o is an automorphism 

(DS = 0 D Wir gi = (oi) = 7 (OMi) Hi = 70 (D Yigi), 
we see that orzo. It follows that if a,,---,a, are the conjugates of 
aeGcF’> over & then o@,,:--,o0%, are the conjugates of oa over § 
(where o is any element of G° which is an automorphism of &). 

Now let fe Z(G, G@). Since G° can be identified with the Galois group 
of &<F#’> over F’, since (for ce (0(G<F)), 
and since (for o,o’¢G°) “o’ is a specialization of o (as isomorphism of 
&<F'>)” implies “o’ is a specialization of « (as isomorphisms of 9)” which 
implies “f(o’) is a specialization of f(c) over & ” which (because 9¢<6*)> 
and &<#’> are linearly disjoint over 9 ) in turn implies “f(o’) is a specializa- 
tion of f(c) over 9<F#’>,” we see that the restriction of f to G may be 
considered as a rational crossed homomorphism of the Galois group of 9<#’> 
over #’ into G. By 2) above, therefore, there exists an ae @? rational over 
&<F’>, such that f(¢) =a toa for every oe & which is an automorphism 
of 8. Denoting the conjugates of « over 9 by a,-- -,@, we see by the 
above (since is rational over 9) that f(o) (LSisSh), 


Since G is by assumption commutative, we theerfore have (f(c))" = fof, 


where 8 -a is rational over Therefore the 1-cocycle g cohomol- 
ogous to f", defined by g(o) = B(f(c))"cB* (oe G), has the value 1 at every 
element of G°. It follows, as in the proof of 1) above, that g is constant 
on each coset and that g(o) is rational over ¥° for every ce &. Consequently, 
letting o:,° - -,o;, denote a complete set of representatives of the cosets of 
relative to and setting y—g(o,)- - -g(ox), we find that 


oy = II og (oj) =I1 9 = (g(0)) 
for every oe@, so that for every oe and 
f'* BY(G, @). 


3. Applications. Theorem 1 of Chapter IJ asserts that there exists a 
birational isomorphism of the Galois group & onto a group variety G. Now 
such a birational isomorphism, or more generally any rational homomorphism 
f of & into G, is a 1-cocycle of G into G. If we can prove that f is a 
1-coboundary then there exists a point « of G (or, more precisely, of G*) 
which is rational over & such that f(o) = 212, that is, such that o7 = af (oc) 
for every ce ®. In the case in which f is actually an isomorphism, we see 
that « is invariant under o only when o is the identity isomorphism, so that 
& =F<a>. More generally, if f is a homomorphism with finite kernel then 
§ is a normal a!gebraic extension of #<%> with Galois group isomorphic to 
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the kernel of f. These remarks are the basis of the use of Theorem 1 in 
the proofs of the following two theorems. 


THEOREM 2. A necessary and sufficient condition that the strongly 
normal extension & of F be a Picard-Vessiot extension is that tts Galois 
group & be birationally isomorphic to an algebraic group of matrices. 

Proof. If & is a Picard-Vessiot extension of ¥ then, as we have already 
observed (Chapter I, §3, Example 2), @ is birationally isomorphic to an 
algebraic matric group. Conversely, let f be a birational isomorphism of & 
onto an algebraic subgroup of GL(n). By Theorem 1, there exists an 
invertible square matrix = (ij) 1<isn,1<jsn With coordinates such that 
o%=af(c) for every and = F<a>. Therefore if m,- form 
a maximal subset of the set of elements a; linearly independent over @ (and 
therefore over every field of constants) then for each oe@ there exists an 
invertible matrix )1<:<p, 1<jsp With constant coordinates such that 


onj = It is now clear that if 0,,---,0) are 
arbitrary operators of the form 8,%- - -8,‘» then the determinant 


has the property that 


so that the ratio of any two nonzero determinants of this type is invariant 
under & and hence is an element of ¥. Thus ([6], §3, p. 599) & is a 
Picard-Vessiot extension of §. 


Corottary. If is a Picard-Vessiot extension of F¥ and is any 
differential field between ¥ and & which is a strongly normal extension * 
of F then & is a Picard-Vessiot extension of F. 


Proof. Since % is Picard-Vessiot over ¥ there exists a birational iso- 
morphism f of © onto an algebraic matric group G. The Galois group G(#) 
of & over & is a normal algebraic subgroup of &, therefore K = f(G(#) ) 
is a normal algebraic subgroup of G. Now it is known (Chevalley and Kolchin 
[4], $1, Th. 3) that there exists a matric representation g of G with kernel 
K; furthermore, although it is not specifically stated in [4], the proof there 
(§4) provides such a g which is a rational homomorphism of G. If we 
denote the image of g by H then (Chapter T. corollary to Proposition 5) 
H is an algebraic matric group. Clearly gof is a rational homomorphism 
of & with kernel @(9%) and image H. Now (Chapter I, §3, Example 1) 
the mapping * of @, which to each oe @ corresponds the restriction of o 


*Or even ([7], Ch. III, § 3, Th. 4, p. 797) a weakly normal extension. 
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to &, is a rational homomorphism of © with kernel (9) and image the 
Galois group § of &# over F¥. Therefore (Chapter IT, §3, Proposition 1) 
there exists a birational isomorphism of § onto H so that, by the present 
theorem, # is a Picard-Vessiot extension of F. 


TueoreM 3. If the strongly normal extension & of F is of trans- 
cendence degree 1 and if § is relatively algebraically closed in & then there 
exists an element ae & such that either a is primitive over ¥ and § =F <a, 
or is exponential over and § = FK<a>, or ts weierstrassian over F 
and & is an abelian algebraic extension of F<a> of finite degree. In the 
last case, if F is algebraically closed then the weierstrassian element a may 
be chosen so that &§ = F <a). 


This theorem is not new, being the main substance of Th. 7 of [7], 
Ch. IIT, p. 809. We include it here to show how it can be derived as a rather 
easy consequence of Theorem 1, and Theorem 1 of Chapter II; this makes it 
possible to avoid the long, tedious, and intricate computations of the proof 
in [7], pp. 809-823. 


Proof. It follows from the hypothesis that the Galois group © has 
dimension 1 and is irreducible; by Theorem 1 of Chapter II there exists a 
birational isomorphism c of © onto a group variety G defined over @, which 
must also be of dimension 1 and irreducible. It is known (see Weil [14], 
§ V, No. 38, pp. 68-69) that every such group variety is birationally iso- 
morphic to (and therefore we may assume equal to) either the additive 
group of the field @* of all constants or the multiplicative group of @*, or 
else a group variety which is a complete curve of genus 1 in projective space. 
In the last case we may always assume (for example, see Chevalley [2], Ch. 
II, §3) that the curve has an equation of the form X,X.? = P(Xo, X,), where 
P is a homogenous polynomial in @[Xo,X,] of degree 3 without multiple 
factor ; applying a suitable transformation (Xo, X1, X2) > (Xo,aXo + bX1, cX,) 
if necessary, we lose no generality in supposing that 


P (Xo, X1) = 4X13 — 


9:X 0°, 


where g2,g;¢ 4. We may take the law of composition so that the group 
unity is (0:0:1), which is the sole point at infinity on the curve, and such 
that the product (1:7:) of two points (1:%:8) and (1:a:b) with «a 


is given by 
(3) n=—a—a-+ 4"(%—a)-*(B — b)’, 
(4) + b) + 2°'13(a— a) *(B — b) —a)3(B — 
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Consider the first case. By Theorem 1, there exists an element ae § 
such that c(o) =oa—a for every oe &. Since c(o) =O only when o is 
the identity, only the identity in G leaves a invariant, so that § = F#<a>. 
Applying the derivation operator 8; to both sides of the equation oa = @ +4- ¢(a) 
we obtain = 8;a(ce@), so that dae (1Sism), and is primitive 
over 

Next consider the second case. By Theorem 1, there exists a nonzero 
element ae such that c(o) =a for every ce &. Since c(o) —1 only 
when o is the identity, only the identity in ® leaves « invariant, so that 
§ From the equation we find that od; = (8«)c(c), 
whence (oe ®), so that Mm), and is 
exponentia! over 

Consider finally the third case. By Theorem 1, there exists a point 
(1:%:8) on the curve Gi, with «,Be§%, and there exists an integer n > 0 
(n= 1 if is algebraically closed), such that c(a)” = (1:4: (1:0%:08) 
for every c¢ &. Not every element of & has order n, so that c(o)” fails to 
be the identity for some oe &; therefore (1:%:8) is not an invariant of the 
whole group @, hence is not rational over ¥. Since § is relatively alge- 
braically closed in § and & is of transcendence degree 1 over ¥, 9 is an 
algebraic extension of ¥<a, B> which clearly must be of finite degree, normal, 
and indeed abelian; if ¥ is algebraically closed, so that n—1, then 
§ = F<, B>. For any oe & which is not of order n (in particular, for a 
generic element of ©) we may write c(a)"—(1:a:b), where a, 6b are 
constants. Then oa and of are given by the second members of (3) and 
(4), respectively. Making use of the fact that 


(5) B? = — g.a— gs, 
these may be rewritten to obtain 
(6) = 4-1(¢ —a)-*[ 4aa? + (4a? — g.)a — (goa + 293) — 2bB], 
(7) = (403 + 12aa? 
+ ((— 12a? + g.)a — 40 + 39.0 + 49,)8}. 
From (5) we find 2888 = (12a?—-g.)8;%. Therefore application of 8; to 
(6) yields 
= 4-*(a —a)-*((8a% + 4a” — — 2b)8;8 
— + (4a? — g.)a —g.a — 293 — 2bB) 
= + 4a? — g.) 8 — b(12a* — g.)) 


— — a)*((4aa? + (4a? — — — 29s) 8 
— 2b(4a8 — 3,4 — 


392% — goa — 4g3)b 


18 
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The last member equals B-'8;2 multiplied by the second member of (7). 
Therefore 8, that is (ceG), so that 
(1Sism). It follows that and also (with 
the help of (5) that (4«5—g.%—g;)"* (da)* is the square of an element 
of ¥ (1Six=~m), that is, that « is weierstrassian over #. 
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ENGEL RINGS AND A RESULT OF HERSTEIN AND KAPLANSKY.* 


By M. P. Drazin. 


1. Introduction. It is known that if, in an associative ring R, some 
power of every element is central, then the commutator ideal R, of R (i.e. the 
two-sided ideal of R generated by all the commutators [a, b] = ab — ba with a, 
b in R) is nil; more precisely, if to each element y of R corresponds a positive 
integer n= n(y) such that [a, y"| 0 for all x in R, then to each element c 
of R, corresponds a positive integer j such that ci 0. Special cases of this 
were established by Jacobson, Hua and others, after which Kaplansky [15] 
showed in the general case that R, at any rate lies in the Jacobson radical ; 
that R, is actually nil was finally proved by Herstein [9]. It will be con- 
venient to call a given ring R commutator-nil whenever its commutator 
ideal R, is nil. 

Consider now another class of rings. For any z, y in R, define a sequence 
of elements e,(z,y) of R inductively by the rules 


€o(z, y) = 7, (2, y) [ ex (2, Yy); y | (k= 2,° 


equivalently, in binomial notation, 


k 
(2, y) a (— 1 (k 0, 1, Pre 
j=0 


If to each pair x, y there corresponds an integer k—k(z,y) such that 
(x,y) = 0, then we call R an Engel ring. The present paper grew from 
an investigation of the properties of the commutator ideals of arbitrary 
Engel rings. The relevance of the above-mentioned result of Herstein and 
Kaplansky soon appeared ; indeed, it became clear that the two kinds of rings 
can profitably be regarded as special cases of another type, the K-rings, 
where we say that a given ring R is a K-ring if, to each pair of elements z, 
y of Rk, there correspond positive integers k =k(x,y) and n—n(z,y) such 
that e.(2,y")—=0. The rings studied by Herstein and Kaplansky are 
obtained on imposing the restrictions that k 1 for all z,y and that n be 
independent of z, while of course the Engel rings are just those K-rings 
with n=1 for all a, y. 


* Received June 9, 1955. 


M. P. DRAZIN. 


Two of our principal results (both generalizing Herstein’s) are that a 
given K-ring must always be commutator-nil whenever its index functions /, 
n are both functions of y alone, and whenever k —1 for all x,y. Since every 
nil ring is a K-ring (and indeed falls in all of the special classes of K-rings 
we have mentioned), to prove without further hypothesis that #, is more 
than merely nil would imply a non-trivial statement about the commutator- 
ideal of an arbitrary nil ring. We establish no such statement here, being 
instead more concerned in our later results with extending the commutator- 
nil property (or even slightly weaker properties) to wider classes of rings. 
For example, we prove that the commutator ideal of an arbitrary K-ring is 
always contained in the Jacobson radical. 

For the proofs of the facts, we need two auxiliary results about the 
structure of (the semi-simple part of) an arbitrary K-ring. These are 
derived in a more general context in Section 2. We define, for each positive 
integer m, a class of rings called m-rings. These classes form an expanding 
sequence, i.e., if l,m are any given integers satisfying 1=1=™m, then every 
l-ring is an m-ring. Every K-ring is a 1-ring (and hence an m-ring for 
all m); also every algebraic ring of bounded index, and every ring with 
minimal condition on its left (or right) ideals is an m-ring for some m. 

Four successively narrower classes of rings have now been mentioned: the 
m-rings (m arbitrary), the 1-rings, the K-rings and the Engel rings. 
Having discussed the first and widest class in Section 2 we proceed step by 
step from the general to the particular, examining the other three classes in 
turn in Sections 3, 4 and 5. In Section 3 we consider the 1-rings (which 
include, besides the K-rings, all strongly regular rings and another class of 
rings investigated recently by Herstein [10] and others), restating the 
specialization m 1 of the results of Section 2, and proving also one other 
result. Our theorems on K-rings as such are proved in Section 4. In Section 
5 we press our investigation a little further for the Engel rings, showing 
that certain of these satisfy conditions stronger than the commutator-nil 
property. 

In our final section we consider those rings in which, for each pair of 
elements z, y, there are integers k, m, n such that e,.(z™,y") —0. These 
include all the K-rings as the special case m 1, and we show that many of 
our results for K-rings can be extended to this more general class. 

Throughout, R will denote an associative ring, not necessarily with a 
unit element, admitting a commutative ring F of operators (i.e. endomor- 
phisms x of the additive group of R, subject to a(ry) = (ax)y=-2(ay) for 
all z,<R); we may suppose without loss of generality that F contains the 
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identity operator. The case of a “ring without operators” is included in this 
scheme on taking F' to be just the ring of integers (or an appropriate quotient 
ring). When we refer to subrings (etc.) of & these should always be under- 
stood as sub-F-rings (etc.), i.e. as being mapped into themselves by every 


operator in F. 


2. Two theorems about m-rings. Given any ring R over F and any 
positive integer m, we shall say that R is an m-ring whenever the following 
statement is true: to each choice of xz, y in R there correspond «= a(z,y) 
in F, a=a(z,y) in R and integers k—k(z,y), l=l(z,y), n—n(z,y) 
such that 


1<Ilsm, + zl, y®) = 0. 


Kvery algebraic ring of bounded index, and every ring with minimal condition 
on its left or right ideals, is of this type for some m (even with k —0, 1=™m, 
n==1). We establish now two results about the structure of the semi-simple 
parts of arbitrary m-rings, interpreting semi-simplicity in the sense of Koethe 
for Theorem 2.1, and in the sense of Jacobson for Theorem 2. 2. 


THEOREM 2.1. Let R be a given m-ring without non-zero nil two-sided 
ideals. Then every nilpotent element z of R satisfies 2™ 0. 


Proof. The main step of the proof is to show that if a given element z 
of FR satisfies 7™**==0, then z™ generates a nil two-sided ideal (and must 
consequently vanish). 

We show first that, for any be R, bz™ is nilpotent. We have, for any 
ae F, any ac PR and any positive integers k, J, n with 1=m, 


le, (art? + (br™)") 
axe + — zt) (br™) ™* == ; 
but # is an m-ring, so this, and consequently (ba™)"**!, vanishes for some 
choice of k,n. ; 
We can now deduce that 2” generates a nil two-sided ideal. The typical 
element of this ideal has the form d= where BeF and 


b.ceR. Using the fact that br™-a™ = 2”™-x2™c =0, we see that, for each 


positive integer 7, 
j-1 
di B (xc) + = (xc ) i (bx™ ) j-i 
i-0 i=0 


i=0 i=1 
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Also, by what we have already proved, there are positive integers p, q such 
that (ba)? = (cx")4=0, whence it follows that d’*4 = 0. 

We have now shown that z”*! 0 implies z"™=—0. Let z be an arbitrary 
nilpotent element of R, and let r be the smallest positive integer for which 
—-(), Then, if m, we should have = —(), whence, 
on taking «= it would follow that (z”-*)™—0, contrary to our choice 
of r. Consequently rm, i.e. z™ —0 as required. 

We cannot, even for the 1-rings, hope to replace the hypothesis of no 
nil ideals in Theorem 2.1 by the weaker one of no nilpotent ideals; for Baer 
[3; 540-543] has constructed a non-zero nil ring having no non-zero nil- 
potent ideals. Indeed, by Nagata [18] there exist nil rings (and « fortiori 
l1-rings and m-rings), having no non-zero nilpotent ideals, whose nilpotent 
elements are of unbounded index. 

We have stated Theorem 2.1 in a way which avoids explicit reference 
to the Koethe radical (i.e. the union of all two-sided nil ideals of R). An 
equivalent statement is the following: If # is any given m-ring, with Koethe 
radical NV, say, then, given any ze fF, the existence of an integer s with z*e NV 
implies 2”°eN (in particular, R/N has no non-zero nilpotent elements if 
m==1). If J denotes the Jacobson radical of R, then an analogous state- 
ment holds with N replaced by J (since R/J has no non-zero nil ideals). 

There being regrettably few problems which yield to attacks based on 
the rather weak structure theory associated with the Koethe radical, we next 
prove another auxiliary theorem for use when the Jacobson theory is appro- 
priate. This generalizes a result of Arens and Kaplansky [2; Theorem 3.1]; 
to describe their result in our terminology, they considered only m-rings in 


which k =0 for all a, y. 


THEOREM 2.2. Let R be any gwen primitive m-ring over F. Then R 
is isomorphic to the complete ring M,(D) of qXq matrices over D, where 
gm and D is a suitable division ring over F. 


Proof. k, being primitive, is isomorphic to a dense ring M of linear 
transformations of a vector space V over some division ring D:; we shall 
denote the result of operating on ve V with eM by va, i.e. regard M as 
operating on V from the right.1_ We have only to show that V cannot 
contain m-+ 1 elements independent with respect to D. 

In the contrary case, since WM is dense, we could choose z, y in M so that 


1 This is dictated by our having used the expression ar'*! + 2a — gv‘ rather than 
ax'*? + aa'*t— a when defining m-rings (so as to ensure that every strongly regular 
ring is self-evidently a l-ring). 
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= =0,1,- --,m—1), Umt = 0, 
= 0 (kh =0,1,- --,m—1), UmY = Um. 
Then, for any ae F, any ae PR and any k20, 1 SlSm, nZl, 
Von" (ac? + — = Uy + ta— ary") 


== Vm (ay Ume'y™ — = —Um 0 
(by the D-independence of vo, v1," Um), contrary to the m-ring hypothesis. 


Remark. The briefest examination of the proof of Theorem 2.1 shows 
that the full force of the m-ring hypothesis is not needed, but only its 
consequence that, for any b, « in R, implies nilpotent. This 
will always be the case whenever, for each choice of b, x in R, a positive 
integer s exists such that (bx”)* is in the two-sided ideal generated by x”**; 
and this is in turn entailed (on taking y=bz™) by the hypothesis that, 
for each choice of x, y in R, an integer t= 1t(2,y) exists such that 7”y* is in 
the two-sided ideal generated by yx and w”*' (which condition is still satisfied 
by every m-ring, with ¢(a,y) =k(a,y)n(a,y)). These trivial comments are 
relevant to certain generalizations of Theorem 2.2 which will be described 
in detail elsewhere [6]. 


3. Remarks on the case m= 1. ‘To say that is a 1-ring means that, 
to each choice of «, y in R, there correspond « in F, a in R and integers k, n 
such that e);,(a2? + 2°a—-a,y") =0. It is not hard to see that, by replacing 
k and n respectively by 


max k(a(a, + 2%a(x,y) —2,y)} 
and 


n(x, y)n(a(a,y)a? + v*a(a,y) 


and by modifying a appropriately, we may always take «0 in a 1-ring. 
Applying Theorem 2.1 to R/N with m1, we have ai once 


| THEOREM 3.1. In any 1-ring, every nilpotent element generates a nil 


two-sided ideal. 


Analogously, it is easy to see that, in any commutator-nil ring, every 
nilpotent element generates a nil two-sided ideal. However, not every 1-ring 
is commutator-nil (consider for example any non-commutative division ring) ; 
and one can also verify without difficulty (e.g. from Theorem 3.3 below) 
that not every commutator-nil ring is a 1-ring. 
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Next, for any ring R, with Jacobson radical J, R/J is semi-simple in 
Jacobson’s sense, so that R/J is isomorphic to a subdirect sum of primitive 
rings, each of which is a homomorphic image of R/J and hence of R. Conse- 
quently, by Theorem 2.2 and the homomorphism-invariance of the 1-ring 
property, we have 

THEOREM 3.2. If R is any 1-ring, with Jacobson radical J, then R/J 


is a subdirect sum of division rings. 


This may be regarded as a generalization of a familiar property of strongly 
regular rings (which have J = 0) ; it also generalizes an argument of Herstein 
[10; Theorem 5]. 

Our final result in this section is included chiefly for the sake of its 
connexion with the existence of annihilators of ideals in rings with minimal 
condition on left (or right) ideals (ci. [5]). Of course every K-ring is a 
l-ring (with 0, a=0), and clearly every idempotent element of a K-ring 


is central; for if y7=y then, for any z,n, 
= 3 (2, y) = — 3yzy?’ + — = ry — yf, 


so. that ry — yr = +). We show (cf. Herstein 
[10; Lemma 4]) that this result in fact holds for all 1-rings: 


THEOREM 3.3. In any 1-ring, every idempotent element is central. 


Proof. Let R be a given 1-ring and y any idempotent in 2; we must 
show that, for any given be R, by =ypb. 

Define «= by—yby, so that yr=—0 and whence and 
consequently (since R is a 1-ring) integers k, n exist satisfying 


k 


0 = ex (—2,y") =— &x. (2, y) =— (— 1) 1C fyizy*§ — — = — 2, 
j=0 


i.e. yby = by; and a similar argument shows that yby = yb, as required. 

The above proof requires only that y* = y, together either with yr —0 
and 2, or with zy—0 and implies This holds in any 
ring R admitting a positive integral-valued function ¢(z.y) such that. for 
all z,ye R, (a) xy* is in the two-sided ideal generated by yr and 2°, and 
(b) y*x is in the two-sided ideal generated by zy and x*; here (a) is just 
the specialization m —1 of the condition mentioned at the end of Section 2, 
while (b) (obtainable from (a) by writing all products in reverse order) 
is also satisfied by every 1-ring. 

It is easy to deduce from Theorems 3.1 and 3.3 (by observing that 
every element of R/N is a linear combination of “principal idempotent 
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elements”) that every l-ring which is also an algebraic algebra over an 
algebraically closed field must be commutator-nil; however, for the special 
case of K-rings, this result is included in Theorem 4.5 below. 


4. The K-ring theorems. The proof of our first main result is ele- 
mentary, and self-contained apart from appeals to Theorem 3.1 and to the 
result of Herstein mentioned in the Introduction. 


Lemma 4.1. Let R be a ring in which, to each element y, there 
correspond positive integers k=k(y), n—=n(y) such that e,(x,y") =0 for 
all x in R; suppose also that R has characteristic either (i) zero, or (ii) a 
prime. Then R is commutator-nil. 


Proof. (i) We need only consider rings without non-zero nilpotent 
elements. For suppose the result were known for these, and let N denote 
the union of all two-sided nil ideals of R. Then (as is well known and easy 
to see) N is itself a two-sided nil ideal of R, and R/N has no non-zero two- 
sided nil ideals. Also R/N inherits the Engel hypothesis on R and, by 
Theorem 3.1, is consequently even a ring without non-zero nilpotent elements ; 
we observe further that (since NW is nil) R/N has zero characteristic. Hence, 
if the result were known for rings of zero characteristic without nilpotent 
elements, then R/N would be commutative, i.e. R, would be nil. 

Thus we may assume without loss of generality that R itself has no 
non-zero nilpotent elements. Given y,n(y), we may suppose also that 
h==k(y) has been chosen as small as possible subject to h2=1; we shall 
show that h=1. In analogy with Leibniz’s formula in differential calculus 
we have, for any non-negative integer 7 and any a,b, ce R, 


¢;(ab, c) -> ; 


in particular, for any ze R, 


2h-2 
Con-2(2?, y") = (a, y") y*) (2, 
i=0 


Now, if kh > 1, then 2h —2 = jh and so the expression on the left here vanishes, 
whence (since FP is of zero characteristic and contains no non-zero nilpotent 
elements) it would follow that e,_,(z, y") = 0 for all z in R, contrary to our 
choice of h. Hence in fact h 1, i.e. we have [z, y*] —0 for all z,y in R; 
the result now follows from Herstein [9]. 


(ii) Suppose that, for some prime p, pR =0. Since the binomial coeffi- 
cients (j7=1,- -,p’—1;r—1,2,-- -) are all divisible by p, we have, 


for all z,ze FR and every positive integer r, 
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Cpr (2,2) = 5 (—1)IC = [2, 2" | 
j=0 

(on considering separately the cases p—2, p42). Also, by our hypothesis 
on whenever p’=k(y); thus, taking we see that, 
for al! sufficiently large r (the criterion of sufficiency being independent of z), 
[a, y’»"] for allaeR. The result now follows from Herstein’s as before. 

We have next to remove the restrictions (i) and (ii) from Lemma 4. 1. 
This is of course immediate when F is a field, and will now be done in the 
general case by an argument communicated to the writer by A. S. Amitsur; 
he naturally proved his result in the special form immediately applicable to 
our present purpose, but his argument seems interesting enough to deserve 
formal statement in somewhat more general terms. Calling an arbitrary 
subset Q of a ring nil whenever every element of Q is nilpotent, we have 


LemMMA 4.2. Let @ be any given set of rings, in each member Rk of 
which is given also a subset Q(R); suppose further that, given any Re R 
and any homomorphism 6 of R, 02 is such that Roe R and Q(R)OSY(RO). 
Then, if also Q(R) is nil for all those Re R having characteristic either (i) 
zero or (ii) a prime, Q(R) must in fact be nil for every Re R. 


Proof. Let R be an arbitrary member of 02, and c any element of Y(R); 
we have to prove ¢ nilpotent. 

Let A denote the subset of # consisting of all elements of finite non-zero 
additive order (i.e. the “torsion subgroup” of the additive group of F). 
Clearly A is a two-sided ideal of R, and so R/A exists; also R/A has zero 
characteristic and is of course a homomorphic image of R. Hence, by (i), 
Q(R/A) is nil, and so, by our hypothesis Q(R)6=Q(RO), some power c* 
of c lies in A; in other words we can find positive integers 1, r so that rc* = 0. 
Let s—<s(c) denote the smallest positive integer annihilating a power of c, 
say sci) (0; we have then only to show that s—1. 

In the contrary case, we could find a prime p dividing s, say s= pt 
where 1=t<s. Since pR is a two-sided ideal of R, (ii) tells us that 
Q(R/(pR)) is nil; thus, on using once more our hypothesis Q(R)§= Q(R8G), 
we see that some power of c lies in pR, say c* = pd, where de R. But then 

tci** — picid = scid =0, 
where ¢<s is a positive integer, contrary to our choice of s; the result 
follows from this. 

Now, by Lemma 4.1, on taking Q(R) = R, all the conditions of Lemma 
4.2 are satisfied by the set @@ of all rings over each of which are defined 
functions k —k(y), n—=n(y) such that e;,(2,y") =0 for all z,y. Thus we 
have proved 
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THEOREM 4.1. Jf R ws any ring in which, to each element y, there 
correspond positive integers k—=k(y), n=n(y) such that e,(2,y”) =0 for 
all x, then R is commutator-nil. 

It will appear in Theorem 6.2 below that a similar result holds when 
it is given that (a, =0 for all y. 

The proving of Theorem 4.1 has been something of a cooperative piece 
of work. As already stated, the argument of Lemma 4.2 is due to Amitsur, 
while the proof of Lemma 4.1 owes much to some (unpublished) work of 
P. M. Cohn and K. W. Gruenberg; the writer is glad to acknowledge his 
debt to these three. Cohn and Gruenberg considered only Engel rings R 
with k(z,y) independent of x; Gruenberg had proved Theorem 3.2 for these 
rings, and this enabled them to prove Rk; SJ by reduction to the division 
ring case. Gruenberg himself settled the subcase of prime characteristic by 
an argument, suggested by [12; p. 102], of which our proof of Lemma 4.1 
(ii) is only a trivial extension; and Cohn, without having Theorem 3.1 to 
argue from, dealt with the subcase of zero characteristic by an argument rather 
similar to that used in the second part of our proof of Lemma 4.1 (i). For 
division rings these two subcases exhaust the possibilities, so that no bridging 
argument along the lines of Lemma 4.2 was called for. Our Theorem 4. 1 
improves on Cohn and Gruenberg’s result in two directions, and its proof 
appeals to Jacobson’s structure theory only indirectly (through Herstein) ; 
we extend their result in a different way in Theorem 4.4 below. 

Two published results, both included in Theorem 4.1, should also be 
mentioned. The case of Engel rings with k independent of both z and y 
was settled by Amitsur [1]; indeed; he showed that in such a ring R the 
left (or right) ideal generated by any given element of R, is nil of bounded 
index (this was stated in his paper only for algebras over infinite fields, but 
he has pointed out in a letter that this restriction is inessential). His work 
in turn superseded a result of Jennings [14; Theorem 1], who showed that 
FR, is nil whenever a fixed positive integer h exists such that the repeated 
commutator [[- -],%,] for all choices of -,2 
in R. 

Theorem 4.1 does not fully answer the question whether every K-ring 
is commutator-nil; and the writer knows no counter-example to this proposi- 
tion. Before discussing how the proof of Theorem 4.1 might be extended to 
deal with arbitrary K-rings (i.e. to allow k,n to depend also on 2), we first 


note a slight generalization of Herstein’s result: * 


* Added in proof. Shortly after the present paper was submitted Herstein himself 
published a proof of the same generalization in the Canadian Journal of Mathematics, 
vol. 7 (1955), pp. 411-412. 


. 
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THEOREM 4.2. If in a given ring R there corresponds to each patr of 
elements x, y a positive integer n—=n(z,y) such that cy" —y"z, then R is 
commutator-nil. 


Proof. We observe that, since a[a,b] = [aa,b], ad[a,b] —d[aa,b] for 
any admissible operator « and any a, b, d in R, the ideal R, does not depend 
on the given set of operators on R; thus we may regard F as a ring without 
operators. We reduce the problem to Herstein’s by showing that RF is locally 
of the type he considered. 

Let c be any element of R,, i.e. any sum of terms of the forms 
[ai, bi], di[ai, bi], Bil fi, dilai, dil fi. Let the aj, di, f; involved in such 
an expression for ¢ be enumerated as 2,,° - -,% (order being irrelevant), 
and let XY denote the ring they generate. Then c is in the commutator ideal 
of X, and so it will be enough to prove that X is commutator-nil. 

Take any ye R. By the hypothesis on R, =0 (i—1,---,¢), 
and so, if we define n(y)=—n(a,y)---n(a,y), then [a,y"]=—0 
({=1,---.¢). Since the 2; generate X, it follows that [.7, y"™]—0 for all 
zeX, yeR. In particular, for each ye X, y™™ lies in the centre of XY; 
hence, by Herstein’s result [9], X is commutator-nil as required. 

Unfortunately it does not seem possible, even when we are given that k 
is independent of both z and y, to remove the restriction n—n(y) in 
Theorem 4.1 by the above sort of argument. However, using Theorem 4. 2 
and the argument of Lemma 4.1 (ii), we can at once deduce 


THEOREM 4.3. Every K-ring of prime characteristic is commutator-nil. 


To prove that all K-rings are commutator-nil (i.e. to remove the restric- 
tions hk =k(y), n=n(y) from Theorem 4.1) it would, in virtue of Lemma 
4.2 and Theorem 4.3, be enough to consider only rings of zero characteristic, 
i.e. to remove the restrictions k—k(y), n—=n(y) from Lemma 4.1 (i). 
And we can of course still use Theorem 3.1 to reduce further to rings with- 
out non-zero nilpotent elements (for which one would have to prove commu- 
tativity). In other words, the K-rings of zero characteristic without non-zero 
nilpotent elements are critical for the whole question whether all (and, if not, 
which) A-rings are commutator-nil; it would be particularly interesting to 
know the answer for the subclass of Engel rings. 

The results of this section have so far applied only to certain special 


kinds of K-ring. We now establish a property common to all K-rings: 


THEOREM 4.4. Every K-ring is commutative modulo its Jacobson radical. 


Proof. By Theorem 3.2, we may confine ourselves to showing that, if a 
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given division ring D is also a K-ring, then it is commutative; and, by 
Theorem 4.3, we may suppose that D has zero characteristic. By Theorem 
4,2, it will be enough to prove that, if k(z,y), n(x,y) are the given index 
functions of D as a K-ring, then [z, y"*] —0 for all z,yeD. Suppose by 
way of contradiction that D contained z, y such that [z,y"*”]340. On 
writing —z this becomes [z,z] 40, while we know that ex 2,y) (2,2) 
=0, so there is a positive integer 7 (Sk(z,y) —1) such that e;(z,z) 40, 
= 0. Since 7 is positive, b = e;,(x, 2) exists, and, writing c= e,(z, z), 
we have c= [6,2] 0, [c,z] 0. Since c40, c™ exists and commutes with 
z (since c does) ; hence, defining d = — c~1b, we find [z,d] —c“[z,—b] —1. 
Writing f we then have [z,f] 

We shall obtain our contradiction by showing that the relation [z, f] 
=2z=>40 cannot hold between elements z, f of a division K-ring D having 
zero characteristic. We note that 


[z, = {((f (q=1,2,- 


for the case g 1 of this merely states that [z,f]—z, while, if the relation 
holds for a given q, then 


fa? ] = f] + [2 ff = fl + +1)9— ef 

= + (f+ ([z f] + fz) 

It then follows, by another trivial induction, that 

e4(2, f2) = {(f + fa}tz (1=0,1,-- +34 
and indeed, since [z,f +h] = [z,f] that 
ex(2, ={(f+h+1)*— (f+h)}% 
(h,t=0,1,° - -). 

Since D is a K-ring, we can find positive integers k —k(z,f), n—=n(z,f) 


such that e;,(z,/") whence (since we deduce (f+1)"—f*. But 
this implies 


(f-+h)"—jr—0 


for we have just proved the case h 1, while the result for given h entails 
= ex (2, (f +h)") = ex(z, fn) =0. 
Now the n equations (f +h)"—/f"=0 (h=1,2,- - -,n), regarded as homo- 


(h=1,2,-- 
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geneous linear relations between the n quantities (",C,"f,- 
have (Vandermonde) determinant A—1!2!- --n!; we conclude that 


which (since D has characteristic zero) gives our sought-for contradiction. 
Thus in fact [z, y"@”] 0 for all x, y, and the result follows. 

In the Engel case the above proof reduces almost to triviality (and 
is in particular independent of Herstein’s result and of characteristic con- 
siderations). From well-known properties of the Jacobson radical, we have 
immediately 


THEOREM 4.5. Every a-regular K-ring is commutator-nil. Every K- 
ring with minimal condition on its left (or right) ideals has nilpotent 
commutator ideal. 


5. Engel rings. The results of Section 4 can be extended either in 
the direction of proving something stronger than the commutator-nil property 
for suitably selected special K-rings, or by showing that the commutator-nil 
property (or commutativity modulo J) in fact holds under hypotheses less 
stringent than those made above. We shall obtain a few such extensions in 
this section and the next. 

In view of the result of Jennings quoted shortly before Theorem 
4.2 above, perhaps the most conspicuous problem under the first heading 
is to determine for which K-rings R an integer h exists such that 
[{- - +],2,] for all choices of -,a, in R (con- 
versely, of course the existence of such an h implies that R is a K-ring, and 
indeed an Engel ring with k —h—1 independent of z and y). Let [R] 
denote the Lie ring associated with PR, i.e. having the same additive group 
as R, but with the multiplication [z,y]. Then our problem may be restated 
as follows: when is the K-ring condition on R equivalent to the nilpotence 
of [R] (as a Lie ring) ? 

It is known that every finite-dimensional Engel algebra R has [R] 
nilpotent. Also, even in the wider class of arbitrary Lie rings L (i.e. not only 
those which come from associative rings in the way just described), it is 
known that the Engel condition e,(z,y) =0, with index function k =k(z, y), 
implies the nilpotence of L whenever either (1) ZL is soluble and finitely 
generated, or (2) Z is soluble and of zero characteristic and k(z,y) is inde- 
pendent of both x and y, or (3) L satisfies the maximal condition on (Lie) 
subrings and k(z,y) is independent of z. These three results are respectively 
due to Gruenberg [8; Theorem 1’], Higgins [11; Theorem 1] and Zorn [19]; 
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Higgins also showed [Theorem 4] that zero characteristic and the Engel 
condition with k(z,y) <4 together always ensure solubility. We now ask 
how far these provisos may be dispensed with when L is the Lie ring [R] 
of some associative ring R. 

We certainly cannot hope to prove that every associative Engel ring R 
has [R] nilpotent: for Cohn [4] has constructed, for each prime p, 
an associative ring of characteristic p in which e),:(%,y) vanishes iden- 
tically but which contains an infinite sequence of elements 2;. such that 
40 (7 —=2,3,---). However, we do at any rate 
have 


TuHroreM 5.1. Let R be any given associative Engel ring, with index 
function k(x,y) independent of both x and y, and suppose further that R 
has zero characteristic and satisfies the minimal or maximal condition on 
left (or right) ideals; then the Lie ring [R] is nilpotent. 


Proof. Every nil two-sided ideal of any associative ring with minimal 
or maximal condition on left (or right) ideals is nilpotent; this is well 
known in the minimal case, and was proved by Levitzki [17] for the maximal 
case. Hence, by Theorem 4.1, R, is nilpotent, and so the Lie ring [RP] is 
clearly soluble. The nilpotence of [#] now follows from Higgins’ result (2). 

We could, if we wished, strengthen *'2 conclusion of Theorem 5.1 by 
asserting that R is even of finite class, 1.c. that the lower central series 
R=R,=R,=R,=:-- as defined by Jennings [13] terminates in zero; 
this follows from Jennings’ Theorem 6.5. Also, by Gruenberg’s result (1) 
and [7%; Theorem 2], we see that every finitely generated associative Engel 
ring R with FR, nilpotent has finite class. Now, if a given Engel ring R either 
has k =k(y) or has prime characteristic or is z-regular, then we already know 
that R, is nil; hence, if R also satisfies the maximal condition on left (or 
right) ideals, then R, must be nilpotent, and our previous remark shows that 
FR must have finite class locally. Again, by Theorem 4.5, every Engel ring 
with minimal condition on left (or right) ideals has finite class locally. 

Having pointed out the most obvious consequences for Engel rings of 
our theorems of Section 4, we now round off this section with an account of 
some related results of Gruenberg (which have not previously appeared in 
print). Given any Lie ring LZ, any subset X of L and any non-negative integer 
r, let denote the set of all repeated commutators [[- - -[%,21],- - -],2,] 


with every ajeX. 

THEOREM 5.2. Let R be any finitely generated Engel ring, and X any 
given set of generators of R (as an associative ring). Then, if the Lie sub- 
ring [X | generated by X in [R] is soluble, R must have finite class. 
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Proof. We may clearly suppose that X is itself a finite set. Then [X] 
is a finitely generated soluble Lie subring of an Engel ring, and is accordingly 
nilpotent by [8; Theorem 1’]: in particular, we can find a non-negative 
integer i such that X,;) contains only the zero element of R. If 10 or 1 
then of course R, 0, while for 2 [7; Theorem 2] gives 


S Sy) + 8a)? (7=1,2,-- -), 


where S;,, denotes the two-sided ideal of R generated by X,,). Hence it is 
enough to prove that, for any i= 2, S(,,/ = 8\;, for sufficiently large 7; by 
an obvious induction, we need only show that, for each positive integer r, 
there is a positive integer ¢ such that Sr)’ S¢ru). 

To prove this, we observe first that, in any Engel ring, every central 
commutator [a,b] is nilpotent. Indeed, if [[a,b],ba] 0, then we easily 
verify that e;(a,ba) = [a,b]ia (7 =1,2,-- -), whence [a, —0, and 
similarly [b,a]*%2%> —0; letting —max{k(a, ba),k(b,ab)}, we at once 
conclude that 


[a, b|**? = [a, b]*a-b — (—1)*- [b,a]*b-a=0. 


Now define R* = R/S,,,,) and, for any subset 7 of R, let T* denote the 
image of T under the natural homomorphism of R onto R*. Since X generates 
R, clearly (X,,))* = (X*) ,) lies in the centre of R*, and so, by applying 
the remark of the previous paragraph to the Engel ring R*, every element 
of (X*),,) is nilpotent and central in R*; consequently the ideal generated 
in R* by the finite set (X*),,) is nilpotent, i.e. S(,) is nilpotent modulo 
Sirs1), a8 required. 

Theorem 5.2 generalizes Jennings’ result [14; Theorem 3] that, if a 
given finitely generated ring R has [P|] nilpotent, then FR is of finite class. 
It also leads at once to 


THEOREM 5.3. If, in a given associative ring R, every finite subset V 
generates a nilpotent Lie ring [X], then every finitely generated associative 
subring of R has finite class. 


To see this, we have only to apply Theorem 5.2 to the finitely generated 
subrings of R (noticing that the hypothesis of local Lie nilpotence always 
implies the Engel condition). 


THEOREM 5.4. Jf an Engel ring R has its index function k(z,y) 
independent of both x and y, then R is locally of finite class. 


Proof. After Theorem 5.2, we have only to show that the Lie ring [X | 
generated by any given finite subset Y of R is soluble. 
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By Theorem 4.1, we know that 2, is nil, while also, by our hypothesis 
on R, R, satisfies a polynomial identity e,(«,y) = 0 for some fixed hence, 
by Kaplansky [16; Theorem 5], R, is locally nilpotent (in the associative 
sense). Since Y is finite we know, by [8; Theorem 2’], that the derived ring 
[X]? of [X] is finitely generated as a Lie ring, say by the finite set Y. 
Then Y, being a finite subset of the locally nilpotent ring R,, generates a 
nilpotent associative subring of R,; and, since this subring of course contains 
[X]?, clearly the Lie ring [X] is soluble, as required. 

We remark that the example of Baer [3] already mentioned in Section 2 
shows that not every Engel ring with zero characteristic and k—k(y) is 
locally of finite class. It remains open whether every Engel ring R with zero 
characteristic and k(z,y) independent of both x and y has [FR] nilpotent 
(or, equivalently, soluble). 


6. Weak K-rings. To extend our K-ring theorems of Section 4 to more 
general types of ring, we turn first to generalizations within the class of 
m-rings; since every division ring is an m-ring for all m, we exclude some 
of them by requiring in the defining property that «0, a= 0, i.e. we con- 
fine attention to those m-rings (m = 1,2,- - -) to each choice of z,y in which 


there correspond integers k,l,n such that 1SlSom, =0. 
We shall in fact consider only the case / =m, but it turns out that we can 
usefully generalize this specialization of the m-rings by allowing m to depend 
on z,y: formally, we call a given ring R a weak K-ring whenever, to each 
choice of x, y in R, there correspond positive integers k = k(x, y), m = m/(z, y) 
and n=n(z,y) such that 

ey (z™, y*) = 0. 


Obviously every K-ring is a weak K-ring. We note also that certain weak 
K-rings which do not at first sight seem to be K-rings nevertheless turn out 
to be on closer inspection : 


THEOREM 6.1. Let R be a weak K-ring of characteristic zero, whose 
index functions k(x,y), m(a,y), n(x, y) are either (a) all independent of z, 
or (b) all independent of y. Then R is a K-ring with respectively either 
(8) (2, —=0 or (b) (2, 0 for all x,y; 
in particular, by Theorem 4.1, R is commutator-nil. 


Proof. (a) Take any y in R (fixed throughout), and write for brevity 
k(z,y) =k, m(2,y) =m, n(z,y) =n, y* =z, 
so that, for any z,we R, e,.((x + hu)™,z) =0 (h=0,1,- - -,m—1). Since 


19 


= 
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R has characteristic zero we deduce by the familiar “linearization argument” 
(cf. for example Higgins [11]) that 
e,(zu™? + +--+ -+ =0. 
If R has a unit element 1, then, on taking w—1 in this, we obtain 
e;,(max,z) =0, i.e. e,(2,z) whence it is easy to see that =0; 
we have to show that this conclusion holds independently of the presence 
of a unit. 
Now clearly + -+ 2" 12,2] =[a,2™], and so, taking 
u =z, we have 
Cx-1 ( [ 2, zm |, z) = ( + + gm-ly z|, z) 
Also we can easily verify (by induction) that, for any be R, 
€;(b, 2") =e 2) (j=1,2,---); 
4,=1 4;=1 
in particular, e;(b,z™) vanishes whenever e;(b,z) does. Hence, taking 
j=k—1, b=[z2,z™], we find e,(2, 2") = =0, as required. 
(b) Take any y in R (fixed throughout), and write now 
k(y,r) =k, m(y,2) =m, n(y, 2) =n, y™ =z, 
so that, for any z,uweR, (h=0,1.---,kn—1). 
Linearizing once more and singling out the terms linear in x, we find 
5 
k-1 
D ([es(z, uu"), +--+ + untz],u") =0. 
i=0 
On putting w—z in this, each summand with 10 clearly reduces to 0; 
hence the summand corresponding to i0 must also vanish under the sub- 


stitution u =z, i.e. we have 
O = 2"), +2" 17], 2") 
= -+ 217], 2") 7], 2") 
= — 2"], 2") — (2, y™), 


as required. 
Theorem 6.1 (b), together with Lemma 4.2 and Theorem 4.3, enables 
us to make the following addition to our collection of K-ring results: 


[THEOREM 6.2. Every K-ring whose index functions k,n depend only 


on x is commutator-nil. 
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To show that every weak K-ring with k, m, n depending only on x (or 
only on y) is commutator-nil, it would, by Lemma 4.2, be enough to deal 
with the cases of zero and prime characteristic. Theorem 6.1 settles the first 
case, while in the second case the argument of Lemma 4.1 (ii) shows that 
we may take k =1; thus it would even suffice to prove that every ring with 
prime characteristic and [#”"@, y"@] —0 is necessarily commutator-nil. But 
the writer has not yet been able to settle this critical case. 

Our next two results extend Theorem 2.2, and the main part of the 
argument of Theorem 4.4, to all weak K-rings. 


THEOREM 6.3. Every primitive weak K-ring is a division ring. 


Proof. This is trivial (and still along essentially the same lines as that 
of Theorem 2.2). We may take our ring to be a dense set M of (right) 
linear transformations of a vector space V over a division ring D, and have 
only to show that V cannot contain two D-independent elements v, 1. 
Now, if such vo, v, existed, we could, since M is dense on V, find z, y in M 
such that = v1, Voy = 0, V1y but then, for any k, m,n, 


(since Vo, v; are D-independent), which is impossible if M is a weak K-ring. 


THEOREM 6.4. If a division ring D has the weak K-property, t.e. tf 
there correspond to each patr x, y of elements of D integers k(x, y), m(z,y), 
n(x, y) such that —=0, then in fact — 0 
for all x, y, t.e. we may always replace k(z,y) by 1 while keeping m(z, y) 
and n(x,y) as gwen. 


Proof. Since D is a division ring, it has characteristic either a prime 
or zero; we consider these two cases separately. 


If D has prime characteristic p, then, given any z,yeD, and writing 
(for this half of the proof only) m(z,y) =m, n(z,y) =n, we can find a 
positive integer such that = k(z,y); then, by the argument of 
Lemma 4.1 (ii), we have 


[a™, |] = = 0. 
If x0, then x™ exists, and 


hence, since D is a division ring, 
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Ps 


== y" = | y" |, 


Suppose on the other hand that D has zero characteristic. If x,y existed 
in D with [2™@, 40, then, writing y"*” =z, we could (as in the 
proof of Theorem 4.4) find a positive integer j such that c= e(x"™, z) A0, 
[c,z] on writing d= — z), it would follow from this that 
[z,d] 1. Again, writing zd =f, we proceed to deduce a contradiction from 
[z,f]—z 40. We now start from the relations 


which can be verified by induction on g as before (though the case g=1 is 
no longer vacuous) ; it follows at once that 


(f + hs)?) = {(f + (h+1)s)?— (f 9} 
(h,i—=0,1,- 39,8—1,2,°-°). 


Since D is a K-ring, e,(z",f") =0 for suitable positive integers k, m, n, 


and so 
(f +hm)"— =0 (h = 1,2,---,n), 
whence, with A=1!2!---n! as before, 
AC,"m" = AC,"m"""f =- - -=AC,_,"mf""" = 0, 


our desired contradiction. 

In view of Theorems 6.3 and 6.4, to prove every weak K-ring commu- 
tative modulo its Jacobson radical, it would suffice to show that every division 
ring D subject to [a™@, y(@v)] —0 (for all z,ye D) is commutative. This 
is yet another unsolved problem; indeed, it is not even known whether com- 
mutativity holds when D has prime characteristic and m,n are either (a) 
both independent of z, or equivalently (b) both independent of y (which 
would at any rate imply that every weak K-ring PR with m,n satisfying (a) 
or (b) has R/J commutative). However, by Theorem 4.2, we can at least 
assert 


THEOREM 6.5. Let R be any ring over which are defined integral-valued 
functions k(z,y), m(2,y) such that y) =0 for all z,yeR. 
Then R is commutative modulo its Jacobson radical. 


TRINITY COLLEGE, CAMBRIDGE. 
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[1] 
[2] 


[3] 


[4] 


[5] 


[6] 


[7] 


[8] 


[9] 


[10] 


[11] 


[12} 
[13] 


[14] 


[15] 


[16] 


(17) 


[18] 


[19] 
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A CHARACTERIZATION OF PLANE CONTINUOUS CURVES 
WHICH ARE FILLED UP BY CONTINUOUS COLLEC.- 
TIONS OF CONTINUOUS CURVES.* 


By Mary-E.izasetH HAMsTrRoM. 


1. Introduction and notation. Let J/ denote a compact continuous 
curve in the plane. The purpose of this paper is to establish necessary and 
sufficient conditions on M that it should be the sum of the elements of a 
continuous collection G of mutually exclusive nondegenerate continuous curves. 
It is well known that if such a collection does fill up M then G is a con- 
tinuous curve with respect to its elements and it is proved in [5] that G 
is an are or a simple closed curve. Theorem 3 of [3] states that there is a 
continuous collection of ares which fills up J/ and is an are with respect to 
its elements if and only if M is a closed disc (a simple closed curve plus its 
interior) and Theorem II of [1] states that there is a continuous collection 
of simple closed curves filling up / if and only if M is an annulus. (In this 
connection, see also [2].) 

This paper will be restricted to the consideration of points in the plane, 
E. Throughout this paper the letter 1/ will be used to denote a compact 
continuous curve in #, B(M) will denote the boundary of JJ and U(M) 
will denote the collection of all boundaries of complementary domains of J. 
The notation 7(M) will denote the collection of all nondegenerate subcon- 
' tinua x of M such that z is maximal with respect to the property of being a 
continuum which is the limiting set of an infinite sequence of distinct elements 
of U(M). The notation S(M) will denote the collection consisting of the 
elements of U(M) + T() and all points’ of B(M) — [U*(M) + T*(M)]. 


Definition 1. If S is an upper semicontinuous collection of continua 
in the plane and if S, with respect to its elements, is an are with endelements 
a and 6 then an are hk which is a non-endelement of S is said to be a K-are 
or K-curve of S provided there exist two simple closed curves, J, and J., 


* Received May 12, 1954; revised June 23,1955. Presented to the Society, December 
30, 1953. 
1Tf K is a collection of point sets, A* will denote the sum of the elements of K. 


914 


PLANE CONTINUOUS CURVES. 915 


with mutually exclusive interiors, J, and J,, such that J,-J_2 is an are which 
contains and is separated by h, J,:J.-S*—h, I, does not intersect any 
element of the interval? ah of elements of S and J, does not intersect any 
element of the interval hb. If h is a or b then h is a K-curve provided there 
is a simple closed curve containing h but intersecting no other element of 8. 
A simple closed curve which is an element of S is said to be a K-curve of S 
provided it either separates two points of S* in # or is an endelement of S. 
A point which is an element of 8 is said to be a K-curve of S provided it is 
not the sequential limiting set of any sequence of simple closed curves in 8. 


Definition 2. If V is a closed subcollection of arcs of S then if n is 
a natural number V“) will denote the collection of all elements g of V such 
that if « is a positive number and U is an open subcoliection of S containing 
g then U contains an element of V which has a subare the distance between 
whose endpoints is less than « but whose diameter is not less than 1/n. 


Definition 3. A collection S of mutually exclusive point sets is said to 
be imbedded in a collection W of mutually exclusive point sets provided that 
each «'ement of S is a subset of some element of W and each element of W 
contains one and only one element of 8. (These definitions were used in [6].) 


2. Statement of the principal theorem, some examples and some 
properties of M. 


THEOREM 2. The compact plane continuous curve M is the sum of the 
elements of a continuous collection of mutually exclusive nondegenerate con- 
tinuous curves which ts an arc with respect to its elements tf and only if 
every boundary of a complementary domain of M is a simple closed curve 
and there is an upper semicontinuous collection S such that (1) S is an 
arc with respect to its elements, (2) B(M) is a subset of S*, (3) every non- 
endelement of S is either an element of T(M), a point of M—B(M), a point 
of B(M) — |U*(M) + T*(M)] or a point or pair of points of some element 
of U(M), (4) each endelement of S ts a nondegenerate continuous curve 
which does not separate M and is a continuum of condensation® of M, 
(5) each non-endelement of S which is an element of T(M) is an are or 


*If H is an upper semicontinuous collection of point sets which is an are with 
respect to its elements and # and y are elements of H then the interval xy of elements 
of H is the collection consisting of x,y, and all elements of H between w and y. The 
segment wy is the interval zy minus the elements @ and y. 

3A nondegenerate subcontinuum K of M is a continuum of condensation of M 
provided each point of K is a limit point of IJ — K. 


. 
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simple closed curve which is a K-curve of S and does not intersect any 
element of U(M) in more than one point and (6) if H ws a closed sub- 
collection of arcs which are elements of S then for no natural number n 
is it true that H™ =H. 


Theorem 2 gives a condition on the boundary of MW. Example 4 below, 
although fairly elementary, shows that condition (4) in the statement of 
Theorem 2 permits the boundary of J/ to have some rather complicated 
components and so long as these components can be made subsets of the 
endelements of S the conditions (1) through (6) can be satisfied. This 
prevents the formulation of a less complicated characterization. 

Suppose V is an upper semicontinuous collection of mutually exclusive 
ares, simple closed curves and points which fills up a compact plane con- 
tinuum and is an are with respect to its elements. In [6] (Theorem 2) 
I proved that there exists (in the plane) a continuous collection W of simple 
closed curves such that V is imbedded in W if and only if (1) each element 
of V is a K-curve of V, (2) if H is a closed subcollection of arcs of V then 
for no natural number n is it true that H™ =H and (3) of each pair of 
simple closed curves which are elements of V one is interior to the other. 
This theorem will be applied in a certain way to the elements of S in order 
to show that the conditions of the statement of Theorem 2 are sufficient. 


Example 1. Suppose M consists of two concentric circles C, and C, 
plus the points between them. Let ¢, and ¢, be mutually exclusive ares lying 
in M—(C,+C,.). Let P, and Q, and P, and Q, be pairs of diametrically 
opposite points of C, and C, respectively. Let s, and s, be mutually exclusive 
ares each lying except for its endpoints in M—(C,+C.+1,+ 4.) where 
one endpoint of s; is P;, the other a point of ¢; (t—1,2). Let s be an are 
lying except for its endpoints QY, and Q. in M—(C,+C.+4,+t.+5,+8.). 
Then if S is the collection consisting of ¢,, ¢2, the points of s,-+s,-+ s not 
in ¢,-+¢., and the pairs of points which are the endpoints of the chords 
of C; perpendicular to the diameter P;Q; (i= 1, 2), the conditions (1) through 
(6) of Theorem 2 are satisfied. If C, is interior to C, then the collection 
G may consist of (1) ¢, and #2, (2) a simple closed curve g, having 
C,+s,+#,+s in its exterior and /,-+s,—P, in its interior and such 
that (3) a simple closed curve g, having g,+¢,+ 5, 
in its exterior and C,+s,+4,+s—Q, in its interior and such that 
g2°C;=Q:, (4) a simple closed curve g, having g.-+s—Q, in its exterior 
and ¢, +s. + C.,—Q, in its interior and such that g,;-C.—Q., (5) a simple 
closed curve g, having g,; +C.—P, in its exterior and t,-+s,—P, in its 
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interior and such that g,-C.—=P.2, (6) appropriate simple closed curves each 
lying interior to g; or gs, each having ¢, or ¢. in its interior and each having 
only one point in common with s, or ss, (7) appropriate arcs each either 
lying exterior to both g, and g. and having for endpoints the endpoints of a 
chord of C, perpendicular to P,Q, or lying interior to gz and exterior to g, 
and having for endpoints the endpoints of a chord of C, perpendicular to P2Q., 
and (8) appropriate simple closed curves !ying interior to g. and exterior to 
g; and having only one point in common with s. 

In the more general cases the construction of @ will be patterned after 
the above construction, which is a natural way to proceed. 


Example 2. Let M’ be a simple closed curve J pius its interior J, let 
K denote a contracting sequence of mutually exclusive clesed discs such that 
K* is a subset of I which is dense in J and let M denote M’ minus the sum 
of the interiors of the elements of K. Clearly there is no collection satisfying 
the conditions (1) through (6) in the statement of Theorem 2. 


Example 3. Let ¢ be an are lying in the interior J of a-closed disc M’, 
let a be a contracting sequence of mutually exclusive closed discs such that ¢ 
is the limiting set of « and a* lies in J—¢# and let M denote M’ minus the 
sum of the interiors of the elements of « If we choose ¢ as one of the 
elements of 7'(J/) it is seen that in this case a collection S satisfying con- 
ditions (1) through (6) does exist. 


Example 4. Let J be a simple closed curve lying in the interior of a 
closed dise WM’ and let J;, Jo, and J, be mutually exterior simple closed curves 
each lying in the interior of M’, each having one and only one point in 
common with J and each having its interior lying in the exterior of J. Let 
M denote M’ minus the sum of the interiors of J, J;, Jz, and J;. It is seen 
that if J, +J/.+/,;-+J/ is an endelement of S then a collection satisfying the 
conditions of Theorem 2 does exist. There is a continuous collection of 
continuous curves filling up J, one endelement of which is J ++J,+J2.+Jd3, 
the other endelement is the outer boundary of M/ and the non-endelements are 
simple closed curves whose interiors contain J +J,-+Jd2.+d3. 


Example 5. It has been suggested by a referee that condition (6) of 
Theorem 2 can be omitted. The author even announced at the April, 1955 
meeting of the Society in Brooklyn, N.Y. that if V is an upper semicon- 
tinuous collection of ares and points such that (1) V is an are with respect 
to its elements and fills up a compact plane continuum and (2) each non- 
degenerate element of V is a K-curve of V and a continuum of condensation 
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of V* then if H is a closed subcollection of arcs of V then for no natural 
number a is it true that H™—H. If this were a true statement condition 
(6) would follow immediately from conditions (1) through (5) and the 
above mentioned Theorem 2 of [6]. However, the following example shows 
that this statement is not true. 

Let T be a Cantor set in the interval (0,1) of the X axis. If z is a 
point of (0, 1) let T, be a vertical straight line interval from the point 
(z,0) to the point (z,1). Let 1,,J2,- - - be the components (which are seg- 
ments) of (0,1) —T, let 2,2%2,- - and be the right and left 
hand endpoints of these segments and let y:,y2,--- be their midpoints. For 
each j let Sz, be an arc which is the sum of T,,, Ty, and the straight line 
interval from the point (y;,1) to the point (2;,0). Let H be the collection 
consisting of S,, for each j and T, for each z in T—%z;._ For each 7 let G; 
be an upper semicontinuous collection which is an are with respect to its 
elements such that (1) each non-endelement of G; is a point, (2) the end- 
elements of G; are S,, and Tz,, (3) each point of 8,,—Tz, is a limit point 
of G;*—S,, but no point of T,,—2; is such a limit point and (4) every 
point of G;* lies on or between the lines y—0 and y=1-+1/i and on or 
between the lines x 2; and x—a;. The collection consisting of the elements 
of 3G; and H is an upper semicontinuous collection V of ares and points, 
it is an are with respect to its elements and each of its nondegenerate elements 
is a K-curve of V and a continuum of condensation of V*. However, 
H® H. 

If J is a simple closed curve whose interior contains V* and appropriate 
intervals of points of G; are replaced by appropriate closed discs whose interiors 
are subsequently removed from the interior of J, we obtain an example of a 
continuous curve satisfying all the conditions of Theorem 2 except (6). A 
study of the construction of V in the above paragraph should convince the 
reader that this second example can be easily obtained. 

Before proceeding to the proof of Theorem 2 I shall establish some 
lemmas. In what follows, the letter G will denote a continuous collection of 
nondegenerate continuous curves which fills up M and is an are with respect 


to its elements. 


LemMA 1. Every complementary domain of M is bounded by a simple 
closed curve and no two such boundaries have more than one point in common. 


Proof. It follows easily that M has no cut point. Theorem 54, Chapter 
IV of [8] states that if K is the boundary of a complementary domain D of 
a compact continuum N and A is a cut point of K then A is a cut point of N. 
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Consequently, no boundary of a complementary domain of M has a cut point 
and since M is locally connected every such boundary curve is a simple closed 
curve. Clearly no two such boundary curves have more than one point in 


common. 


Corottary. If the non-endelement g of G intersects the element J of 
U(M), (the collection of all boundary simple closed curves of M), then g:J 
does not contain an are. 


Proof. This corollary is a rather easy consequence of the fact that the 
elements of G and the closures of the components of M—-g are locally con- 
nected. A detailed proof may be found in Lemma 1 of [4]. 


LemMa 2. Hach non-endelement of G 1s either an arc or a simple closed 
curve. 


Proof. Let g be a non-endelement of G and let U be an arc of elements 
of G one of whose endelements is g. The continuous collection U fills up 
the continuous curve U*, hence, by Lemma 1, every boundary of a comple- 
mentary domain of U* is a simple closed curve. But since g is a limit element 
of G—U, g is a subset of such a boundary simple closed curve and is thus 
either an are or a simple closed curve. 

The following theorem follows directly from Theorem 8 of [4] but 
since I use the result quite frequently I shall prove it here in a modified 
form. It shows how the elements of G are related to each other and to the 
boundary simple closed curves of M. 


THEOREM 1. Let J be an element of U(M) that is not a subset of 
either endelement of G and let K be the collection of all elements of G 
which intersect J. Then (1) each non-endelement of K is an are g such 
that g-J is the sum of the endpoints of g, (2) no non-endelement of K 
intersects any element of U(M) other than J, (3) each endelement h of K 
either is an endelement of G and h-J is connected or ts a simple closed curve 
which ts a non-endelement of G, does not intersect three elements of U(M) 


and has only one point in common with J. 


Proof. The collection K is clearly an arc with respect to its elements. 
If the common part of J and the endelement h of K separates J then h 
separates two elements of K in M and consequently in K*. This is impos- 
sible, so h-/J is connected and if & is a non-endelement of G (and hence is 
an arc or a simple closed curve) it follows from the corollary to Lemma 1 


that h-J is degenerate. 


MARY-ELIZABETH HAMSTROM. 


If g is a non-endelement of :°, g-J separates J and is therefore not 
connected and, by the corollary to Lemma 1, g-J is totally disconnected. By 
Lemma 2, g is an arc or a simple closed curve. If g-J contains three points 
or if g is a simple closed curve, Jf —g is the sum of three mutually separated 
point sets, which is not true. Hence g is an are and it follows from the 
continuity of the collection G that the two points of g-J are the endpoints 
of g. 

Suppose the above mentioned non-endelement g of K intersects an 
element J’ of U(M) different from J. Let K’ denote the collection of all 
elements of G which intersect J’. (By the corollary to Lemma 1, K’ is a 
nondegenerate collection.) Since g belongs to both K and K’ and is a non- 
endelement of K there is an element g’ of G which is a non-endelement of 
both K and K’. Since J and J’ can not both contain the endpoints of g’ a 
contradiction follows. 

If an arc & lies in and separates M then & contains two points of some 
element of U(M). For, if not, then if Jf —k is the sum of the two mutually 
separated point sets V, and V. every element of U(M) lies either in V, +h 
or V.+k. Consequently # —k is the sum of two mutually separated point 
sets 7, and U. where U; (t—1,2) is V; plus the sum of the complementary 
domains of M whose boundaries lie in V;++. Since no arc separates EF this 
is impossible. 

Consequently, if the endelement h of K is an arc and a non-endelement 
of G, h contain two points of an element J’ of U(M/) and is a non-endelement 
of the collection of elements of G which intersect J’. But no such non- 
endelement intersects two boundary simple closed curves. Therefore h is a 
simple closed curve. 

If the endelement h of K is a non-endelement of G (therefore a simple 
closed curve) and intersects three elements, J, J;, and J, of U(M), two 
of these elements—say J, and J.—have the property that J,—J,-h and 
J,—JdJ.-h lie in the same complementary domain of h. Since G is a con- 
tinuous collection, some are which is a non-endelement of G intersects both 
J, and J., which we have seen to be impossible. This completes the proof 
of Theorem 1. 

It is to be noted that the interior of each simple closed curve which is 
a non-endelement of G contains an endelement of G. Thus the collection of 
non-endelements does not contain three mutually exterior simple closed curves. 
Also, if h and h’ are non-endelements of G and are also the endelements of 
the collection K considered above, then the interiors of h, h’ and J are not 
mutually exclusive. If this is so then each element of G—K is either in 


i 
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the interior of A or in the interior of h’ and the non-endelements of K are 
exterior to both h and h’. However, the outer boundary of M is not interior 
to h or h’ and is not J. Hence a non-endelement of K intersects both J and 
the outer boundary of M, which Theorem 1 has shown to be impossible. 
Hence the interiors of h, h’ and J are not mutually exclusive. In particular, 
if J is not the outer boundary of M then one of h and Nh’ is interior to the 
other. 


Lemma 3. If the limiting set K of a sequence a of distinct elements 
of U(M) is a nondegenerate continuum then K ts a subset of some element 
of G.* 


Proof. Since M is locally connected and no two of its boundary simple 
closed curves have more than one point in common, every sequential limiting 
set of a subsequence of a is degenerate. Let G’ denote the collection of all 
elements of G which intersect K. Let J be an element of @ lying in G’* but 
intersecting neither endelement of G and let V denote the collection of non- 
endelements of the collection of all elements of G intersecting J. The set 
V* is open in M, but since no element of V intersects any element of U (J/) 
other than J, V* does not intersect any element of U(M) other than J. 
Since K intersects V* and is the limiting set of « this is impossible. Hence 
K is a subset of some element of G. 


Lemma 4. If the element J of U(M) does not intersect either end- 
element of G then J does not contain three limit points of B(M) —J 
(where B(M) denotes the boundary of M).° 


Proof. Let H denote the collection of all elements of G which intersect 
J. It follows from the corollary to Lemma 1 that H is not degenerate. The 
sum, V, of the non-endelements of H is an open subset of M and it follows 
from Theorem 1 that V does not intersect any element of U(M) different 
from J. Hence V does not intersect B(M)—J. Thus, if J contains limit 
points of B(M)—J these points lie in the endelements of H. But by 
Theorem 1, the sum of the endelements of H has only two points in common 
with J. Thus Lemma 4 is proved. 


LeMMA 5. If a non-endelement u of G contains an element of T(M), 
wu is a simple closed curve. (See the definition of T(M) in Section 1.) 


Proof. It follows from Lemma 2 that wu is either an are or a simple 


* This also follows from Theorem 9 of [4]. 
5 This is a slight extension of Lemma 2 of [4]. 
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closed curve. If uw is an arc the argument in the fourth paragraph of the 
proof of Theorem 1 proves that there is a boundary simple closed curve J 
of M such that w-J is not connected. Thus, by Theorem 1, w is a non-end- 
element of the collection H of all elements of G which intersect J. But by 
Theorem 1 again, V, the sum of the non-endelements of H, does not inter- 
sect any element of U(M) other than J, which, since u contains the limiting 
set of an infinite sequence of distinct elements of U(J/), is impossible. 
Therefore u is a simple closed curve. 

It is to be noted that it follows from Lemma 3 that every element of 
T(M) is a subset of some element of G. 


Lemma 6. If K, and K, are continua such that (1) K,+ K, ts a subset 
of B(M) (the boundary of M) and does not intersect either endelment of G, 
(2) the common part of K, and K, is either a point or an element of T(M) 
and (3) each of K, and K, contains an element of U(M) and ts the sum of 
some elements of S(M), then K,-Kz does not contain a limit point of 
B(M) — (K,+ K2). 


Proof. Suppose a point P of K,- K, is a limit point of B(M)—(K, + K.) 
and let g denote the element of G which contains P. If P is a point of an 
element ¢ of T(M) then ¢ is a subset of g, by Lemma 3. In any case, since 
U*(M) is a dense subset of B(M/), P is a limit point of the common part 
of B(M)—(K,+ K.) and U*(M). Also, one of the two components of 
M—g—say L—has the property that P is a limit point of the common 
part of B(M)—(K,+K.), L and U*(M). Thus there is a sequence 
J,,J,° - - such that P is a limit point of 3J; and for each i, J; belongs to 
U(M) and intersects the common part of Z and B(M)—(K,+ K,). 

Suppose one of the continua K, and K,—say K,—intersects LZ. There 


is a natural number n and a continuum U of elements of G such that every 
element of U is an are which intersects J, (and thus is a non-endelement of 
the collection of all elements of G which intersect J,) and U* separates 
some point of K,-Z from K,-K, in L. It follows from the hypothesis to 
this lemma that some element of U(J/) intersects K,-U*, which, since U* 
also intersects J, is, by Theorem 1, impossible. 

Therefore both K, and K, are subsets of g plus the other component, NV, 
of —g. There is an element J of U(M) lying in K, and a subcontinuum 
U of elements of G such that every element of U is an are which intersects 
J and U* separates some point of K,-N from K,-K.,in N. But K, contains 
an element of U(1/) which intersects U*—which, again by Theorem 1, is 
impossible. Thus the supposition that K,-K, contains a limit point of 
B(M)— --- K.) leads to a contradiction. 
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Corottary 1. If K is a continuum which is a subset of B(M) such 
that (1) the common part of K and an endelement h of G is either degenerate 
or an element of T(M), (2) K contains an element of U(M) which 1s not a 
subset of h and (3) K is the sum of some elements of S(M) then h does 
not contain a limit point of B(M)—(K +h). 


Proof. Since M—h has only one component, the argument used in 
the proof of Lemma 6 can be used to prove that the assumption that / 
contains a limit point of B(M)—(K +h) leads to a contradiction. 


Corotiary 2. If two elements of U(M) intersect h then at least one 
of them lies in h (where h is an endelement of G). 


Proof. If J is an element of U(M) which intersects but is not contained 
in h, then h is an endelement of the (nondegenerate) collection of all elements 
of G which intersect J. But no non-endelement of this collection intersects 
any element of U(M) other than J. Therefore, if an element J’ of U(M) 
other than J intersects h, J’ is a subset of h. 


Lemma 7%. The collection T of all elements of G which contain elements 
of T(M) is nowhere dense in G. 


Proof. Let V be an open subcollection of G. If an element v of V 
contains an element of 7(M) then V* contains a boundary simple closed 
curve J of MM. It follows from Theorem 1 and Lemma 5 that no non-end- 
element of the collection of all elements of V which intersect J contains any 
element of 7(M). The collection of all such non-endelements is an open 
subcollection of G. Thus every open subcollection of G contains an open 
subcollection of G which lies in G—T and therefore T is nowhere dense 
in G. 

It is to be noted that it is possible for an element of G to contain 
more than one element of T(M). 


3. Definition of a collection and proof that the conditions (1) through 
(6) of the statement of Theorem 2 are necessary. Let h and h’ denote the 
endelements of G. If an element J of U(M) intersects h or h’—say h—then 
J +h is connected, since h is an endelement of the collection H of all elements 
of @ which intersect J. If an element ¢ of T(M) does not lie in (and 
consequently, by Lemma 3, does not intersect) h + h’, it follows from Lemmas 
3 and 5 that f is a subset of a simple closed curve which is an element of G. 
Thus, by Theorem 1, if ¢ intersects an element J of U(M), t-J is degenerate. 
If J is an element of U(M/) then (1) if J does not intersect h + h’ 
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then J does not contain three limit points of B(M)—J, (2) if J intersects 
one of h and h’—say h—but not the other, J—h-J does not contain two 
limit points of B(M) —/J/, and (3) if J intersects both # and h’, J —J-(h +h’) 
does not contain any limit point of B(M)—J. Statement (1) follows from 
Lemma 4 and (2) and (3) follow from obvious modifications of the proof 
of Lemma 4. 

If the element J of U(M) intersects both h and h’ let P; and Q, denote 
the continua h-J and h’-J. If J intersects one of h and h’—say h—but not 
the other, let P, denote the continuum h-J and if J —h-J contains a limit 
point of B(M)—J (we have seen above that there are not two such points) 
denote it by Q,; otherwise let Q, denote any point of /—h-J. If J does 
not intersect h + h’ and contains two limit points of B(A/) —J denote them 
by P, and Q,; if J contains only one limit point of B(M) —J denote it by 
I, and let Q, denote any point of J/—P,; if J contains no limit point of 
B(M) —J, let P; and Q, denote any two points of J. 

In any case, if J is not a subset of h+h’, J—(P,;+Q,) does not 
contain any limit points of B(/) —/ and, as was seen in the first paragraph 
of this section, if J intersects an element ¢ of T(M), ¢t-J is a subset of P, 
or Q;. There is clearly an upper semicontinuous collection H,; of mutually 
exclusive point sets which fills up J, is an are with respect to its elements 
and is such that its endelements are P, and Q, and each of its non-endelements 
is a pair of points separated in J by P; + Q,. 

Let S’ be the collection consisting of (1) h and h’, (2) every element 
of T'(M) which does not intersect h +h’, (3) every element of Hy, which 
does not lie in h+h’+ 7T*(M), for all elements J of U(M) and (4) the 
points of B(M) —[h+h’+ U*(M)+T*(M)]. It follows from the con- 
struction of S’ and the continuity of the collection @ that S’ is an upper 
semicontinuous collection. 


Lemma 8. The collection S’ contains no subcollection which is a simple 
closed curve with respect to its elements. 


Proof. Suppose K is a subcollection of 8’ which is « simple closed curve 
with respect to its elements. It follows from Lemma 6 and its corollaries 
that neither h nor h’ is an element of K. Let J be an element of U(M) 
which lies in K* and let H be the collection of all elements of G which 
intersect J. The points P; and Q, do not lie in the same endelement of H, 
since neither endelement of H has two points in common with J. But, by 
Theorem 1, the sum of the non-endelements of H does not intersect any 
element of (4M) other than J and hence does not intersect K*—J, since 
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U*(M) is dense in B(J/) and therefore in 8’*. Therefore, since P, and Qs 
lie in different endelements of H the collection H, of all elements of S’ lying 
in J separates two elements of K in K, these two elements of K lying in 
different components of M—H*. Since H, is an are with respect to its 
elements, this is impossible. Hence the supposition that a subcollection K 
of S’ is a simple closed curve with respect to its elements leads to a 
contradiction. 

It now follows from the lemmas, particularly Lemma 4 and Lemma 6 
and its corollaries, that S’ contains no subcollection that is a triod with 
respect to its elements, that every component of S’ is, with respect to its 
elements, either an are or a point and that if the nondegenerate component 
K of S’ contains a limit element of S’—K, that limit element is an end- 
element of K. 

Let W be the collection whose elements are the elements of S’ and the 
points of 1J—S’*. Clearly W is an upper semicontinuous collection filling 
up M, each nondegenerate cyclic element of W (the elements of W regarded 
as points) is homeomorphic to a two-sphere, every arc ¢ of elements of W 
has a non-endelement which is a limit element of W—# and no ordinary 
element or cyclic element of W separates W into three mutually separated 
subcollections. From the construction of W it is seen that every separating 
element of W is a simple closed curve and consequently an element of T'(J/). 
Moreover, if (1) z is an are of elements of S’, considered as a subcollection 
of W, (2) s is an element of z, (3) z lies in a two-sphere of elements of W, 
and (4) s is a separating element of W then s is an endelement of z. 

In a paper of R. L. Moore and J. R. Kline (see [7%]) it is proved that, 
in the plane, in order for a closed, compact point set K to be a subset of an 
arc it is necessary and sufficient that every component of K should be a point 
or an are ¢ and no point of ¢, except, possibly, for the endpoints of ¢, is a 
limit point of K—dt#. This theorem clearly holds on a two-sphere and it is 
seen from the construction of the collection W and the remarks of the above 
paragraph that in W, 8’ satisfies the conditions required of K in the Moore- 
Kline Theorem so‘that this theorem can be applied to the space of elements 
of W. Let S be an upper semicontinuous subcollection of W such that S 
contains S’ and S, with respect to its elements, is an are with endelements 
hand h’. The collection § is the collection required by Theorem 2. 

It follows directly from the construction of S that S satisfies conditions 
(1). (2), and (3). Condition (4) follows from the fact that h and h’ are 
the endelements of the continuous collection G and condition (5) follows from 
Lemmas 3 and 5, Theorem 1 and the corollary to Lemma 1. That is, if the 
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non-endelement ¢ of S is an element of T(.1/), it is, by Lemma 3, a subset 
of a non-endelement of G and hence is an arc or a simple closed curve. It 
follows from Lemma 5 that ¢ is a subset of a simple closed curve which is 
an element of G. From this and the continuity of @ it follows that ¢ is a 
K-curve of S. The other requirements of (5) follow from Theorem 1 and 
the corollary to Lemma 1. 

A special case of a theorem of J. H. Roberts ([9], Theorem 2) states 
that if F is a continuous collection of arcs filling up a compact metric space 
then there is a subcollection EH’ of F such that H’ is dense in FH and F is equi- 
continuous ® at each element of #’. An argument suggested by that outlined 
in [9] yields a similar result in the case where F/ is a continuous collection of 
ares and simple closed curves. Since each closed subcollection of arcs of S 
is imbedded in a continuous subcollection of arcs and simple closed curves 
of G then it follows from Roberts’ result that if H is such a closed sub- 
collection then for no natural number n is it true that H™ =H. 


4. Proof that the conditions are sufficient. Suppose that M is a com- 
pact plane continuous curve and that S is an upper semicontinuous collection 
of subsets of M such that M and S satisfy the conditions required of them 
in the statement of Theorem 2. Since the subcollection of S consisting of 
the elements of 7'(M) is a nowhere dense subcollection it is seen that M is 
the closure of a domain. 

Let h and h’ denote the endelements of 8. It follows from conditions 
(1) to (3) that if h +h’ intersects an element of T(M) then h + h’ contains 
that element and if one of h and h’—say h—intersects an element J of U(M) 
then J-h is connected. Let T denote the collection of elements of T (4M) 
which lie in M—(h-+h’). From the remarks of the above paragraph it 
follows that 7 is a subcollection of S whose closure is totally disconnected in S. 
It also follows from conditions (1), (2), (3), and (5) that if an element 
t of T intersects an element / of U(J/) then ¢-J is degenerate. 

lf H, denotes the collection of all elements of S which intersect the 
element J of U(M) and J is not a subset of h+h’ then Hy is an are with 
respect to its elements. Let k and k’ denote the endelements of Hy. Clearly 
k-J and k’-J are connected. Each of & and k’ is either h or h’, an element 


* The collection H of mutually exclusive ares and simple closed curves is said to be 
equicontinuous at an element h of EF provided that for any e > 0 and any point p of h 
there exists a 5 >0 such that if # and y are points of the same element h’ of E and 
are each within 5 of p then there is an are in h’ containing x + y and of diameter less 
than e. 


FO 
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of T or a point of J. Hach non-endelement of Hy, is a pair of points of J 
which separates J-k from J-k’ in J. 

Let K denote a two-sphere. There is a continuous transformation f 
carrying M onto K such that for each point x of K, f-*(x) is either (1) h or 
h’, (2) an element of S—(T+h-+h’), (3) a point of T* or (4) a point 
of M—[h+h’+U*(M)]. (1.e. We “sew” up the boundary simple closed 
curves of M.) Let f(T) denote the collection of all point sets f(¢) where ¢ 
is an element of 7’; let f(S) denote the collection of all point sets f(S) 
where s is an element of 8S. 

Clearly the collection f(S) is an upper semicontinuous collection of 
atriodic continuous curves and is an are with respect to its elements. From 
the definition of K-curve for a simple closed curve and property (5) of the 
statement of Theorem 2 it follows that on K, if interiors be taken with 
respect to one of the endelements of f(S), the elements of f(S) which are 
simple closed curves have the property that of any two of them one is interior 
to the other. Therefore, from property (6) and a very slight modification * of 
the proof of the above mentioned Theorem 2 of [6], (see the second paragraph 
following the statement of Theorem 2), it follows that there is a continuous 
collection W filling up K such that f(S) is imbedded in W, the endelements 
of W are the endelements of f(S) and the non-endelements of W are simple 
closed curves. If G denotes the collection of all continua f-*(w) where w is 
an element of W, G is the collection required by Theorem 2, since, by con- 
dition (4) and the construction of f, G is continuous and each of its elements 
is a nondegenerate continuous curve. This completes the proof of Theorem 2. 


5. Collections which are simple closed curves with respect to their 
elements. 


THEOREM 3. The compact plane continuous curve M is the sum of the 
elements of a continuous collection of nondegenerate continuous curves which 
is a simple closed curve with respect to its elements if and only if M is an 
annulus. 


Proof. The condition is obviously sufficient. To prove that it is neces- 
sary let G denote a continuous collection of nondegenerate continuous curves 
which fills up J/ and is a simple closed curve with respect to its elements 
and let g be an element of G. It follows from an argument in the proof of 
Lemma 2 that g is either an arc or a simple closed curve and it follows from 


*Theorem 2 of [6] is proved for point sets in the plane, but the proof is easily 
carried over to the two-sphere. 


} 
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the fact that g separates G locally but does not separate the continuous 
curve M that g is an arc. From Theorem 3 of [3] (stated in the first 
paragraph of this paper) it follows that G* is the sum of two closed discs 
(simple closed curves plus their interiors) whose common part is the sum 
of two mutually exclusive arcs. Thus J is an annulus. 


GOUCHER COLLEGE. 


REFERENCES. 


{1] R. D. Anderson, “ Continuous collections of continuous curves in the plane,” Pro- 
ceedings of the American Mathematical Society, vol. 3 (1952), pp. 647-657. 

[2] Herman Cohen, “Some results concerning homogeneous plane continua,” Duke 
Mathematical Journal, vol. 18 (1951), pp. 467-474. 

[3] Mary-Elizabeth Hamstrom, “Concerning continuous collections of continuous 
curves,” Proceedings of the American Mathematical Society, vol. 4 (1953), 
pp. 240-243. 

[4] , “Concerning webs in the plane,” Transactions of the American Mathe- 
matical Society, vol. 74 (1953), pp. 500-513. 

[5] R. D. Anderson and Mary-Elizabeth Hamstrom, “A note on continuous collections 
of continuous curves filling up a continuous curve in the plane,” Pro- 
ceedings of the American Mathematical Society, vol. 5 (1954), pp. 748-752. 

[6] Mary-Elizabeth Hamstrom, “Concerning the imbedding of upper semicontinuous 
collections of continua in continuous collections of continua,” American 
Journal of Mathematics, vol. 76 (1954), pp. 793-810. 

[7] R. L. Moore and J. R. Kline, “ On the most general plane closed point set through 
which it is possible to pass a simple continuous are,” Annals of Mathe- 
matics, vol. 20 (1919), pp. 219-223. 

[8] R. L. Moore, “ Foundations of point set theory,” American Mathematical Society 
Colloquium Publications, vol. 13 (1932). 

[9] J. H. Roberts, “ Collections filling a plane,” Duke Mathematical Journal, vol. 2 
(1936), pp. 10-19. 


COMMUTATOR SUBGROUPS OF FREE GROUPS.*? 


By Maurice AUSLANDER and R. C. Lynpown. 


Let F be a non-abelian free group, # a non-trivial normal subgroup of F, 
and G= F/R. Then F and F# are free groups of ranks at least two. Let [R, R] 
be the commutator subgroup of R, and let Fp) = F/[R, R] and Rp, = R/[R, BR]. 
Then FR, is a free abelian group of rank at least two. Moreover, the inner 
automorphisms of F’ induce a natural operation of G on Ry, which we denote 
by 9° To. 


THEOREM 1. The operation of G on R, ts effective; that 1s, only the 
unit element of G leaves all elements of Ry fixed. 


Proof. We may suppose G1. Let g 1 in G generate a cyclic group 
G’, and let F” be the inverse image of G’ under the canonical map of F 
onto G. Then G’ =F’/R, and the operation of G’ on R, agrees with that 
of G on Ryo. We must show that g, and hence that G’, does not operate 
trivially on Ro. 

Since G’ = F”’/R where F’ is a free group, the cup product reduction 
theorem [2, Theorem 10.1] asserts that for any G’-module A 


(1) H?(G’,A) H'(@’, Hom(R,, A)), 
where the operation of G’ on Hom(R,, A) is defined by 
(9-8) (1%) Oe Hom((Ro, A), roe Ro. 


We take A to be isomorphic with the cyclic group G’=—Z,, n=0, with G’ 
operating trivially on A. Suppose that G’ operates trivially on Ry as well. 
Then all operations in (1) are trivial. Since G’ is cyclic, H*(G’, A) is cyclic 
or trivial [2, 16.2]. On the other hand H*(G’,Hom(R,,A)) is isomorphic 
to Hom(Z,, Hom(Ro,Zn)) and hence to Hom(Z,®Ro,Zn) where Z,8 Ro 
denotes the tensor product of Z, and R,. Since FR, is a free abelian group 
of rank at least two, Z, ® R, is a direct product of at least two copies of Z,. 


* Received February 25, 1955; revised May 16, 1955. 

‘Part of the work presented in this paper was done while the first named author 
was at the University of Chicago. Substantial simplification of the proofs, and a 
strengthening of Theorem 3, are due to R. L. Taylor. 
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But Z,~1. Therefore, Hom(Z,®Ro,Z,) is neither cyclic nor trivial. 
This contradicts (1). Therefore @ does not operate trivially on Rp. 
For the following corollaries, we asume that RAF. 


1.1. [R&,R] is a proper subgroup of [F, 


Proof. Let fe F, f¢R. If [f,r] —frf‘r? were in [R, R] for all r in R, 
then, setting g—fR in G, we should have for all ro —r[R, 
in R,. This contradicts Theorem 1. 


Corottary 1.2. [R,R] is a proper subgroup of [F,F]. 
CoroLuary 1.3. The center Cy of Fy ts a proper subgroup of Ro. 


Proof. We first show that C)C Ry. Suppose fy is in Cy. Then 
foto Tofo for all ro in Ry. This implies that the image g —f,R of f, in G 
operates trivially on Ry. By Theorem 1, this implies that g=1. Hence 
fo is in Ro. 

Suppose that Cp —=R,. Then foro for all fy in Fy and r, in Ro. 
Hence all g in G@ operate trivially on Ry. By Theorem 1, this is possible 
only if G1, which contradicts the hypothesis that RF. 


CoroLuary 1.4. The center Cy of Fo consists precisely of those elements 
of R, that are left fired under the operation of G. 


THEOREM 2. The center C, of F, ts trivial if and only if G is infinite. 


Proof. Let G be of finite order n, with elements g, —fiR,- - -,9n—fnR. 
Suppose Co)>—1. For any r in R, and corresponding r—r[R,R] in R,, 
the element J] 9i-1) is fixed under G, hence in Cy. Therefore [J gi: —1. 


i=1 
This implies that [[ R] C[F, Since =r modulo[F, F], this 
implies that r"e[F,F], where n=1. Since F/[F,F] is torsion free, r is 
in [F,F]. Thus C,)—1 implies R C[F,F]. But this would imply that the 
free abelian group F/[F,F] were a homomorphic image of the finite group 
G = F/R, a contradiction. Therefore 

Let G be infinite, with elements go. =1,9:,g2,: Let ZG be the 
integer group ring of G. Its elements are of the form y = > nig;, where only 


a finite number of the integers n; are not zero. Let G operate on ZG by 
left multiplication. If y were fixed under G, then g;?-y=y for all i. This 
implies that all n;—m,, and hence that all n; are zero. Then yO. It 
follows that in any free G-module only the zero element is fixed under G. 
Since [cf. 1, Ch. XIV, Ex. 11] R, is a submodule of a free G-module, R, is 
without non-trivial fixed elements. Therefore, by Corollary 1.4, C, is trivial. 
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For any group G, let G.=[G,@], Gs=[G,, G]. 


Lemma. If F is a non-abelian free group, and R a normal subgroup 
such that F, C R and F, C R., then F=R. 


Proof. From F, C R, it follows that F./R,C Co. If RAF, then 
k,~AF, by Corollary 1.2, whence C) 1, and, by Theorem 2, G—F/R is 
finite. Thus, in any case, @ is finite. 

The commutator operation determines a homomorphism 


x: F/F,® F2/Fs. 


This induces a homomorphism p: G@ Ry Ry; explicitly, u(g ° = 9 to — 
Since G is finite, @®@ R, is a torsion group. But R, is a free abelian group. 
It follows that »=0. This means that Ry C Cy. By Corollary 1.3, this 
implies that R = F. 


TuHeEorREM 3. If S and R are normal subgroups of a non-abelian free 
group, and [8,8] C [R,R], then SC R. 


Proof. Let Ff = RS. We may suppose that F is a non-abelian free group. 
We have 


= | F] [RS, RS] R] S] LS, S| Cc R,(R 8), 
F,=([F.,F] C [R.(RN 8), RS] C R,[R, R] [8, 8] = Pz. 
The lemma now gives R= F, whence S C R. 


UNIVERSITY OF MICHIGAN. 
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ERRATA. 


ERRATA. 


P. Hartman and A. Wintner, “Asymptotic integrations of linear differ- 
ential equations,” this JouRNAL, vol. 77 (1955), pp. 45-86 and 404. 


On page 47, formula (xii), read h,—h, in place of h,—h,, in the 


exponent of ¢. 
On page 60, line 13, read (13) in place of (12). 


On page 62, formula (67), and on page 72, formula (119), read «(a) 
in place of the factor (e(j) + (a) —1) in the exponent of ¢. 


On page 63, formula (70), read > instead of < (twice); in place of 
the two lines following (70), read “In this case, y(t) is unique.” 


On page 64, line 11, read [6] in place of [5]. 
On page 64, third line of Section 12, read y—> e~“ty in place of y— e-“*. 


On page 66, formula (80), read (b(q)-—%) in place of the factor 
(b(q) —h). 
On page 67, at the end of formula (87), read +k, in place of —k,. 


On page 68, formula (91), read (e(a) —e(j)) in place of the factor 
(e(a) —1) in the exponent of 7. 


On page 69, in the first line of formula (97), read k > 6 in place of 
k< 


On page 83, formula (171), read 1 in place of —1. 

On page 83, formulae (172) and (174), read (1—/f’/16f*) in place 
of (1+ f’/16f*). 

On page 84, formula (175), read (1—a) in place of (1+). 

On page 84, formula (177), read (f#(¢) — a(é)) in place of (f#(¢) + a(t)). 


On page 84, beginning of formula (182), read (f-42’)’ in place of (f-4z’). 
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e colors. 
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between “ell” and “one” (for the latter, use t and 1 respectively). 

Avoid unnecessary footnotes. For instance, references can be incorporated into the text 
(parenthetically, when necessary) by quoting the number in the bibliographic list, which 
appears at the end of the paper. Thus: “ [3], pp. 261-266.” 

Except when informality in referring to papers or books is called for by the context, the 
following form is preferred: 

{[3] O. K. Blank, “ Zur Theorie des Untermengenraumes der abstrakten Leermenge,” Bulletin 
de la Societé Philharmonique de Zanzibar, vol. 26 (1891), pp. 242-270. 
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Usually section numbers and section titles are printed in bold face, the titles “ Theorem,” 
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